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PREFACE 


It  often  happens  in  physics  that  a  field  grows  with  such  rapidity  that 
it  becomes  impossible  to  collect  and  organize  the  developments  into  a 
book  before  they  are  superseded  by  newer  results.  The  present  volume 
is  an  attempt  to  fill  the  need  for  an  introduction  to  such  a  field:  that 
of  the  axiomatic  approach  to  field  theory  and  its  application  to  proving 
dispersion  relations.  The  basic  papers  as  well  as  the  more  recent  advances 
have  been  included  here  in  an  attempt  to  present  a  coherent  picture  of 
the  development  of  a  field  which  at  first  sight  seems  chaotic.  It  is  hoped 
that  the  reader  will  be  able  to  find  here  the  fundamental  material  to 
enable  him  to  acquire  a  sufficiently  broad  knowledge  of  this  new  ap- 
proach to  elementary  particle  physics  to  read  the  new  material  which 
is  now  appearing  in  almost  every  issue  of  the  journals. 

It  is,  moreover,  often  easier  to  understand  a  new  theory  if  one  reads 
the  original  papers  written  when  there  was  considerable  confusion  as 
to  which  path  to  follow  in  arriving  at  the  correct  formulation.  After  the 
theory  reaches  a  more  advanced  stage  of  development,  the  Hterature 
tends  to  become  less  detailed  in  the  treatment  of  the  foundations  and 
hence  difficult  to  follov/  in  the  development  of  the  physical  content  even 
though  the  logic  becomes  more  powerful.  It  is  hoped,  therefore,  that  this 
volume— apart  from  any  historical  value  it  may  have— will  serve  to  illus- 
trate the  difficulties  which  exist  during  the  formation  of  a  new  physical 
theory,  and  that  it  will  point  up  more  sharply  the  problems  and  com- 
plexities involved  in  the  growth  of  physics. 

Field  Theory  in  recent  years  has  tended  to  follow  two  independent 
lines  in  the  approach  to  Elementary  Particle  Physics. 

One  approach  has  been  to  treat  the  strong  interactions  as,  though 
pathological,  fundamentally  akin  to  the  weak  interactions.  Quantum 
Electrodynamics,  with  its  perturbation  expansions  and  renormalization 
procedure,  has  been  the  model  for  further  developments.  The  hope  of 
this  approach  is  that  new  physical  ideas,  developing  from  the  mass  of 
data  being  delivered  by  the  huge  new  accelerators  with  their  bubble 
chambers  and  related  apparatus,  will  enable  one  to  modify  the  existing 
field  theories,  and  thus  ultimately  lead  to  the  successful  description  of 
elementary  particles.  However,  although  Quantum  Electrodynamics  is 
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able  to  attain  a  fantastic  degree  of  accuracy  in  describing  experiments 
involving  weak  interactions,  the  strong  interactions  have  thus  far  failed 
to  yield  to  this  type  of  analysis. 

The  other,  newer  approach  to  the  interpretation  of  the  elementary 
particles  utilizes  a  few  general  principles  drawn  from  the  experience  with 
previous  field  theories  and  attempts  a  systematic  study  of  the  mathe- 
matical implications  of  these  assumptions.  The  view  here  is  that  there 
is  perhaps  already  enough  experimental  data  to  construct  a  field  theoretic 
description  if  one  were  clever  enough.  This  is  the  Abstract  Approach 
to  Field  Theory,  or  Asymptotic  Mechanics  as  it  is  sometimes  called. 
Here,  one  attempts  to  avoid  all  the  divergencies  which  arise  from  split- 
ting a  Hamiltonian  into  an  unperturbed  part  plus  a  perturbation.  In 
fact,  no  Hamiltonian  is  introduced  at  all.  In  addition,  all  fields  introduced 
are  already  renormalized,  and  all  particles  are  "dressed."  No  infinities 
should  arise  in  this  theory.  This  is  a  pure  S-matrix  type  of  theory,  where 
one  does  not  consider  the  details  of  the  interaction  at  all,  but  merely  the 
consequences  of  certain  restrictions  on  the  transformation  from  initial 
to  final  states. 

This  volume,  contains  the  original  papers  which  developed  this  latter 
approach.  In  particular,  the  axiomatic  approaches  of  Lehmann,  Syman- 
zik,  and  Zimmermann,  and  A.  S.  Wightman  have  been  included  here 
since  they  are  considered  to  be  the  formulations  which  are  most  fruitful. 

It  is  important  to  keep  in  mind,  however,  that  as  yet  no  one  has  been 
able  to  calculate  any  physical  processes  with  any  of  these  formalisms. 
Only  general  theorems  about  field  theory  have  been  proved  and  it  is 
not  yet  known  whether  or  not  these  sets  of  axiomatics  are  empty.  The 
principal  use  of  these  approaches  has  been  in  the  proofs  of  the  dispersion 
relations,  i.e.,  in  providing  spectral  representations  and  establishing  the 
analyticity  properties  of  matrix  elements  of  the  S-matrix.  In  this  way, 
statements  can  be  made  about  the  scattering  amplitudes  for  certain 
processes.  The  articles  included  in  this  volume  besides  developing  the 
axiomatic  formalism  provide  an  excellent  introduction  to  its  principle 
application,  the  proofs  of  the  dispersion  relations. 

The  first  paper  in  this  volume,  by  H.  Lehmann,  introduces  the  general 
methods  of  proof  used  in  Abstract  Field  Theory.  With  the  technique 
of  spectral  representations  developed  here,  Lehmann  is  able  to  prove 
that  the  propagators  of  the  interacting  fields  are  at  least  as  singular  as 
those  of  the  free  fields.  The  only  assumptions  needed  to  prove  this  sur- 
prising theorem  were,  aside  from  relativistic  invariance,  the  completeness 
of  the  set  of  positive  energy  states  and  the  absence  of  negative  energy 
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states.  This  result  meant  that  there  is  no  hope  of  removing  the  singu- 
larities in  the  calculation  of  observable  quantities  by  writing  down  the 
correct  interacting  fields,  and  hence,  no  hope  of  eliminating  the  diffi- 
culties in  perturbation  expansions. 

The  two  papers  which  follow  by  Lehmann,  Symanzik  and  Zimmer- 
mann  comprise  one  of  the  first  completely  abstract  formulations  of 
field  theory.  Here  one  attempts  to  circumvent  all  the  diflBculties  involved 
in  the  writing  down  of  interacting  fields  by  assuming  a  completely  re- 
normalized,  dressed  particle  with  a  complete  set  of  states  which  form 
the  elements  of  a  Hilbert  space  and  is  described  by  an  ordinary  field 
operator,  A  (x).  This  operator  must  be  Lorentz  invariant  and  must 
satisfy  two  important  conditions.  First  is  the  so-called  micro-causality 
condition  which  requires  that  the  commutator,  [A{x),  A{y)]  must 
vanish  on  spacelike  surfaces,  that  is,  when  (x — y)^yO.  This  means  that 
two  points  cannot  affect  each  other  with  an  interaction  which  propagates 
faster  than  the  speed  of  light  no  matter  how  close  the  points  may  be. 
This  requirement  insures  that  the  resulting  field  theory  will  be  causal 
since  the  field  operators  which  determine  the  observables  of  the  theory 
must  themselves  be  causal. 

The  second  condition  introduces  the  physics  into  the  mathematical 
framework.  This  is  the  asymptotic  condition  which,  qualitatively,  says 
that  earlier  in  the  infinite  past  and  later  in  the  infinite  future,  the  particles 
involved  in  a  scattering  process  do  not  interact.  That  is,  at  f  =  —  oo  and 
t=-{-  CO  the  fields,  A  (x);  are  free  fields.  The  precise  mathematical 
formulation  of  this  condition  is  far  from  simple,  and  this  problem  has 
been  the  basis  for  extensive  discussion  in  the  literature. 

These  postulates  form  the  foundation  for  a  theory  which  represents 
the  first  real  extension  of  the  S-matrix  theory  proposed  by  Heisenberg  in 
1943.  With  these  axioms  it  is  possible  to  derive  a  reduction  formula  which 
enables  one  to  write  the  S-matrix  entirely  in  terms  of  vacuum  expecta- 
tion values  of  time-ordered  products  of  the  field  operators  (the  t  func- 
tions). Furthermore,  a  relation  is  found  with  which  one  can  write 
down  one  of  these  t  functions  in  terms  of  all  the  other  t  functions  of  the 
theory.  Thus,  an  infinite  set  of  equations  which  determine  completely 
the  T  functions  is  found.  If  these  equations  could  be  solved,  a  test  of 
the  formalism  could  be  found.  Unfortunately,  this  set  of  equations  re- 
mains unsolved  at  the  present  time  and  it  is  entirely  an  open  question 
whether  they  are  merely  an  identity  or  whether  they  contain  physical 
restrictions  on  the  theory. 

The  paper  following,  by  A.  S.  Wightman,  outlines  the  "Wightman 
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Program"  in  Abstract  Field  Theory,  the  most  ambitious  attempt  in 
axiomatics  to  date.  In  an  extremely  precise  mathematical  manner  the 
postulates  which  were  outlined  above  are  formulated.  The  vacuum  ex- 
pectation values  of  products  of  field  operators  ( the  Wightman  functions ) 
are  expressed  by  the  powerful  apparatus  of  distribution  theory  so  as  to 
avoid  the  diflBculties  associated  with  singular  functions.  The  field  oper- 
ators, themselves,  are  expressed  by  the  classifications  of  representations 
of  the  Lorentz  Group.  The  result  proved  in  this  paper  is  that  a  local 
relativistic  field  theory  is  completely  characterized  by  the  set  of  Wight- 
man  functions.  The  equation  for  the  t  functions  and  the  expression  for 
the  S-matrix  found  in  the  previous  papers  by  Lehmann,  Symanzik,  and 
Zimmermann  are  clearly  a  special  case  of  this  more  general  result. 

One  of  the  most  remarkable  theorems  in  axiomatics  is  proved  in  the 
next  paper,  by  R.  Haag.  He  shows  here  that  any  field  related  at  one 
time  to  a  free  field  by  a  unitary  transformation  must  be  equivalent  to 
a  free  field  throughout  the  space-time  continuum.  This  does  not  preclude 
the  existence  of  an  S-matrix  theory,  but  forces  one  to  be  extremely  subtle 
in  the  definitions  in  this  type  of  theory.  The  paper  by  Hall  and  Wightman 
puts  much  of  the  work  in  the  previous  reference  into  a  rigorous  mathe- 
matical framework. 

In  all  the  preceding  work  the  bound  states  of  the  particles  have  been 
neglected.  The  paper  by  Zimmermann  discusses  the  modifications  neces- 
sary for  these  considerations. 

The  next  group  of  papers  is  concerned  with  the  application  of  this 
abstract  formulation  to  the  problem  of  proving  dispersion  relations.  The 
axiomatic  method  permits  one  to  prove  certain  spectral  representations 
of  matrix  elements  of  the  S-matrix.  These  representations,  called  dis- 
persion relations,  describe,  of  course,  the  amplitudes  of  arbitrary  transi- 
tions in  scattering  processes.  The  reduction  formula  given  in  the  second 
Lehmann,  Symanzik,  and  Zimmermann  paper  can  be  used  to  write 
essentially  these  matrix  elements  in  terms  of  the  commutator  of  two  field 
operators.  This  method  transcribes  automatically  all  of  the  axioms  from 
the  abstract  formulations  directly  into  properties  of  the  scattering  am- 
plitudes. The  fact  that  these  commutators  vanish  outside  the  light  cone 
enables  one  to  continue  analytically  the  ampHtudes  into  the  complex 
plane.  This  extension  is  not  simple  and  must  be  done  in  a  very  subtle 
manner.  Bremmermahn,  Oehme,  and  Taylor  have  been  able  to  develop 
proofs  founded  on  the  theory  of  many  complex  variables  for  dispersion 
relations  obtained  in  this  way. 
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R.  Jost  and  H.  Lehmann  earlier  found  a  spectral  representation  for 
the  special  case  of  equal  mass  scattering,  which  represented  an  important 
advance  in  the  method  of  proof  of  dispersion  relations.  A  similar  repre- 
sentation was  found  for  the  more  general  case  by  F.  J.  Dyson,  thus 
permitting  the  proofs  of  dispersion  relations  to  be  done  by  more  famihar 
mathematical  methods.  The  paper  following  by  Lehmann  makes  use  of 
the  Dyson  representation  for  proving  analytic  continuation  and  also  gives 
a  proof  of  the  convergence  of  the  Legendre  polynomial  expansion  of  the 
imaginary  part  of  the  amplitudes  when  the  range  of  the  argument  is 
unphysical.  This  enables  one  to  show  that  the  imaginary  parts  of  the 
amplitudes  retain  their  meaning  in  the  extension  into  the  non-physical 
region.  The  three  papers  mentioned  before  along  with  this  paper  by 
Lehmann  constitute  an  excellent  introduction  to  all  essential  steps  for 
the  proofs  of  dispersion  relations. 

Beyond  the  problem  of  proving  the  dispersion  relations  lies  the  ques- 
tion of  how  to  predict  experimental  phenomena  from  them.  The  method 
of  extracting  this  information  is  based  on  the  presence  of  singularities 
in  the  scattering  amplitudes,  since  these  poles  govern  the  behavior  of 
the  amplitudes  in  their  neighborhood.  The  search  for  the  location  and 
classification  of  these  poles  is  known  as  polology. 

Perturbation  theory  has  been  extremely  useful  in  polology  because 
poles  that  have  not  been  derived  on  a  more  rigorous  basis  are  suggested 
by  Feynman  diagrams  of  the  scattering  process.  A  simple  pole,  for  ex- 
ample, will  occur  in  a  scattering  amplitude  v/hen  the  conservation  laws 
permit  a  single  particle  intermediate  state.  A  branch  point  occurs  at  the 
point  where  production  amplitudes  compete  with  scattering  amplitudes 
and  real  particles  can  occur  in  the  intermedate  states.  The  case  of  scatter- 
ing with  fixed  momentum  transfer  has  been  exhaustively  studied,  but 
only  recently  has  the  more  general  case  become  amenable  to  any  kind 
of  analysis  and  this,  due  to  the  spectacular  success  of  a  conjecture  by 
S.  Mandelstam.  The  representation  for  arbitrary  energy-momentum 
transfer  which  Mandelstam  wrote  down  enables  one  to  extend  both 
complex  variables  simultaneously  into  the  complex  plane.  The  calcula- 
tions based  on  the  Mandelstam  representation,  done  with  the  perturba- 
tion series  approach,  enable  one  to  write  a  complete  dynamical  descrip- 
tion of  strong  interaction  scattering. 

The  paper  by  R.  J.  Eden  discusses  the  problem  of  finding  a  proof  of 
the  Mandelstam  representation.  Eden  has  recently  been  investigating  the 
proof  of  the  conjecture  within  the  framework  of  perturbation  theory  and 
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encountered  certain  diflBculties  in  the  sixth-order  diagram.  In  any  case, 
the  general  proof  of  this  representation  is  extremely  difficult  and  remains 
to  be  given. 

As  an  illustration  of  the  scattering  theorems  that  may  be  proved  using 
dispersion  relations,  the  paper  by  I.  Pomeranchuk  contains  the  proof 
of  the  remarkable  theorem  that  in  the  high  energy  limit  if  the  77+  and 
77"  cross  sections  approach  a  constant,  they  will  become  equal. 

This  volume  concludes  with  a  rather  long  review  article  by  S.  Gasioro- 
wicz  in  which  the  methods  of  proof  and  application  of  the  dispersion 
relations  is  treated  at  length.  This  final  article,  rounding  out  the  entire 
group,  provides  a  summary  and  presents  the  outlook  for  the  future  of 
this  new  branch  of  field  theory. 

It  is  not  to  be  expected,  of  course,  that  all  of  the  important  work  in 
Abstract  Field  Theory  should  be  included  here.  This  is  only  a  selection 
of  those  papers  which  seem  to  contain  the  most  fruitful  approaches  or 
results,  a  selection  inevitably  reflecting  the  personal  bias  of  the  editor. 
The  method  of  selection  employed,  however,  and  the  emphasis  through- 
out the  volume,  has  been  on  those  papers  which  would  present  a  survey 
of  the  fundamental  physical  ideas  and  mathematical  techniques  ade- 
quate to  permit  the  reader  to  become  conversant  with  this  new  and 
rapidly  changing  field  of  physics. 

I  wish  to  express  my  appreciation  to  James  Siagas  and  Paula  Siagas 
for  their  translation  of  the  papers  from  the  German. 

April,  1961  Lewis  Klein 
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PROPERTIES  OF  PROPAGATION  FUNCTIONS  AND 
RENORMALIZATION  CONSTANTS  OF  QUANTIZED  FIELDS 

H,  Lehmann 
Max  Planck  Institute  fur  Physik,  Gottengen 

Summary.  It  is  attempted  to  derive  some  general  properties 
of  the  propagation  functions  for  coupled  fields  (A'f,  S^)  with- 
out the  use  of  power  series  expansions,  and  to  show  their 
connection  with  the  renormalization  constants  for  field  oper- 
ators ^and  masses.  Assuming  that  the  coupled  fimctions  exist, 
it  appears  possible  to  discuss  their  behavior  near  the  light 
cone  (or  for  large  momenta)  and  to  obtain  some  information 
about  the  singularities  of  these  functions  when  continued  ana- 
lytically. Attempts  at  the  treatment  of  renormalizable  the- 
ories are  criticized  on  the  basis  of  these  results.  Formulas 
are  given  for  the  mentioned  renormalization  constants  which 
contain  inequalities  for  the  constants  Z2  and  Z3.  Finally,  it 
is  pointed  out  that  the  methods  introduced  are  advantageous 
for  computations  by  means  of  power  series  expansions.  As  an 
example,  the  lowest  order  correction  to  the  SF-function  in 
pseudoscalar  meson  theory  is  calculated  without  the  appear- 
ance of  infinite  terms  during  the  calculation. 


INTRODUCTION 

In  recent  work  which  treats  the  interaction  problem  in  the  structure  of 
quantum  field  theory,  the  values       and  S'f  designated  as  propagation  func- 
tions (or  as  Greens  functions)  play  a  significant  role.  These  values  should 
in  principle  be  calculated  from  the  fundamental  equations  of  the  theory.  As 
yet  however,  only  pertubation  theoretical  approximations  are  known,  which 
probably  with  the  exception  of  Quantum  Electrodynamics  are  completely  insuf- 
ficient. It  appears  therefore  suitable  to  obtain  statements  about  these  functions 
without  assuming  the  possibility  of  their  application  with  a  coupling  parameter 
or  so  using  them. 

The  main  results  are  therefore  the  derivation  of  formulas,  which  make 
possible  the  representation  of  these  functions  as  the  superposition  of  propaga- 
tion functions  of  free  fields  with  different  masses  and  conclusions  resulting 
from  above.  These  concern  especially  the  behavior  of  Af(x)  and  Sf(x)  func- 
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tions  for  small  values  of       for  example,  the  behavior  of  their  Fourier  trans- 
form for  large  momentum. 

In  the  second  part  it  will  be  shown  that  the  constants  appearing  by  the  re- 
normalization  of  field  operators  and  masses  can  be  expressed  in  a  simple  way- 
through  the  values  introduced  for  representing  the  propagation  functions.  One 
obtains  in  this  way  equations  that  are  independent  of  pertubation  computations 
and  to  a  few  expressions  about  these  constants. 

In  contrast  to  other  representations,  in  this  fashion  the  use  of  incoming  fields 
is  avoided.  In  conclusion  for  illustration  of  methods  used  we  will  take  up  an 
analysis  of  pertubation  theory.  Two  things  should  be  pointed  out:  One,  so  far, 
it  is  not  known  if  the  basic  equations  of  some  quantized  field  theories  (with  the 
exception  of  free  fields)  possess  solutions.  We  do  not  pursue  this  question  but 
we  strive  for  expressions  of  the  propagation  functions  xmder  the  assumption 
that  these  exist.  The  other  point  is  that  to  derive  general  results  it  is  indis- 
pensable to  operate  with  functions  that  are  not  explicitly  known.  Some  of  the 
considered  mathematical  operations  (especially  interchange  of  order  of  inte- 
gration) have  therefore  formal  character;  their  correctness  could  be  shown 
only  through  performance  of  detailed  calculations. 


I.  PROPERTIES  OF  PROPAGATION  FUNCTIONS 
a)  Scalar  fields: 

In  order  to  investigate  the  properties  of  propagation  functions  it  appears  use- 
ful to  introduce  other  functions  besides  Ap  all  of  which  can  be  defined  as  Vacuum 
Expectation  values  of  the  Heisenberg  operators.  The  situation  here  is  very  simi- 
lar as  in  a  free  field,  where  in  a  customary  way  one  can  derive  A  as  well  as  A^** 
functions  and  from  them  easily  change  into  Ap  function. 

Next,  a  Hermitian  scalar  field  A(x)  will  be  treated,  that  can  be  coupled  with 
itself  in  a  non-linear  way  or  may  be  in  a  position  of  interacting  with  other  (Bose 
or  Fermion)  fields.  No  special  assumptions  shall  be  made  about  the  manner  of 
coupling,  it  can  be  local  or  non-local.  It  is  assumed  that  the  treated  theory  is 
Lorentz  invariant.  As  a  result  all  energy-momentum  four  vectors  P„  should 
exist  with  the  property: 

^'  =  i[.4(.r,,P„];        [P„,P0  =  O.  (1) 

Furthermore  it  is  assumed  that  it  is  possible  to  define  a  vacuum  state:  that 
is  the  energy  operator  should  ]X)ssess  a  smallest  eigenvalue  which  we  normalize 
to  zero.  The  knowledge  of  commutation  relations  for  field  operators  is  almost 
not  necessary.  Equation  (1)  is  sufficient. 

Now  we  want  to  examine  the  vacuum  expectation  values  of  quadratic  field 
magnitudes.  As  the  orthogonal  system  in  Hllbert  space  we  shall  use  in  this 
case,  the  eigenvectors  of  the  P„  operators,  which  should  form  a  complete  set. 
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It  follov/s  then 


(i-o  >  0). 


(2) 


The  eigenvalues       can  naturalh'  be  degenerate. 

In  comDlete  analog\^  to  free  fields  we  have  the  following: 


(3) 


^A{.t')A{x)\         =  —  2J'-''(J-  x') 

■,[A{x),  A{x')]\     -   iJ'ix  —  x')  =^~-2ip{Xo  —  x',)Z'{x  —  x') 
<^{A{x),  A{x')]^o    =  A^''\x-x') 

From  these  defining  equations  of  vacuum  functions  it  follows  that  the  same 
relations  exist  among  them  as  in  a  free  field.  For  example  one  can  express  all 
functions  through  A^*^'.  For  the  propagation  functions  one  can  state:  [  ^Jxq)  = 

^2(1  +X(/|xo|)]' 

A',(x)  -  2i[d{x,)A'''(x)  -  0{-  Xo)A^-nx)]  -  A'''{x)-2iJ'[x)  .  (4) 

The  functions  A^*''  or  A^"^'  contain  only  positive  or  negative  frequencies 
(see  below)  so  that  Ap  can  be  interpreted  as  a  causal  function  in  the  same 
manner  as  in  a  free  field.  To  obtain  an  explanation  of  the  structure  of  these 
functions  we  consider  the  A^*^'  function. 


iA{x)A(x')\  -  y  {00,  A{x)0,){0,,  A{x')0,) 

i 

=  2AMA^(x)  =  2«o*'»iexp[tfc{x— j')], 
k  * 

Here  we  set  {^q,  A{x)^  =  Aok(x)  =  agk 

The  possibility  of  this  conversion  follows  in  the  known  'A'ay  from 


(5) 


cAoiix) 


i{0,,[A(x),P,]0,)^  ik,Ao,(x). 


The  summation  in  (5)  is  to  extend  over  all  states. 
We  introduce  now  a  function 

Here  we  sum  over  all  states  that  belong  to  eigenvalue  . 
It  follows  now  from  equations  (3),  (5)  and  (6)^ 

J'^>'(.r -0-')  =  -^  I  6iko^g{-k')exr)[ik{x-x')]d*k. 

By  this  the  summation  over  the  eigenvalues  is  replaced  by  an  integration 
with  the  condition  that  for  all  eigenvalues,  k^  ^  0  is  true. 


(6) 


(7) 
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We  place  in  (7) 

00 


and  obtain 


00 

j  A'+^{x;  x')Q(x*)diH^)  .  (8) 


Analogous  formula  apply  for  all  vacuum  functions  (in  the  following  denoted 
as  since  they  can  be  formed  in  a  linear  way  from  A^*^'  according  to  (3). 


j(      =  j  ^i^*)  ■  (9) 


The  primed  functions  allow  themselves  to  be  represented  through  a  mass 
density  by  means  of  a  linear  transformation  of  the  corresponding  free  functions.^ 

We  have  in  the  derivation  of  formula  (9)  already  used  that  p  is  only  dependent 
on  argument       and  for       >  0  is  identically  zero.  Both  properties  follow 
from  the  Lorentz  invariance.  Otherwise  the  vacuum  functions  (especially  the 
commutation  function  a' )  will  not  be  invariant  quantities.  Furthermore  it  fol- 
lows from  the  defining  equation  (6)  that  p  is  a  positive  function.  It  is  true 

g{K*)>0.  (10) 

For  the  special  case  of  a  free  field  of  mass  m,  it  is  naturally  p{f<^)  =  6{k^  - 

In  general  the  discrete  eigenvalues  of  the  operators        will  give  rise  to  6 
functions  in  p(/c^)  inasmuch  as  the  matrix  element  of  the  operators  A(x)  be- 
tween the  vacuum  and  the  corresponding  state  (i.e.  on  the  basis  of  selection 
rules)  do  not  disappear.  The  discrete  eigenvalues  of       comply  with  the  stable 
particles  that  were  developed  from  the  theory.  From  a  physically  meaningful 
theory  one  would  expect  that  it  at  least  describes  a  stable  particle,  namely  p 
will  contain  at  least  one  6  function.  If  no  other  stable  particles  appear,  then 
it  is  true 

q{x^)  -  d(x'  —  m«)  +  a{x*)',       a{x*)  =0   for   0  <  x' <  (2in)S 

where  (j{k^)  is  free  of  6  functions. 

This  structure  describes  the  circumstance  that  in  one  such  case  the  operator 
possesses  a  discrete  eigenvalue,  to  which  a  continuum  fixes  itself,  when  at 
least  two  particles  are  present.^  From  equation  (9)  and  from  the  just  given 
property  of  function  p  we  can  draw  several  conclusions.  First  of  all  it  is  clear 
that  (9)  is  true  also  in  Fourier  space,  p  is  therefore  up  to  a  certain  factor 
equal  to  the  transform  of  A^^^'  functions. 
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Q{-k')  =  ^A<'y{k*).  (11) 


Furthermore  it  is  true  for  example: 


With  the  given  relations  we  can  now  disregard  the  behavior  of      ^  func- 
tions in  the  neighborhood  of  the  light  cone,  or  for  their  Fourier  transforms 
having  large  values  of      because  the  behavior  of  "free"  functions  is  known 
and  does  not  depend  on  mass.  So  one  obtains  for  example: 

OD  00 

^'(x)  =         {d{x')  +  ...}Q{x')d{x')  =^  i  d(x')  j  o{yJ)d{x')  +  ...  (13) 

0  0 

and  in  momentum  sjJace 

.  p/f  Ld-<^>  =  1  /,(x>,d,x>,  H-  ...  (14) 

0  0 

if  the  separated  integrals  converge. 

The  primed  functions  have  either  the  same  behavior  as  the  corresponding 

00 

free  functions  or  in  case  J  p{K^)d{K^)  is  not  convergent— they  are  more  strongly 

0 

singular  at  the  light  cone  (if  they  fall  off  more  weakly  for  large  momenta)  than 
the  free  functions. 

But  it  is  not  possible  that  the  primed  functions  are  less  singular  than  the 

00 

free  functions  because,  from  (10),  J  pd{K^)  >  0. 

0  ? 
It  will  be  shown  that  the  question  of  convergence  of  Jpd{K^)  for  theories 

0 

capable  of  being  renormalized  is  the  same  as  the  question  whether  the  renor- 
malization  constants  for  the  field  operators  are  finite. 

That  the  function        should  exist  at  all,  it  is,  according  to  (12),  clearly 
necessary,  that  the  integral 


d(x«), 


should  converge  at  the  upper  Limit.  A  further  conclusion  concerns  the  proper- 
ties of  the  function  AF(k^)  by  analytical  continuation  in  k^  plane. 
It  is  for  real  k^ 
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Furthermore  it  is  true 

--»-^/^^*^    -(-.  =  4-/^'?^<''-  (15) 

0  —  00 

The  functions  A^^^'(k^)  and  2A'(k^)  are  conjugates  in  the  sense  of  Hilbert 
transformation.^  From  this  (under  certain  assumptions)  the  function  ApCk^) 
can  be  analytically  continued  and  is  regular  in  the  lower  half  plane.  This  result 
is  gratifying  because  of  the  behavior  of  the  pole  in  this  region  could  lead  to  new 
(nonrenormalizabie)  divergence  (i.e.  of  S  matrix  elements).^ 

Our  analysis  shows  that  by  using  the  exact        function,  such  difficulties 
should  not  arise.  This  is  true  also  for  the  similarly  discussed  functions. 

We  want  now  to  draw  a  conclusion  for  the  commutation  relations  at  equal 
times  and  use  for  this  purpose  the  presentation  (9)  for  the  a'  function. 

0 

It  follows  directly: 

<  [A{x,  t),  A{x',  <)]  >o  -  <  [A{x,  t),  A{x',  <)]  >o  -  0  , 

(16) 

<  [A{x,  t),  A{x',  t)]  >o  =  -  id{x-x')  J  Q{x*)  d{x*) . 

0 

The  commutation  relations  at  equal  times  between  operators  A  and  A  for  the 
vacuum  state  can  be  therefore  derived  (up  to  a  factor)  from  equation  (1). 

The  operators  commute  for  spacelike  points,  and  the  Dirac  6  function  nec- 
essarily occurs.  This  is  true,  according  to  their  derivation  also  for  theories 
with  non-local  interactions.^  The  same  state  of  affairs  will  occur  for  spinor 
fields. 

We  remark  for  equation  (16)  that  according  to  the  usual  assumption  for  the 
commutation  relation  [A(x),  A(x')]  =  -16 (x  -  x'),  the  following  will  be  true: 

/pd(K2)  =  1. 
0 

The  vacuum  functions  that  v/ere  here  considered  should  however  relate  to 
renormalized  operators,  to  which,  as  is  knowTi,  one  must  transform. 

b)  Spinor  fields 

We  now  consider  a  spinor  field  under  the  same  assiunptions  as  were  made 
for  the  already  treated  scalar  field.  Besides  this  we  require  the  invariance  of 
the  theory  toward  the  particie-antiparticle  conjugation.  The  procedure  and  the 
results  are  accordingly  similar  as  in  a  scalar  field. 

Again  we  begin  with  the  definition  of  vacuum  functions: 
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<V«(^)V'^(a'')>o  =  —  iS'^Y'ix  —  x')',      <ip^{x')y)„{x)\  =  —  iS'-/{x—x') 
<{v.{x),  v^(d7')}>o  =-iSlp{x~x')',     <[v;»,  yip{x')]yo  =  -8'^;'ix-x')  (17) 
<Ttp,i^)ipp{x')\  =  -     S',^{x-x')  . 
From  the  invariance  about  particle-antiparticle  conjugation  it  follows: 

Therefore: 

^Ir/i^  -x')=-  Cj^^S'^^'ix'  -  x)C,„  .  (17a) 
Thus  one  can  express  all  functions  with  S^*^'.  Now  there  is: 

<V«W^(^')>o  =  1(^0,  ^p{x')0,)=  2C^,exp[ifc(a;-a;')].  (18) 

k  k 

Next  we  should  again  perform  the  summation  over  those  states  that  belong 
to  eigenvalue      .  Accordingly  we  introduce  two  functions  and 

(iy^pk  -  <5  4-  d,^Q,{-  k')  =  -  {27tV  iKAk'  (19) 

Because  of  the  relativistic  invariance  of  the  theory  the  expression  (19)  ca 
pend  on  the  y-matrices  only  in  the  specified  way.  The  division  of  the  y-fr 
portion  into      and  P2  is  of  course  arbitrary. 
Exactly  as  in  the  scalar  case  it  follows  now 

[d{K){{iyk-V^')Q,{-kn^Q,{--1c')]exi^[ikx]d*k  = 
00 

-  ^ {S''\x;x)qM^)  +  J^+'(x;x)52(x«)}d(>f« 
0 

A  corresponding  representation  is  true  according  to  (17)  and  (17a)  for  all 
primed  functions: 

^(  )'(a;)  =  J{S<  >(a;;  x)qM^)  +      '(^;  x*)?2(x»)}d(x«)  .  (21) 
0 

For  Pi  and         follows  directly  from  (19)  that  both  functions  are  real.  Fur- 
thermore we  want  to  prove  the  following  inequalities. 

ei(;i«)>0;  0<e,(x«)<2xei(x*).  (22) 

We  multiply  in  (19)  on  the  left  with  (iyk  +  a),  on  the  right  with  (iyk  +  OL)yi  and 
we  obtain  (fgj^  =  (iyk  +  a)Cok) 

1  lik  Itk^  =  K     -        +  2a^]  >  0 ;  (x«  =  -  A;«) . 

This  inequality  is  true  for  arbitrary  real  a.  Because  kQ  >  0  we  have: 


can  de- 
y-free 


(20) 
) . 
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{k—  ocYqi  +  2xQ,  >  0  .  (22a) 

For  a  =  0  it  follows: 

The  minimum  of  equation  (22a)  as  a  function  of  a  is  obtained  for  a  =  (/cpj  - 
P2)/Pi  •  Insertion  of  this  value  yields: 

This  leads  directly  to  the  specified  inequalities  for  pg.  For  a  free  spinor 
field  we  have:  p^{i^)  =  6{k^  -  M^);  P2{H^)  =0. 

In  general  the  function  pj  will  contain  at  least  one  6 -function  (since  the 
theory  should  describe  at  least  one  stable  particle  of  spin  Vg). 

With  the  help  of  equations  (21)  and  (22)  one  may  now  draw  similar  conclu- 
sions as  in  the  scalar  case.  In  the  momentum-space  we  have  for  instance: 

SU<^^^-.if''y'-f^ZT^^^  (23) 

0 

Further  we  can  again  determine  the  behavior  of  the  primed  functions  in  the 
neighborhood  of  the  light  cone  or  for  large  momenta.  Since  Pi  ^  0  the  primed 

00 

functions  either  have  the  same  behavior  as  the  free  functions  or  if  jpjd(fc2)  does 
not  converge,  they  are  more  strongly  singular.  o 

The  conclusions  with  regard  to  the  behavior  of  the  propagation  function  by 
means  of  analytical  continuation  can  be  drawn,  similarly  as  in  the  scalar  case. 
When  one  writes        in  the  form       (k)  =  iykfi(k2)  +  f2(k2)  then  the  real  and 
imaginary  part  of  functions  fi{k^)  are  conjugate  to  each  other  according  to 
Hilbert-transformation.  By  continuation  the  functions  will  therefore  be  regular 
in  the  lower  half -plane . 

Finally  one  obtains  from  equation  (21)  for  the  anti commutator  at  equal  times 
for  the  S'-fimction: 

00 

0 

c)  Remark  for  Handling  Non-Renormallzable  Theories 

We  add  here  a  remark  with  regard  to  the  attempt^  to  obtain  convergent  results 
in  nonrenormalizable  theories.  By  this  method  one  proceeds  in  such  a  way  that 
for  the  calculation  of  S-matrix  elements  one  substitutes  for  the       or  Sp  func- 
tion, by  means  of  approximation,  certain        or  functions. 

This  process  is  based  on  the  hope  that  on  account  of  the  field  reaction  the 
primed  functions  are  less  singular  than  the  corresponding  free  functions.  Ac- 
tually one  obtains  with  the  usual  calculation  scheme  (consideration  of  the  irre- 
ducible self  energy  graph  up  to  a  certain  order  in  the  coupling  constants)  functions 
that  fall  off  strongly  for  large  momenta.  Our  results  show  however,  that  this 
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is  not  the  case  for  exact  propagation  functions;  on  the  contrary  the  usual  ap- 
proximation method  is  inappropriate  for  representing  the  asymptotic  behavior 
of  the  exact  function.  Therefore  we  do  not  believe  that  we  can  build  up  a  con- 
sistent method  from  these  attempts. 

II.  RENORMALIZATION  CONSTANTS 

The  following  section  should  serve  the  purpose  to  express  the  constants 
that  appeared  in  the  process  of  renormalization  of  the  field  operators  and 
masses,  through  the  previously  introduced  functions  p{k^).  As  an  example  of 
these  relations  we  shall  use  the  pseudoscalar  coupling  of  a  neutral  meson-field 
A(x)  to  a  spinor  field. 

From  the  usual  Lagrange  function  the  unrenormalized  field  operators 
(Au(x),  ipyj^ix)),  masses  (Mo,mo)  and  an  unrenormalized  coupling  constant  (go) 
included,  occur  through  the  introduction  of  a  renormalized  magnitude^ 

[   M  =--  Mo  -1-  dM;        m«  =  w*  +  &>n^;       fir  =  Z'^Z^Z^g^ ,  (25) 

-  YiZtiWr^  +  M)ip]-[{y'd-M)y},  tp]}- 

jr  _  —  y,  Z,{  c^Ad^A  +  m'A*} 

(26) 

-  i/2  gZlip,  y,tf]A  +  1/2  Z,  dM[ip,      +  VgZ^m'A'  . 

The  renormalized  operators  satisfy  according  to  the  field  equations: 

( □  —  m^)A{x)  =-  ^  Z^Z^\lp.  ystp]  —  ^i*^ 
1  '  (27) 

y  ^  A-       rpix)  =  —  igZ^Zl^y-^Arp  +  63/ y  . 

The  commutation  and  anticommutation  relations  at  equal  times  are: 

[A{x),A{x')\   =---id{x  —  x')-Z-' 

(28) 

{ rpjx),  iPp{x')}=  yUd{x-x')'Z;\ 

All  remaining  commutators  (or  anti commutators)  vanish  for  equal  times. 

According  to  (25)  and  the  earlier  given  defining  equations  of  functions  p(K^) 
the  constants  Z3  or  Z2  come  in  simply  as  multiplicative  factors  in  the  func- 
tions p  (or      and  P2).  Next  we  have  to  occupy  ourselves  with  the  question 
how  the  constants  Z2  and  Z3  are  determined.  Moreover  we  observe  that  the 
theory— in  order  to  be  physically  meaningful— must  describe  at  least  two 
stable  particles:  namely  the  operator  Pj^  must  have  a  discrete  eigenvalue  for 
the  nucleon  number  0  with  mass  m  (experimental  mass  of  the  mesons)  and  a  dls 
Crete  eigenvalue  for  the  nucleon  number  1  with  mass  M  (experimental  mass  of 
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the  nucleons).  Naturally  only  the  states  with  nucleon  number  0  or  1  give  a  con- 
tribution to  the  functions  p.  These  functions  contain  therefore  terms  of  form: 

q{x^)  =  c,d{x^  —  m«)  +  ... ;  =  c,d{x*  —  M^)  +  ... 

The  constants  Zg  and  Z2  will  now  be  determined  so  that  we  normalize  to  unity 
Cj  and  C2.^® 

This  corresponds  to  the  method  of  renormaUzation  in  pertubation  theory^^ 
or  to  the  renormalization  conditions  of  Kallen.^ 

For  constants  Z3  and  Zg  it  is  true  due  to  (16),  (24)  and  (28): 


(29) 


Since  the  functions  p  and  pj  are  always  positive  and  contain  terms  with 
6(K^  -  m^)  or  6(k^  -  M^)  it  is  true,  due  to  (29),  for  the  renormalization  con- 
stants that: 

0  <Z,<1:  0<Z,<1    "  .  (30) 

Now  we  want  to  obtain  formulas  for  the  mass  constants  6  m  and  6M.  We 
consider  next  the  meson  mass.  Due  to  (9)  and  (27)  we  have: 

(□  -  n>l}  <[A{x),  A{x')]\     ^  Z,Z;\[[w{x),  yM^)l  ^(^')]>„- 


0 

V/e  differentiate  with  respect  to  t'  and  then  let  t'  =  t.  We  have: 

<[[v(a^),  yM^)l  M^')]\  =  0 

since  for  equal  times: 

[rp{x),  A(x')]  =  [ipix),  A(x')]  =  0  . 


(31) 


for  t'  =  t 


One  obtains  thus: 


00  OB 

mlj  Qd(x*)  =  jx*od{x'), 

6  0 


or 


J(x*— m«)od(x«)  - 

dm*  =  —  '  =  —  Z  J  (x«  —  m*)Q  d{x*)  <  0  .  (32) 

fod(««)  / 
0 

A  formula  for  the  nucleon  constant  6M  is  obtained  in  an  analogous  way. 


TO 
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(33) 

0 


for  t'  =  t  is 


({A(x)fp{x),  fix')}}^  -  iA{x)\  =  0  . 
(The  vanishing  of  <A(x)>q  follows  therefore  from: 

(  □  -  wj)  <A{xr,^     -      <^(^)>„  =     Z,Z;'8p  {n-S">'(0)}  =  0 

According  to  (32)  m§    0;  therefore  <A(x)>o  =  0). 
Hence  it  is  true: 


00  CD 


or 

f[{M-x)Q,-}-g,-]d{x')  '  » 
SM  =  »  =  Z,  1  [(if  -  x)Q,  4-  g,]d{x')  .  (34) 

0 

The  formulas  (29),  (32)  and  (34)  express  the  constants  Zg,  Zg,  dm^,  6M  by  the 
functions  p(K^).  We  will  not  discuss  the  constant  Zj  here. 

It  may  be  evident,  that  the  derived  relations  are  not  limited  to  the  special 
case  of  the  coupled  pseudoscalar  mesons  with  nucleons  but  can  be  applied  to 
other  cases.  For  an  application  to  quantum  electrodynamics  certain  supple- 
mentary conditions  are  required— on  account  of  the  Lorentz  conditions.  The 
results  obtained  in  this  section  are  similar  to  the  definitions  of  renormaliza- 
tion  constants  for  quantum  electrodynamics  by  Kallen.  The  two  presentations 
differ  methodically  in  that  here  the  use  of  incoming  fields  and  the  associated 
problems  of  the  adiabatic  interpolation  can  be  avoided;  to  the  other  presenta- 
tion we  give  credit  on  the  relationship  between  renormalization  constants  and 
the  properties  of  the  propagation  functions. 
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III.  DETERMINATION  OF  THE  VACUUM  FUNCTIONS  IN  NEIGHBORHOOD 
OF  g2 

Although  our  real  wish  is  to  obtain  expressions  for  propagation  functions 
that  are  independent  of  pertubation  computations,  we  want  to  indicate  that  the 
methods  used  here  are  advantageous  also  for  the  moderate  pertubation  calcu- 
lation of  these  functions.  We  illustrate  these  methods  by  determining  the 
functions  pj,  p2  and  Sp  in  the  neighborhood  of  g^  for  the  previously  consid- 
ered example  of  the  pseudoscalar  coupling  of  mesons  and  nucleons.  In  contrast 
to  other  presentations  no  divergent  constituents  appear  in  this  scheme,  whose 
elimination  by  the  otherwise  common  method  gives  rise  to  relatively  intricate 
transformations . 

We  set  thus: 

Qiix')  =  Qio{>c')  +  </*eii(«*)  +  ... 
=  Qtoix*)  +  9*gti{9c*)  +  ... 

and  determine  these  values  by  expanding  for  example  the  S<*>'(x)  function  in 
powers  of  g^ . 

8^+>'{x  —  x')  =  i  <v(a7)^(a7')>o  =  8'+\x  —  x'',  M)  +  0{g^) .  (35) 

In  the  neighborhood  of  higher  orders  of  zero  naturally  the  unprimed  S^*^  function 
occurs  and  therefore  we  have: 

^10=  <5(x*— if')  ;      ^20  =  0;      (5JWo  =  0;      ^20  =  1. 

To  find  the  g^  term  of  equation  (35)  we  form 

(''•■^  +  ^)(^'      ^)        x')  =  i<:  f{x)]{x')  >o  = 

(36) 

=  igy^  {A{x)tp{x)A{x')ip{x')y^-\-  ...  =  ig'A^+^{x— x' ;  m)yr,S^+> (x  —  x' M)y^  +  ...  . 

In  (36)  f(x)  =  -igZiZg  V5A(x)^(x)  +  6Mi}){x). 

By  further  transformation  only  terms  ^g^  are  written  out.  By  going  over 
into  Fourier  space  we  have:  ( =  -k^) 

e{ko){iy1c  +  M)  [(iyk  -  x)q,,  +  q,,]  {iyk  -f-  M)  = 

If  (37) 

=  -  ^3  j  ^(^0  -  qo)e{q,)ydiyq  -  M)y,  S[q*  +  M*]  d  [{k  -  q)*  +  m«]  d*q  . 

In  order  to  eliminate  the  y-matrices  we  take  the  spur  of  (37).  Another  rela- 
tion is  obtained  by  multiplying  (37)  by  iyk  and  taking  the  spur.  We  obtain 

Sik,)  [-  x(H-M)*Q,,  +  («•  +  M*)Q,,]  = 

=  (^3/ ^(*=o  -  V«)0(go)  d[q*  +  Jf  «I  d  [ik  -  qy  +  m']  d*g 
0(k,)x*  [{H  -  3f  )«o„  +  2  Mq,,]  =  ^^^^ 
=  -  ^3  / ^(*o  -  qom^m)  <5  [q'  +  M*]  d  [{k  -  q)*  +  m«]  d% 
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The  integrals  that  occur  here  are  elementary  to  carry  out  and  are  conver- 
gent. We  find  for  pn  and  p2i: 


32;r 


V  (x«  —  M'—  m*)*—  ^m*M* 


(39) 


H-  My  j 


I' 

For  s'f  =  Sf  +  g^Spi  +  •••  we  have  therefore 


To  give  SpiCk)  explicitly  we  have  to  carry  out  one  more  integral  over  /c^. 
The  integration  is  elementary  to  carry  out  and  is  trivial  in  the  special  case 
m  =  0.  For  this  case  we  give  the  result: 


(40) 


It  is  established,  in  the  above  analysis  of  the  Sp  function,  that  no  divergent 
terms  occur  during  the  calculation.  Naturally,  one  can  determine  the  renor- 
malization  constants  that  did  not  appear  here  from  pn  and  pi2  with  the  help 
of  formulas  (29)  and  (34). 

In  conclusion  I  would  like  to  thank  Prof.  W.  Heisenberg  for  many  suggestions 
and  K.  Symanzik  and  W.  Zimmerman  for  numerous  discussions. 
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Summary.  A  new  formulation  of  quantized  field  theories  is 
proposed.  Starting  from  some  general  requirements  we  derive 
a  set  of  equations  which  determine  the  matrix-elements  of 
field  operators  and  the  S-Matrix.  These  equations  contain  no 
renormalization  constants,  but  only  experimental  masses  and 
coupling  parameters.-  The  main  advantage  over  the  conven- 
tional formulation  is  thus  the  elimination  of  all  divergent 
terms  in  the  basic  equations.  This  means  that  no  renormali- 
zation problem  arises.  The  formulation  is  here  restricted 
to  theories  which  do  not  involve  stable  bound  states.  For 
simplicity  we  derive  the  equations  for  spin  0  particles,  how- 
ever the  extension  to  other  cases  (e.g.  quantum  electro- 
dynamics) is  obvious.  The  solutions  of  the  equations  are 
discussed  in  a  power-series  expansion.  They  are  then  iden- 
tical with  the  renormalized  expressions  of  the  conventional 
formulation.  However,  the  equations  set  up  here  are  not 
restricted  to  the  application  of  perturbation  theory. 

I.  INTRODUCTION 

In  order  to  clarify  the  position  of  the  problem  considered  in  this  work,  let  us 
refer  to  some  unsatisfactory  features  of  the  usual  formulation  of  field  theory: 

1)  While,  for  the  so  called  renormalizable  theories  within  the  framework  of 
a  coupling  constant  expansion,  it  is  possible  to  obtain  finite  results  for  the  ma- 
trix elements  of  the  (renormalized)  field  operators  and  for  the  S -matrix,  so 
far  no  one  has  been  successful  in  formulating  the  basic  equations  of  those  the- 
ories in  a  convergent  fashion.  We  mean  by  this  that  divergent  renormalization 
constants  appear  not  only  in  the  field  equations  but  also  in  the  commutation  re- 
lations of  renormalized  operators. 

2)  These  finite  results  can  be  obtained  only  by  way  of  intermediate  diver- 
gent calculations  which  are  taken  care  of  in  the  process  of  renormalization. 
If  the  prescription  necessary  for  the  separation  of  these  divergent  terms  can 
be  unambiguously  formulated,  they  still  are  closely  restricted  to  the  per- 
turbation treatment. 
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These  conditions  are  detrimental  not  only  for  the  treatment  of  fundamental 
questions  but  also  in  the  application  of  the  theory.  First  of  all,  they  make  it 
difficult  to  answer  questions  about  the  existence  of  solutions  of  the  basic 
equations  (as  in  quantum  electrodynamics).  Secondly,  the  necessary  separa- 
tion of  (divergent)  renormalization  terms  stands  in  the  way  of  a  consistent 
application  to  other  approximations  than  the  coupling  constant  expansion. 

In  our  attempt  at  a  new  formulation  of  quantized  field  theories,  we  try  to 
avoid  the  above  described  difficulties.  An  intrinsic  characteristic  of  this 
formulation  is  that  we  derive  equations  that,  in  contrast  to  the  usual  basic 
equations,  are  free  of  divergence.  In  principle,  they  suffice  for  determina- 
tion of  matrix  elements  of  the  field  operators  and  the  S-matrix.  The  physi- 
cally meaningless  renormalization  constants  are  completely  eliminated 
from  the  theory;  this  means  that  not  only  in  the  basic  equations  but  also  in 
all  further  relations  only  renormalized  field  operators,  experimental 
masses  and  coupling  parameters  occur,  so  that  there  is  no  renormalization 
problem.  Field  equations  and  canonical  commutation  relations  of  operators 
are  not  used.  This  renunciation  appears  indispensable  when  one  wants  to 
work  only  with  renormalized  quantities. 

It  is  emphasized  that  we  have  in  mind  a  new  formulation,  without  changing 
the  physical  principles  of  quantum  field  theory.  This  manifests  itself  in  the 
fact  that  the  perturbation  theory  solutions  of  our  equations  are  identical  with 
the  corresponding  renormalized  expressions  of  the  usual  formulation.  In  the 
derivation  of  these  equations  it  is  not  assumed  that  the  solutions  can  be  ex- 
panded in  a  coupling  parameter.  To  this  extent  an  eventual  divergent  pertur- 
bation series  means  no  fundamental  difficulty  for  the  discussion  of  the  ques- 
tion of  whether  exact  solutions  of  the  basic  equations  exist. 

We  limit  ourselves,  for  the  time  being,  to  the  formulation  of  theories  in 
which  no  stable  bound  particles  appear.  This  should  suffice,  for  example,  for 
quantum  electrodynamics.  In  order  to  have  as  simple  relations  as  possible, 
we  consider  equations  for  the  case  where  only  one  kind  of  particle  is  present, 
namely,  particles  with  spin  0  and  mass  m  whose  interaction  is  to  be  de- 
scribed. This  development  can  be  readily  carried  over  to  other  cases  (i.e., 
quantum  electrodynamics). 

For  the  derivation  of  the  equations  used  by  us,  only  a  few  very  general 
assumptions  are  necessary.  Accordingly,  these  equations  contain  many  solu- 
tions; the  invariant  solutions  correspond  to  local  field  theories.  The  individual 
possibilities  of  interaction  are  characterized  by  boundary  conditions  imposed 
on  the  solutions  of  the  equations.  These  solutions  are  for  the  time  being  con- 
sidered only  within  the  framework  of  perturbation  calculations.  We  do  not  go 
into  the  treatment  of  non-local  fields  and  into  questions  that  depend  on  non- 
renormalizable  theories. 
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n.  GENERAL  INFORMATION 

We  begin  with  the  statement  of  general  principles.  Our  aim  is  to  give  a 
quantum  theoretical  formulation  of  local  scalar  fields  without  bound  states, 
which  differs  from  the  usual  formulations  in  that,  in  principle,  it  avoids  the 
difficulties  of  the  ultraviolet  divergences,  namely,  the  basic  equations  of  the 
theory  should  already  be  free  from  ultraviolet  divergences .  It  is  clear  that 
for  this  purpose  we  cannot  use  such  familiar  relations  as  the  Hamiltonian 
function  of  canonical  field  variables,  the  canonical  commutation  relations  of 
the  Feynman-Schwinger  variational  principle,  since  all  these  contain  renor- 
malization  constants.  We  have  to  look  for  more  general  properties  of  quan- 
tized fields  that  are  not  burdened  v^ith  such  divergence  difficulties  and  are 
therefore  appropriate  for  the  foundation  of  our  theory.  To  this  belongs  the 
existence  of  an  invariant,  unitary  S-matrix  whose  matrix  elements  being  ob- 
servable quantities  must,  by  necessity,  be  finite.  It  is  within  this  property 
that  the  framework  of  general  quantized  fields  should  be  first  considered. 
For  characterizing  the  local  fields,  one  must  go  beyond  these  considerations 
and  formulate  the  causality  condition  in  a  suitable  way.  Since,  so  far,  the 
causality  condition  as  a  property  of  the  S-matrix  has  not  been  successfully 
formulated,  we  decide  to  introduce  field  operators  and  thereby  go  beyond  the 
conception  of  a  pure  S-matrix  theory. 

We  imagine  a  field  described  by  a  linear,  Hermitian  operator  A(x)  in 
Hilbert  space.  We  should  now  limit  further  the  properties  of  the  * 'field  op- 
erator" A(x).  (It  corresponds  exactly  to  the  so-called  **renormalized  field 
operator"  of  the  earlier  formulations.)  This  is  accomplished  by  imposing 
the  following  three  requirements: 

1.  Invariance  principle.  The  theory  should  be  invariant  under  Lorentz 
transformations,  translations,  as  well  as  reflections,  in  space  and  time. 

2.  Causality  condition.  The  space -like  commutators  of  field  operators 
should  vanish: 

[A{x),A{y)]=^0,  (1) 

when  x-y  is  a  space -like  vector. 

3.  Asvmptotic  condition.  The  field  operator  A(x)  should  for  Xq  and 
for  xo-*+«>go  over  into  the  interaction  free  operators  A^j^{x)  or  A^u^Cx), 
respectively,  for  particle  mass  m. 

These  three  conditions  on  the  field  operator  A(x)  will  form  the  only  as- 
sumptions of  our  theory  of  quantized  scalar  and  local  fields  without  bound 
states.  Due  to  their  significance,  they  shall  now  be  briefly  explained. 

The  invariance  principle  Is  so  self-evident  that  a  further  discussion  is 
unnecessary.  As  far  as  its  mathematical  formulation,  one  can  consult  the 
appropriate  literature.^ 

The  form  of  the  causality  condition^  shows  quite  clearly  that  field  effects 
at  two  points  in  a  space-like  interval  are  Independent.  This  should  be  equlva- 
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lent  to  other  common  causality  concepts } 

Concerning  the  obvious  meaning  of  the  asymptotic  condition^  we  can  say:  It 
reveals  that  in  every  system  of  interacting  bosons,  if  one  only  waits  long 
enough,  the  particles  tend  away  from  each  other  with  increasing  time,  so 
that  for  large  enough  time  they  behave  as  interaction-free  bosons  of  a  cer- 
tain mass  m.  Therefore,  the  asymptotic  condition  limits  the  theory  to  such 
fields  that  do  not  allow  bound  states  but  that  describe  only  scattering,  crea- 
tion, and  destruction  of  bosons  of  mass  m.  Since  in  the  next  chapter  we  shall 
draw  very  far-reaching  conclusions,  a  precise  mathematical  formulation  is 
indispensable.  We  begin  with  the  definition  of  the  incoming  and  outgoing  fields. 
Ain(x)  and  Aout(x)  should  naturally  satisfy  the  common  interaction-free  field 
equations  and  commutation  relations: 

(□  -  m^)AJx)  =  0  ,       [Ajx),  AJx')]  =  iA(x-x')  (»).  (2) 

Further,  there  should  be  states  with  the  property 

^.tW„  =  0,       A:Jx)Q^^^  =  0   («)  (3) 

Special  attention  is  required  for  the  precision  of  the  limiting  conditions 
Xo"-^  ±«.  A  readily  suggestible  form  is 

=  .hm  (0,  A,^(x)^) 

but  this  does  not  say  too  much  since  the  matrix  elements  of  the  right  side  go 
to  zero  point  by  point  for  normalizable  states.  We  introduce  instead,  the  oper- 
a  tors 

(4) 

and  corresponding  operators  Atn(t)  and  A^ut(t).  Here  f(x)  is  an  arbitrary 
normalized  positive  frequency  solution  of  the  Klein-Gordon  equation,  that  is; 

(□-«..,/,.,=«,  „ 

For  the  asymptotic  condition  we  now  have 

\lim  (0,  Af{r)^)=^{0,  AlaW) 
.Uni,  {0,  A'(rW)  =  {0,  AiJt)^) 

where  the  right  sides  are  independent  of  t_  and  thus  are  constant. 

For  the  remainder  of  this  section  we  derive  consequences  from  the  above 
three  conditions. 

From  Qin  we  can  form,  by  the  repeated  application  of  the  operator  Ain(x), 
a  complete  orthonormal  system  inHilbert  space  and  similarly,  a  second  sys- 
tem by  application  of  Aout(x)  on  Qoy^t.  For  this,  one  needs  only  a  system  fQ;(x) 
of  solutions  of  the  Klein-Gordon  equation  which  contain  only  positive  frequen- 
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cies  and  obey  the  orthonormal  relation 
as  well  as  the  completeness  relation 

00 

The  two  orthonormal  systems  are  then: 


  (6) 


v/>.,...«. 


(7) 


The  abbreviated  symbols  mean 

where  always  nj  of  the  indices  a  are  equal  to  each  other. 
The  S -matrix  is  defined  by 

=^     ^:;')  (») 

where  (o;),       mean  the  index  combinations 
(a)  =  ax,...  a*,  = 

The  anitarity  of  the  S-matrix  follows  directly,  as  also  the  relation 

A..-S^A.J.  (9) 

Occasionally  we  shall  speak  of  "mixed  matrix  elements"  of  field  operators 
or  their  products.  By  this  we  mean  expressions  of  the  form 

which  on  the  left  side  refers  to  a  state  of  the  orthonormal  system  (7)  and 
on  the  right  refers  to  a  state  of  system  (6). 

From  the  asymptotic  condition  and  the  invariance  principle,  the  existence 
of  an  energy-momentum  vector  P^i  follows  with  the  properties 

-i[P„Aix)]  =  ^^^\     -i[P„AJx)]=.^fJ^l,  -i[P„A^Jx)]  =  ^-^^^^\  (10) 

and  further 

=      =  ^  (11) 

(the  arbitrary  phase  factor  is  set  equal  to  unity).  P^^i  fulfills,  on  the  basis  of 
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invariance 

The  definition  of        or  $g\it  shows  that  (fi,  A(x)$g^  )  is  a  solution  of  the 

out 

Klein-Gordon  equation.  With  the  asymptotic  condition,  it  follows  that 

I  {Q,  A{x)0:J  =  {Q,  A,^  {x)0^J  =  fjx)  («) 

{Q,  A{x)^J  =  {Q,  A^Jx)0:J  =  f,(x) 
and  from  it        =  ^qu^.  A  further  consequence  of  the  asymptotic  condition  is 
the  vanishing  of  the  vacuum  expectation  value  of  A(x): 

{Q,  A{x)fJ)  =  {Q,  A.Jx)Q)  -  0  .  (13) 


m.  THE  REDUCTION  FORMULA 

After  establishing  the  foundation  of  the  theory,  one  should  ask  which  type 
of  fields  satisfy  the  above  assumptions  and  how  can  the  S-matrix  and  field 
operators  be  calculated  for  a  given  case.  The  general  operator  form  of  the 
postulates  seems  little  suited  for  answering  these  questions.  Therefore,  it 
shall  be  the  task  in  this  section  to  develop  a  system  of  equations  equivalent 
to  the  three  postulates  so  that  an  analytical  treatment  can  be  developed.  We 
shall  use  the  condition  that  as  a  result  of  the  asymptotic  condition  the  matrix 
elements  of  the  field  operators  and  the  S-matrix  may  be  reduced  completely 
to  the  vac uum-T -functions.  (By  this  we  mean  the  vacuum  expectation  values 
of  T-products  of  field  operators.)  This  means  it  is  enough  to  limit  oneself  to 
the  vac  uum-T -functions.  However,  these  can,  in  principle,  be  calculated  from 
an  infinite  system  of  equations  (system  A)  that  we  will  set  up  toward  the  end 
of  this  section.  The  derivation  of  the  system  A  follows  from  the  asymptotic 
condition.  The  invariance  principle  and  the  causality  conditions  produce  the 
invariance  of  the  vac uum-r -functions.  Thus  the  task  of  determining  and  cal- 
culating all  fields  A(x)  which  satisfy  three  basic  postulates  of  Invariance, 
causality,  and  the  asymptotic  condition,  reduces  to  the  discussion  of  the  In- 
variant solutions  of  system  A.^ 

This    reduction"  of  the  S -matrix  and  field  operators  Is  only  a  special 
case  of  the  general  reduction  formula  which  states  that  the  mixed  matrix 
elements  of  an  arbitrary  T-product  of  field  operators  may  be  expressed  In 
an  elementary  way  entirely  by  the  vacuum  expectation  value  of  the  T-products. 
The  reduction  formula  Is  a  result  of  the  asymptotic  condition.  It  will  be 
formulated  and  proven  In  complete  generality  In  a  functional  way  In  the 
appendix.  Here  we  prove  It  only  Insofar  as  It  Is  necessary  for  the  reduc- 
tion of  the  S -matrix  and  for  the  determination  of  the  system  A. 

The  asymptotic  condition  should  be  assumed  In  the  form  (5) .  Further, 
the  relation 
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should  be  valid.  We  first  prove  the  special  case 

T(x,  r,)0l)^-ij  A',T(r,  r„ ,  y)fjy)  d\v  (14) 

of  the  reduction  formula  where,  for  abbreviation,  we  set: 

=  □„—/»- 

and 

T{x„...,  x„)  =  {Q,  T{x„...,  x„)Q)  (15) 

means  the  vacuum -r -function  of  n  arguments.  From  the  definition  of  it 
follows  that: 

{Q,  T(x„...,  x^)0l)  ^  {T{x„...,  x„)Q,  A^^Q)  . 

Application  of  the  asymptotic  condition  to  the  right  side  yields: 
{Q,  T{x„...,  x„)0tn)  =  lim   {T{x„     Xn)Q,  A-{y,)Q) 


i  Urn  [{Q,  T{x„...,x„,y)-^Uy)^'y 
v,->-  CO  J  dy„ 


with  the  abbreviations: 


A-{t)  =  A'^it) ,        f(x)  ^  g{x)  =  fix)  ^  -  g{x)  , 
since  the  boundary  term  at  yo  =  +°° 

ilim  [{Q,  T{x„...,x„,y)Q)^fMd'y^iQ,A:„,T(x„...,x,)Q) 

and 


vanishes  because  of 


gives,  after  several  transformations  that  make  use  of  the  vanishing  of  the 
space -like  boundary  terms,  the  right  side  of  equation  (14)  that  was  to  be 
proven. 

In  an  analogous  way,  one  also  proves  the  relation 

{Q,  T(ar,,  ...,ar„X'-*-)  =  jV,(/3,  T{x„...,x„,  y)C*)/.,,.(y)d*y  .  (16) 
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From  this  follows,  using  only  mathematical  induction,  the  formula 

{Q,  T{x, ...  xJ0^r'")  = 

r  (17) 

=  (-  ...  K^r{x,  ...  x^y,  ...  y,)f,{y,)  ...  f,J.y,)d%  ...  d*y, . 

This  is  the  reduction  formula  for  such  matrix  elements  of  T -products  which 
have  a  vacuum  state  on  the  left.  Accordingly,  one  can  evaluate  the  matrix  ele- 
ments of  T -products  taken  between  the  vacuum  and  an  arbitrary  state  of  the 
orthonormal  system  (6)  from  the  vacuum -r -functions.  By  transforming  to  the 
conjugate  complex  quantity,  one  obtains  the  reduction  formula  for  T -products 
matrix  elements  which  have  the  vacuum  state  on  the  right. 

We  now  turn  to  the  reduction  of  the  S -matrix.  Our  purpose  is  to  reduce  the 
matrix  element 

(^l::,  (a)  =  a,,...,  a,,        =  ^, 

to  vacuum-T -functions,  first  of  all,  for  the  case  where  none  of  the  indices 
agree  with  any  of  the  indices  .  The  generalization  of  equation  (16)  then 
reads: 

T{x, ... x.)0t) = -i\K,{0'::,,  t(x, ... xmK' s^)^*^ ^ 

{0Z,  T(x, ...  x„)0f)  =  -  ij K^{0:i;,-^-^,  T{x, ...  x„r))0t)fl{r})  d% 
By  mathematical  induction,  it  follows  that: 

•/(^i).../(»?Od*|,...d*^.d*»?,...d^/?,. 

From  this,  one  easily  derives  a  normal  form  for  the  S -operator  which  is  de- 
fined by 

then 

S=f  tll}liK,...KMx^...x„):AJx,)...A,AXn):d*x,...d*Xn.  (19) 

f»=0  J 

The  functions  (p{xi,       Xjj)  mean  the  vacuum-(/7-functions^^  which  are  formed 
according  to  Wick's  rule  with  the  contraction  function  Af-  Equation  (19)  is 
generally  valid,  independent  of  the  assumption  made  in  the  beginning  about  the 
indices.  It  is  to  be  noted  that  for  the  integration  of  the  integral  in  momentum 
space,  the  vac uum-r-f unctions  must  be  known  only  for  values  that  lie  on  the 
mass  hyperboloid.  Only  the  vacuum -r-f unctions  which  are  so  limited  enter 
into  the  evaluation  of  the  S -matrix. 

Finally,  we  derive  the  infinite  system  of  equations  A  that  will  be  used  in 
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the  determination  of  the  vac uum-r-f unctions.  We  start  from  the  simple  oper- 
ator identity 

T{A{x,) ...  A(x„)}  =  2  0(x,-x„) ...  e{x,-,-x,)T{A{x,)  ...  A{x„.,)}A{x,.) 
where  Yj  means  summation  over  all  n  -  1  interchanges  of  a  coordinate 

V 

with  Xjj.  Formation  of  the  vacuum  expectation  value  and  the  decomposition  of 
the  right  side  gives: 

{Q,  T{x,,...,x.)Q)=21^(^i-^'^)'--^i^'^--^^^){^^T^^^ 

r  (a) 

If  now  we  also  express  the  matrLx  elements  on  the  right  according  to  the  re- 
duction formula  (17)  with  the  vacuum- r-f unctions,  then  we  obtain  the  desired 
system  of  equations  involving  only  the  vacuum -r-f unctions:^^ 

r{x,,...,  Xn)  =  21  e{x,—  x„)...  d{x,-,-x,)i''ld*^,...d*hd%...d% 

...  K^T{x, ...  x„_,|, ...  I,)  r;,) ...  A-(h-  r],)K^^ ...  K^x*{x„r^,  ...  7j,).  (A) 

From  the  invariance  principle  and  the  causality  condition,  it  follows  that 
the  vac uum-T-f unctions  are  invariant  functions.  In  order  to  obtain  a  general 
idea  of  all  fields  satisfying  the  three  postulates  of  invariance,  causality  and 
asymptotic  conditions,  it  is  therefore  sufficient  to  investigate  the  invariant 
solutions  of  system  A. 

We  mention  another  system  of  equations  A'  for  the  r-functions  which 
can  be  obtained  in  similar  fashion  beginning  with  the  operator  identity 

T{A{x,) ...  A{x,)}  =  2  e{x^-  X,) ...  dx,- x,-^)A{Xn)T{A{x^) ...  A{Xn-^)} 

V 

The  system  A'  is  equivalent  to  system  A. 

Another  system  of  equations  of  vacuum -r-functions  which  appears  appropri- 
ate for  practical  applications,  can  be  obtained  by  insertion  of  the  reduction 
formula  into  the  following  identity: 

I  {K\  ^'^M^Z  TA(xM{x.)K')  = 

</»)  (20) 
=  e{x,-x,)  2  {K'A{x,)0^M^Z  Mxr)0Z')  +  Symm. 

</?) 

This  system  is  also  equivalent  to  system  A. 

IV.  DISCUSSION  OF  SYSTEM  OF  EQUATIONS  A 

Due  to  the  few  conditions  that  were  required  for  the  derivation  of  system  A, 
one  would  expect  that  these  equations  possess  a  great  number  of  solutions. 
This  section  will  give  a  survey  of  the  invariant  solutions  and,  in  particular, 
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show  that  one  can  select  definite  solutions  by  fixing  boundary  conditions.  For 
this  we  limit  ourselves  to  a  perturbation  theory  discussion  of  the  equations. 

First  we  note  that,  of  course,  the  known  r-functions  of  a  free  field  form 
an  exact  solution  of  system  A.  They  are 

T{Xi,Xi)  =  A,{xi—Xt)  ;       r{Xi,...,Xz„+i)  =  0, 

x(Xi , Xi„)  =  -  2  ^'(^z*  ~  x^)r{Xi ...  x^^i ,  x^+i ...  x^i ,  x^^i ...  X2„)  .  ^^^^ 

For  further  treatment,  it  is  useful  to  transform  to  the  functions  (p{xi  ...  x^) 
already  introduced  in  Section  III.  We  can  easily  transform  this  system  into 
a  system  of  equations  for  the  (;p-functions  [see  Appendix)  (A-11].  We  will 
now  determine  the  </?-f unctions  in  the  first  approximation  to  the  free  fields.  It 
will  be  shown  that  this  calculation  has  a  meaning  beyond  the  first  approxima- 
tion and  can  serve  as  a  survey  of  the  possible  solutions  of  system  A  for  an 
arbitrary  approximation.  Let 

We  assume  that  in  the  first  approximation  (~g),  only  a  certain  function 

(pixi  ...  x^)  is  different  from  zero,  that  is,  deviates  from  a  free  field^^  From 

(A)  it  follows  then  for  <^^^^xi,  x^) 

<f/^^^(Xi,  ...  Xn)  = 

=  2e{X,-Xn)...e{X,-r-X^)^jKin<p''*(Xx,.-.,X„,„  ln)^  +  (l„  -  ^n)  d«|„  +  (£2) 

It  is  convenient  not  to  solve  this  equation  for  (p{xi  ...  x^),  but  for  a;(xi  ...  Xn), 
with 


<p{Xi  ...  Xn)  =  jAA^l  —  ^l)       ^A^Pn—  l»)ft)«(ll,         ^-)d*^l  -d*!,  . 

Equation  (22)  then  becomes 

+  iA+{x,-$r) ...  tJ+(a;._x-  f.-x)J,(x,-  |„)a><»>*(li  ...  In)}       ...  d*|n  • 


(23) 


By  applying  the  relations 

—  iA-{x)  =  A,ix)  4-  iA^x) ;      iA^{x)  =  A^x)  -  iAj,x) 

it  follows  from  (22') 
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■  I  {AAX,-  i^)  ...  AA^n-^  -  L-l)AAX.-  ^nW(^l,        ln)+  (24) 

+  iA^ix,  -  i,) ...  iZl+(x„_i-  |„)ft>'i'*(f  1 ,      L)}  d*li ...  d*L=0  . 

It  will  become  apparent  that  the  invariant  functions  co^^^  are  different  from 
zero  only  when  all  the  times  Xiq,       x^o  are  the  same.  Due  to  the  invariance 
it  follows  from  this  that  alsb  the  space  components  of  the  arguments  must  be 
equal,  i.e.,  the  function  io^^^  consists  of  products  of  four -dimensional  6-func- 
tions  and  their  derivatives. 

We  prove  this  statement  first  for  c<;^^^(xi,  X2,  Xg)  and  then  carry  over  the 
results  for  arbitrary  n.  For  oo^^Hx^,  X2,  X3)  (24)  reads: 

d{x,  —  x,)d{x,  —  x,)  j {AAoci  —  ii)AAx,—  ^2)AAx3  —  IsM^HIi,  l„  ^3)  — 

-Zl+(2-,-|,)zl+(x,-|,)Zl^(x3-l3)w^^'*(lx^2l3)}d*^id*l2d*|,  +  (24') 
-f  d{x,-x,)dix,-x,)  {  }  +  6(3,  1 ;  2)  {  }  =  0  . 
By  applying  the  Klein -Gordon  operator  it  follows  that 


co^^^x.  X2,  X3)  =  0  when 


^30  >  ^10  ^  . 


From  the  system  of  equations  A'  mentioned  in  Section  HI,  it  similarly  fol- 
lows that: 


o/^\Xi,  X2,  X3)  =  0  when 


These  conditions  show  that  in  w^^^Xj,  X2,  Xs)  all  times  must  be  equal.  From 
the  invariant  functions  which  remain  under  this  condition,  there  are  three 
solutions  to  equation  24' .  They  are,  in  coordinate  or  momentum  space,  (gsi, 
g32.  g33  are  real  constants): 

igsi  d{Xi  —  Xi)  d{x2  —  X3)  ;       bzw.    i^ji  •  d{pi  +     +  Pz) , 


1)  w'l' 

2)  w*i'=i^32(a. 


3) 


□^)  d{Xi  —  X2)d{x2—x^); 

bzw.    —  ig,t(pl  +  p1  +  pI)  •  <5(pi  +    +  p,) , 


=  i933iL\         +  +  3^.)  ^(^1  -  ^2)       -  X,) ; 

bzw.    ig^^iplipj)^)  +  pUp^i)  +  Pl(PiPi))^{Vi  +  P2  +  Ps) 
We  verify  this  by  taking  as  an  example  solution  (1).  Here  (24')  reads: 

1.2:3)  j{AAx^  -  ^)AAo^2 -1)4-  A+{x,  -  ^)A^X2  -  f )}  • 

'AAx,-^)d*^  +  e{2,3;  1)  ...+...  =  0  . 
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This  equation  is  satisfied  since  the  Ap-functions  can  be  replaced  by  iA*  be- 
cause Xio,  X20  >  X30  >  ^0- 

There  are  certainly  no  arbitrarily  high  derivatives  of  5 -functions  for  solu- 
tions. Since,  in  general,  by  the  differentiation  of  the  A F"f 'unctions,  additional 
terms  appear  that  destroy  the' equivalence  of  Ay  and  iA*,  it  can  be  shown  that 
only  three  given  solutions  exist. 

For  u^^\xx,       Xn)  one  obtains  similar  results.  One  determines  further 
that  products  of  6 -functions  and  some  derivatives  of  these  functions  satisfy 
equation  (24).  For  lo^^Hx^,       Xji)  there  are  n  independent  solutions  in 
which  arbitrary  parameters  g^i,       gnn  appear.  In  momentum  space  they 
are  represented  by  symmetric  polynomials  in  the  variables  Pi,       Pn,  which 
are  characterized  by  the  fact  that  the  sum  of  the  powers  of  any  two  momenta 
is  smaller  than  four. 

The  functions  cp^^^  (or  co^^^)  obtained  in  such  a  way  agree  with  the  expres- 
sions which  one  obtains  by  using  the  customary  formulation  of  field  theories 
in  the  first  approximation.  To  this,  naturally,  there  correspond  5' -function 
theories  with  derivative  coupling. 

It  is  evident,  then,  that  the  equations  discussed  here  are  formally  equivalent 
(i.e.,  with  the  exception  of  renormalization  terms)  to  the  conventional  field 
equations.  If,  for  example,  we  take  the  constants  gji,  g4i,       gni  as  different 
from  zero,  then  this  corresponds  to  a  Lagrangian  with  the  coupling  term 

L'=  g',,A^x)  +  g^,A*{x)  +  ...  +  9'mA"(x) . 

Thus  the  constants  gji  and  gii  agree  within  the  first  approximation. 

By  means  of  the  above  solutions  of  the  (homogeneous)  equations  lor  the 
(/?^^ ^-functions,  the  parameters  gni,       gnn     =  3,  4,  ...)  are  introduced,  and 
they  act  as  coupling  constants.  When  these  constants  are  given  (therefore  (p^^^ 
is  knov/n)  then  one  can  attempt  to  determine  the  (^-functions  to  a  higher  approxi- 
mation in  a  power  series  expansion  in  these  constants  with  the  help  of  system 
A.  In  the  second  approximation,  one  obtains  for  (p^^^  an  inhomogeneous  equa- 
tion in  whose  inhomogeneous  terms  the  first  approximation  functions  appear. 
The  homogeneous  part  of  the  equation  for  (p^^^  is  identical  to  the  equation  al- 
ready treated  for  cp^^K  (p^^^  is  thus  determined  within  solutions  of  this  homoge- 
neous equation.  This  state  of  affairs  is  true  to  arbitrary  order  of  the  pertur- 
bation calculation. 

The  necessary  determination  of  the  homogeneous  solutions  that  appears 
through  the  perturbation  calculation  can  now  occur  by  putting  boundary  condi- 
tions on  the  solutions  of  this  system  A  in  which  several  of  the  asymptotic 
properties  of  the  functions     are  given.  In  the  one -parameter  case  (only 
gj^i  ^  0)  this  condition  is:  w(xi,       x^);  it  should  contain,  (in  every  approxi- 
mation) for  large  momenta,  a  constant  germ  g^i;  it  should  not  contain  any 
terms  of  the  form  gn2(Pi  +  •••  Pn);  gn3^PiP2P3     •••)»  etc.,  that  correspond  to 
other  solutions  of  the  homogeneous  equation  for  w^^^(xi  ...  x^).  All  other  func- 
tions w  should  asymptotically  contain  no  terms  that  are  constant  or  that 


26 


FORMULATION    OF   QUANTIZED    FIELD  THEORIES 


represent  polynomials  corresponding  to  the  homogeneous  equations.  In  general, 
one  is  given  the  coupling  constants  and  with  them  the  asymptotic  behavior  of 
the  function  a;  corresponding  to  these  constants. 

As  is  known,  among  the  one -parameter  theories,  there  are  exactly  two  that 
are  renormalizable  in  the  framework  of  the  usual  formulation   For  these,  g^i 
or  g4i  is  different  from  zero.  (Coupling  '>*A^  or  ~A*,  respectively.)  With 
these  boundary  conditions,  the  system  A  has  unambiguously  determined  solu- 
tions in  every  approximation  which  correspond  to  the  renormalized  expres- 
sions.^^ 

The  assertions  made  in  this  section  refer,  of  course,  only  to  the  perturba- 
tion calculation  (of  an  arbitrary  order).  One  of  the  advantages  of  system  A, 
that  a  discussion  of  renormalizable  theories  should  be  possible  without  being 
restricted  to  the  perturbation  treatment,  has  so  far  not  been  introduced.  How- 
ever, a  perturbation  treatment  of  system  A  should  be  more  consistent  than 
the  usual  method,  since  here  we  deal  only  with  divergence -free  equations.  We 
do  not  investigate  the  uniqueness  of  the  perturbation  calculation  because  the 
model  character  of  the  scalar  field  treated  here  does  not  make  this  significant. 


represented  as  a  functional  of  the  space-time  function  J(x)  is  determined  by 
the  integral  equation 


APPENDIX 


FUNCTIONAL  FORMULATION 


The  ordered  operator 


I, 


(A.l) 


For  abbreviation  we  set: 


^{+00,-00;  J]  and  <|<r{J}|>H.cc-„{j}, 

where  for  clarity  we  employ  the  Dirac  notation  i>  for  the  vacuum. 
By  virtue  of 


with 
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this  functional  is  the  generating  functional  of  the  vacuum -t -function  (equation 
(15)),  which  can  be  obtained  from  ^o{j}  by  functional  differentiation  and 
setting  J  =  0.  We  obtain  the  operator 

=  I  2  !(«)><(«) I ^{'/}l(^)><(i^)i 

<a)  (5) 

in  which  we  insert  for  |(Qi)|>  the  orthonormal  system  of  outgoing  asymptoti- 
cal free  particles  and  for  |(i3)|>  the  incoming  particles  (equations  (7)  and  (6)). 
Using  the  asjmaptotic  condition  (5)  and  the  relation 


dJ{x) 


^  {J}  =  ''■<r{  +  oc,  a?o;  J}A{x)cc{x^,  -  oo;  J\ 


which  follows  from  (A.l),  we  obtain 

<(a)  1  <C{J)  I  (/5)>  =  <(a) !  90{J)  ^  IT  N  A'^\^)  ^^Ur{=^) 


VP, 

with  the  abbreviations 

/(a?)Vflf(a;) 


(A.2) 


(A.3) 


<(a)iT{J}  > 


Corresponding  equations  are  obtained  for  <^(q;).  With  the  completeness  relation 
we  obtain,  by  summing  over  all  initial  and  final  states: 


2  hm  fx^a„/;,(y)d,y-i 
lim 


(A.4) 


<5J(J-) 


d,x  l><i  exp 


lim  I  -r~  T^A \l  \y)  dj.?/ kfo {^}  ■ 


In  order  to  be  able  to  substitute  volume  integrals  for  surface  integrals,  the 
integrals  over  the  opposite  surface  must  vanish  in  each  case.  In  (A.4)  this  is 
not  yet  the  case.  (Since  (A.3)  follows  from  (A.2)  and  the  asymptotic  condition 
only  when  J(x)  vanishes  sufficiently  strongly  on  the  boundary;  but  then  further 
functional  derivatives  may  not  be  arbitrarily  taken  in  the  neighborhood  of  the 
boundary,  whatever  the  reason  is  for  non-vanishing  of  the  surface  integral  in- 
troduced by  transforming  (A.4)).  Hence,  by 


T{J}  =  exp 
o 


(A.5) 


with 


5o{e/}=  i  '^^^  =  i      f  -  I  da.i...cLr,9)(a:,...a:,)J(a;,)...  J(a.,) 

11=0  »  =  0  ^'J  J 
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we  obtain  the  generating  functional  of  the  vac uum-cp-f unctions. For  abbrevi- 
ation we  assume  here  and  in  later  similar  expressions,  with  matrix  multipli- 
cation assumed,  the  following 

JAjrJ  =  1  1  JlXjAriJ-  —  X  }J (.T  )  dx  dx' 


dJ      '  Mix) 


Substitution  of  (A. 5)  in  (A. 4)  gives 


^{Jj  exp 


A-,{x) 


6J{j) 


—  JAfJ 

exp 

2 

<  exp  —  jj{y)4riy  —  y')  c^A\:'(y')dyd,y' 


etc. 


or 


and 


exp 


J 


dJ{z) 


exp 


exp 


•  exp 


^oA'r'(z)d,z  5o{J}  = 

J (x}AA-r  —  x'fd^A'o.^(x')  d^x  dx 
S~-  exp 


exp 

Al::iyrc.^^d.y 


J'{z)AAz-z')d'^A^^'d2d^' 


S'^iJ}  =  exp 


^{J}S  =  exp 
and  with  J  =  0  finally 


J  A,  J 

o 


JArJ] 


exp[tJ^^]  exp  i-^^.o*:^|  :  5,{J\ 


exp  [iJA^J  exp 


dJ 


s    :  6o{-A^K} :  =  :  5,{-a^  : 
By  this  calculation,  the  series  is,  by  Volterra's  formula 


exp 


J' 


dJ 


f{,T)=f{J+J'}  exp  J 


dJ 


is  an  arbitrary  functional) 


(A.  6a) 


(A.  6b) 


(A. 7) 


(A.  8) 
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J        oot  oat 


-c.,x. 


S  =  :  exp 


and 


A^{x)  =  SA^^,(x)S- 


is  employed.  In  the  formula  finally  used  for  the  S-matrix,  the  operator  IXl 
is  to  be  thought  of  as  inserted  in  place  of  the  unit  operator  between  a[~^  and 
'^ouf         substitution  that  takes  place  in  (A. 6),  of  the  surface  integral  by  a 
volume  integral,  which  in  (A. 4)  was  not  allowed,  is  allowed  here. 

(A. 7)  is  the  normal  form  of  the  S-matrix  (19),  (A.6a,b)  are  the  general  re- 
duction formulas  mentioned  in  section  III  through  which  the  matrix  elements 
of  the  ordered  operators  are  reduced  to  vacuum  expectation  values. 

With 

J{x',  X)  ^j{x')e{x'—x)    and     ^{J}  =  (<r{'/})- 
(A.  1)  can  also  be  written  as 

+  08 

Formation  of  the  vacuum  expectation  value  and  use  of  (A. 4)  gives  the  func- 
tional form  of  system  A: 

00 

x,=  —  OS  *,■«  —  00 


=  1 


CO 


=  1  -  J  J( 


exp 


(A.9) 


exp 


SJ'ix) 

From  this  it  follows,  on  account  of 


CO  00 

\{J}  =  1  -  j  (Lr,  =  1+1  J(x)  -Jr^^  da:  |^  ^  (A.  10) 
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and  after  insertion  of  (A. 5)  and  repeated  use  of  (A. 8)  that 

00    ^ 


fjix 

J",=  —  00 


)  exp 


exp 


J{x)  exp 

—  00 


dJ"{x) 


5o{J' 


It  can  be  shown  by  a  series  of  expansion  in  powers  of  J  that  a  similar  equa- 
tion holds  in  which  the  factor  exp[-JAFj/2]  is  omitted  from  both  sides.  With 
this,  we  finally  obtain  by  using  5oW.  a  relation  corresponding  to  (A.  10),  a 
condensation  of  system  A  for  (^-functions: 


11  J(x)A^'^ix-x')K,^  ^j^^  5o{J'}dxdx' 


J  (J-  )=  JU  .  t) 


exp 


So{J')5o{'ndx^,_^ 


(A.  11) 


REFERENCES 

1.  E.  Wigner:  Ann.  of  Math.  30,  149  (1939). 

2.  This  form  is  also  used,  for  example,  in  the  article  by  M.  Gel-Mann,  M.  L. 
Goldberger,  and  W.  E.  Thirring:  Phys.  Rev.  95,  1612  (1954). 

3.  E.  C.  G.  Stuckelberg  and  G.  Wanders:  Acausalite  de  Tinteraction  non- 
locale,  Manuscript  1954.  [Helv.  Phys.  Acta.  27,  667  (1955)] 

4.  On  the  fundamental  meaning  of  the  asymptotic  condition  for  the  foundation 
of  field  theory,  cf.  R.  Haag:  On  Quantum  Field  Theories,  Manuscript 
1954.  [Dan.  Mat.  Fys.  Medd,  29,  paper  12] 

5.  Moreover,  it  is  required  that  Ai^{x)  and  AQ^^(x)  give  an  irreducible  rep- 
resentation of  these  commutation  relations . 

6.  These  conditions  must  be  added  to  characterize  the  free  fields  since  the 
canonical  commutation  relations  permit  non-equivalent  representations, 
cf.  K.  O.  Friedrichs:  Math.  Aspects  of  the  Quantum  Theory  of  Fields 
(New York,  1953).  [Interscience  Publishers,  Inc.,  N.Y.C.] 

7.  Therefore,  the  time -independent  operator  A[n(t),  creates  a  particle  with 
wave  function  f(x).  In  contrast  to  Aij^(x),  these  operators  do  not,  by  ap- 
plication to  a  normalized  state,  leave  the  Hilbert  space. 

8.  These  relations  which  follow  here  as  a  natural  consequence  of  the  as3m[ip- 
totic  condition  were  used  earlier  by  Kallen  for  a  determination  of  the  renor- 
malization  constants.  G.  Kallen:  Helv.  Phys.  Acta.  25,  417  (1952). 

9.  One  can  also  proceed  from  the  commutator  relation  (1)  to  an  analysis  of 
possible  field  theories;  cf.  the  work  quoted  in  reference  4. 


31 


H.  LEHMANN,  K.  SYMANZIK,  and  W.  ZIMMERMANN 


10.  On  the  definition  of  t-  and  (^-functions  cf.,  i.e.,  the  article  W.  Zimmer- 
mann:  Suppl.  II  Nuovo  Cimento  11,  43  (1954),  section  4,  whose  notation  we 
have  adopted. 

11.  In  the  usual  formulation  of  field  theory,  the  perturbation  theory  expan- 
sion of  the  vacuum -T-f unctions  satisfies  the  system  A  identically.  The 
proof  can  be  carried  out  analogously  to  the  considerations  sketched  out 
in  the  note  W.  Zimmerman:  II  Nuovo  Cimento  11,  416  (1954). 

12.  This  corresponds  to  the  case  where  a  coupling  term  with  n  field  oper- 
ators is  treated  in  the  Lagrangian  formulation. 

13.  This  condition  corresponds  in  coordinate  space  to  specifying  the  func- 
tions cj  for  equal  arguments  by  means  of  6 -functions  and  their  deriva- 
tives. 

14.  For  non-renormalizable  theories  there  are  no  solutions  of  system  A 
within  the  perturbation  calculation;  e.g.,  the      -function  does  not  exist 
in  the  g^-approximation  for  this  kind  of  boundary  condition. 

15.  For  the  properties  of  these  operators  introduced  by  Schwinger  cf.  K. 
Symanzik:  Zeits.  f.  Naturf.  10a,  809  (1954)  and  the  literature  men- 
tioned there. 


32 


IL  NUOVO  CIMENTO 


Vol.  VI,  N.  2 


10  Agosto  1957 


On  the  Formulation  o!  Quantized  Field  Theories  -  II. 

H.  Lehmann  and  K.  Symanzik 
Institut  fiir  Theoretische  Physik  der  Universitdt  -  Hamburg 

W.  ZiMMEBMANK 
Max-Planck-'Institut  fur  Physik  -  OoUingen 

(ricevuto  il  9  Maggio  1957) 

Summary.  —  We  discuss  the  concept  of  causal  scattering  matrices  using 
retarded  multiple  commutators  of  field  operators. 


1.  -  Scattering  matrix  and  field  operators. 

One  of  the  main  problems  of  relativistic  quantum  theory  is  to  obtain  in- 
formation about  scattering  matrix  elements.  To  this  end  it  is  customary  to 
start  from  a  quantized  field  theory;  i.e.  operator  fields  which  obey  certain 
equations  and  commutation  relations.  On  the  other  hand  one  can  try  —  fol- 
lowing Heisenberg's  original  suggestion  —  to  base  a  theory  of  interacting 
particles  entirely  on  requirements  imposed  on  the  scattering  matrix. 

In  what  follows  we  intend  to  discuss  the  connection  between  such  an 
^-matrix  formalism  and  conventional  quantized  field  theories. 

Our  aim  is 

a)  to  clarify  some  concepts  employed  in  recent  work;  in  particular  to 
define  rather  precisely  what  is  usually  considered  a  «  causal  »  scattering  matrix ; 

b)  to  investigate  some  expressions  which  seem  to  be  useful  if  one  wants 
to  derive  causality  conditions  for  a  scattering  matrix. 

We  begin  with  a  pure  /S^-matrix  formalism  (^).  No  interacting  field  oper- 
ators are  considered  but  only  an  operator  S  which  describes  the  scattering, 


(1)  W.  Heisenberg:  Zeits.  f.  Phys.,  120,  613,  673  (1943). 
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production  and  annihilation  of  particles.  Masses,  spins  etc.  of  ail  stable  part- 
icles contained  in  the  model  are  given  parameters  {^).  First  we  require  only 
that  8  describes  a  physical  system  in  accordance  with  the  general  principles 
of  quantum  theory  —  with  the  exception  of  causality  —  and  of  special  rel- 
ativity. These  concepts  and  their  consequences  for  our  problem  have  been 
discussed  by  Haag  (»)  and  this  chapter  is  based  on  his  work.  The  above 
principles  imply:  There  exists  a  unitary  representation  of  the  inhomogenous 
Lorentz  group  in  the  Hilbert  space  of  the  state  vectors. 

The  results  of  observations  in  the  distant  past  or  future  may  be  charac- 
terized by  states  corresponding  to  non-interacting  (incoming  or  outgoing)  part- 
icles. The  operator  S  gives  a  unitary  mapping  between  initial  and  final  states 
and  therefore  transition  probabilities  may  be  computed  from  S  in  the  usual 
manner.  For  simplicity  of  notation  we  discuss  a  model  containing  only  one 
kind  of  stable  particle  having  mass  m,  spin  0  and  no  charge.  For  this  case 
we  give  first  the  general  form  of  S  which  follows  from  the  mentioned  principles. 
It  is  convenient  to  introduce  the  phase  matrix  r]  to  take  the  unitarity  of  8 
into  account. 

(1)  8  =  exp  [ir]]  . 

Then  ?y  is  a  hermitian  operator  which  has  the  following  structure: 
°°  1  C 

(2)  ri  =  y      Idxi ...  dxjin{(i0i ,     ,  ^n) :  ^in(a?i)  ...  Ai^{x„) :  . 

The  operator  field  Ai^{x)  describes  the  incoming  particles: 

(3)  (□  -  m')AJx)  =  0  ,  lAJx),  A^M]  =iM^-y)- 

The  double  dots  in  (2)  stand  as  usual  for  the  Wick  product.   The  functions 
hnixi,      x„)  are  c-numbers.  They  have  to  satisfy  some  general  requirements. 
To  discuss  these  it  is  useful  to  transform  (2)  into  momentum  space. 
Let 

(4)  A,M  =  j d*/c  exp  [ikx]  d{lc'  +  m')AM  , 

(5)  MiPi,  ...,os„)  = 

=  fdfci ...  dfc„  exp  [-  iMi  -  ...  -  i^n^n]  d{h  +  ...  +  K)K{h,      K)  (*)  - 

(27i;)5"j 


(2)  We  do  not  attempt  to  distinguish  between  «  elementary  »  and  «  bound  »  particles. 
(8)  E.  Haag:  Dcm.  Mat.  Fys.  Medd.,  29,  no.  12  (1955). 

(*)  The  factor  6(ki  +  ...  +  fe„)  is  of  course  a  consequence  of  translation  invariance 
and  expresses  energy-momentum  conservation. 
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Then  (2)  becomes: 

<2')        V  =  1—,  [dK...dKd{lc,  +  ...  +  fe„). 

•Mfei,      K)  S{kl  +  7n')  ...  d{K  +  m') :  AM  ...  An(fcn) : . 

Thus  only  the  values  of  /i„(fci,  fc„)  on  the  «  energy  shell »  (mass  hyperboloid) 
appear  in  this  formula  for  r].  Outside  the  energy  shell  the  functions  can  be 
chosen  in  an  arbitrary  manner;  i.e.  is  by  no  means  uniquely 

determined  if  is  given.  On  the  energy  shell  the  function  must 
have  the  following  properties: 

a)  hn{lcj_,      hn)  is  a  symmetric  function  of  \, 

^)  ^^(^1?  ^n)  =  ^n(— ^1 J  ...J  —  ^n)  (tMs  Is  equivalcut  to  the  hermit- 
icity  of 

c)  7i„(fci,  ^n)  is  invariant  with  respect  to  the  homogenous  Lorentz 
group; 

^n(^i>  ...J  ^n)  contains  no  four- dimensional  ^-functions.  (Otherwise, 
not  all  observable  quantities  like  cross-sections  and  their  generalization  for 
many-particle  processes  would  be  finite); 

e)  hni^i,  Icn)  is  a  continuous  function  of  its  invariant  variables.  (Con- 
tinuity of  scattering  matrix  elements); 

/)  hr,{h,  K)  =  K{—  Tix,  —  K)  (i.e.  h„{1ci,  K)  real,  because  of  {b)) 
follows  if  we  require  invariance  against  space-time  inversion.  If  the  theory 
is  invariant  under  space  or  time  inversion  alone,  then  ^„  is  invariant  under 
ki  ->  —  ki  or  —  Icio . 

All  these  are  requirements  on  the  energy  shell.  Since  the  extrapolation 
off  the  shell  is  so  far  arbitrary  we  can  demand  —  and  this  will  be  done  in 
what  follows  —  that  the  functions  satisfy  the  conditions  a)-f)  everywhere. 
Then  we  can  also  formulate  these  requirements  in  terms  of  hn{Xi,  ...,Xn)  by 
Fourier  transformation.  The  listed  properties  —  which  leave  an  enormous 
degree  of  arbitrariness  —  contain  everything  (as  far  as  we  know)  that  general 
l^hysical  principles,  with  the  exception  of  causality,  require  in  such  a  model. 

We  consider  now  the  connection  between  such  a  scattering  matrix  and 
Lorentz  invariant  operator  fields.  In  the  framework  of  /i^-matrix  formalism 
we  have  the  relation 

We  shall  show:  For  any  given  /S-matrix  there  exist  (many!)  invariant  fields 
A{x)  which  tend  asymptotically  for  <     i  oo  to  the  given  fields  Ag^^.{x)  resp.  A^J^x). 
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A  precise  formulation  of  this  asymptotic  behavior  is  {^): 

(7)  lim   {0,  A'{t)W)  -  {0,  AijP)  . 
In  this  formula 

A^{t)  =  +  i  |d»a;  [m^)^^  f*{^)  -      A{x)f*{x)^  (•) , 

(the  operators  A^^^,  Ai,  defined  in  the  same  manner  are  time  independent) 
where  f{x)  is  an  arbitrary  normalizable  solution  of  the  Klein-Gordon  equation. 
We  have,  according  to  (6): 

(8)  AUx)  =  exp  [-  irj]AUx)  exp  [iry] 

1 

=  A^M  +  i  JdA  exp  [-  iXr]][AM,  rj]  exp  [iXrj] 

0 

1 

=  A,M  -  -  y)  JdA  exp  [-  ari]'&{y)  exp  [iXrj]  . 


The  relation 

(9) 
with 


[AM,  r]]  =  ijMx-  y)^{y)  , 

(10)         '&{y)  -  2  -i:  I  da?!  ...  dx,,K+Ay,  x^,      x^)  l^nla^i)...  ^U^n)  I  , 

has  been  used  ('•*). 

Now  we  introduce  interacting  field  operators: 


[iAry] 


(11)       A{x)  =  A,M  +  Jcl*3/  ^Ax  ~y)jdX  exp  [-  i?if]]^{y)  exp  [i 

(5)  Cf.  H.  Lehmann,  K.  Stmanzik,  W.  Z immermann  :  iVwovo  Cimento,  1,  425  (1955); 
in  the  following  quoted  as  LSZ  I. 

(«)  Greenberg  and  Wightman  (unpublished  manuscript)  have  pointed  out  that 
the  operator  J.'(t)  may  lead  to  states  with  infinite  norm.  To  avoid  this,  they  introduce 
tune-averaged  operators.  This  modification  does  not  change  the  results  derived  in 
this  paper.  We  wish  to  thank  Drs.  Greenberg  and  Wightman  for  informing  us  of 
their  results  prior  to  pubUcation. 

(7)  ^{y)  =  dr]l6AiJ(,y)  is  the  functional  derivative  of  t]  with  respect  to  A^{y),  ho- 
wever, we  shah  not  need  this  characterisation. 

(8)  The  fimction  h^{y',  x^,  x^)  included  in  the  sum  is  of  course  zero  on  the  energy 
shell.   It  appears  only  in  the  extrapolation  process. 
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It  should  be  noted  here  that  only 


A{x  —  y)'d'{y)  d*y      but  not 


yWy)  , 


is  uniquely  determined  if  ?y  is  given.  For  it  is  clear  from  (10)  that  hn+Ak,  Ic^ ,  ... ,  1c„} 
has  to  be  defined  for      -\-      ^  0  to  determine  ^{r]).   As  has  been  discussed 
this  extrapolation  outside  the  energy  shell  can  be  carried  out  in  different  ways 
we  demand  only  that  the  conditions  which  fej,  satisfies  on  the 

energy  shell  be  fulfilled  everywhere.  Then  it  follows  that  A{x)  is  invariant 
and  hermitian.  Moreover  it  satisfies  the  asymptotic  condition  (7)  as  is  easily 
shown  by  using  the  Eiemann-Lebesgue  lemma  on  Fourier  integrals. 

We  wish  to  stress  that  the  described  procedure  of  constructing  relativistic 
field  operators  A{x)  corresponding  to  a  given  >S'-matrix  does  not  iavolve  any 
divergent  steps.  The  necessary  extrapolation  of  the  functions  hni^i,  A;„> 
can  of  course  be  accomplished  in  a  continuous  and  therefore  finite  manner. 

Using  the  definition 

1 

(12)  j{x)  =  —  jdX  exp  [—  iXr]']'&  {x)  exp  [iXr}]  , 

0 

we  can  write: 

jLout(a?)  =  AUx)  +  j^^^  —  y)j^y)  ' 

A{x)    =  A,^{x)  —j Asioo  —  y)j{y)  dy  , 
(□  —  m^)A{x)  =  j{x)  . 


(13) 


Using  the  developed  formalism  we  turn  now  to  the  concept  of  a  causal  scat- 
tering matrix.  As  is  customary  we  call  a  field  operator  A{x)  causal  —  without 
discussing  here  the  physical  interpretation  —  if 


(14) 


[A{x),  A{y)]  =  0. 


for  {X  —      >  0, 


The  operators  A{x)  defined  by  (11)  will  of  course  not  generally  satisfy  tlii& 
condition.  It  is  essential  now  that  (14)  is  not  only  a  condition  on  the  extra- 
polation oif  the  energy  shell  but  also  a  condition  for  the  scattering  matrix^ 
i.e.  for  the  functions  hni^i,  fe„)  for  =  ...  =  fe^  =  —  m^.  If  these  func- 
tions have  only  the  properties  listed  above,  then  it  is  in  general  impossible 
to  extrapolate  them  continuously  in  such  a  manner  that  (14)  is  satisfied.  This 
represents  an  additional  requirement. 
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Hence  we  define  a  scattering  matrix  as  causal  if  there  exists  at  least  one 
(continuous)  extrapolation  off  the  energy  shell  such  that  the  resulting  field 
A{x)  satisfies  the  commutator  condition.  It  is  an  entirely  open  question  whether 
^ny  scattering  matrix  exists  which  is  causal  in  the  sense  of  this  definition  or 
whether  this  is  too  stringent  a  demand.  Our  notion  of  a  causal  /S-matrix  is 
equivalent  to  what  is  being  used  in  investigations  of  local  field  theories. 
However,  the  above  definition  shows  clearly  that  it  must  be  possible  in  principle 
to  express  all  consequences  of  the  causality  condition  (14)  for  the  energy  shell 
in  terms  of  /Sf-matrix  elements  only. 

We  conclude  this  section  by  giving  some  formulae  needed  for  the  following, 
^hey  are  taken  from  LSZ  I  using  a  slightly  different  notation. 

Let  {/a(^)}  denote  a  complete  and  orthonormal  system  of  positive  frequency 
solutions  to  the  Klein-Gordon  equation. 

(15)  - i I di^xux) n i^)  =  -ij [fai^) n (^) - u^) •  n (^)}  =  , 

(16)  i/»/:(^'')  =i^Hx-x'). 

The  field  operator  A{x)  may  be  developed  with  respect  to  these  functions 

(17)  A{x)  =  f{Ux)A'{n  +  jt{x)A'^*{t)}, 
The  coefficients  are  given  by 

< — ► 

(18)  A'^it)  =  i  [ d^xA{x)  ^  i*{x)  . 

J  f^^o 

The  corresponding  operators  A^{t)  and  A^^^{t)  are  of  course  time-independent: 

They  constitute  the  limiting  values  of  A^{t)  for  t  oo 

(19)  lim    (0,  A^{t)W)  =  (0,  A:^^W)  . 

<-^±«  in 

The  operators  J.*,  A*^^^  satisfy  the  commutation  relations: 
<20)  1 
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Af*  creates  an  incoming  particle  with  wave  function  f^{x)  and  may  be 
used  to  construct  the  complete  orthonormal  system 

(21)  .  =  —  A^^*  ...A-n^Q,  ^ 

VP.......      -         —  j 

^  ^'i*  •••  indices  a,  are  equal).  / 

For  an  exact  formulation  of  the  asymptotic  behavior  it  is  essential  to  work 
with  normalizable  solutions  of  the  Klein-Gordon  equations  (wave  packets). 
Tor  this  reason  we  use  a  discrete  orthonormal  system  in  direct  applications 
of  the  asymptotic  condition.  Final  results  can  be  expressed  by  means  of  plane 
weaves  without  introducing  errors.  The  development  of  A.^{x)  with  respect 
to  plane  waves  is  given  by  (4).   We  define  «i^(fc)  by 

(22)  ajk)  =  AJk)  ,  a*{]c)  -  A  J-  k)  .  tor  k,>0. 
It  satisfies  the  invariant  relations 

(23)  [ajk),  a*{k')]  =  2k,^k-k')  ,  [ajk),  ajk')]  =^  0 , 

«^^^(fc)  is  defined  in  the  same  manner. 

Finally,  for  the  )S-matrix  we  use  the  notation: 

(24)  (^f--s  S0^r'')  =        ^^r'')  ^ 

with 


2.  -  Definition  of  retarded  products. 

We  have  defined  an  /S-matrix  to  be  causal  if  there  exists  an  extrapolation 
such  that  the  commutator  condition  (14)  is  satisfied.  So  far  this  is  a  formal 
definition  that  includes  the  /8-matrices  of  the  conventional  local  field  theories. 

However,  we  do  not  know  if  this  concept  of  causality  is  the  one  realized  in 
nature.  Therefore  it  is  necessary  to  confront  the  properties  of  (in  the  above  sense) 
causal  ^-matrices  with  experiment.  The  commutator  condition  (14)  does  not 
immediately  yield  explicit  properties  of  the  scattering  matrix;  non-trivial 
mathematical  steps  must  be  taken  to  derive  practically  useful  consequences 
from  it.  We  shall  discuss  some  formal  concepts  which  are  useful  —  and  partly 


39 


326 


H.  LEHMANN,  K.  SYMANZIK  and  W.  ZIMMERMANN 


have  been  used,  especially  by  Polkinghoe^e  {")  —  for  an  evaluation  of  the 
commutator  condition. 

In  this  section  we  define  and  investigate  a  retarded  product  of  field  oper- 
ators. For  causality  problems  this  product  seems  more  promising  than  e.  g. 
the  time-ordered  product.  We  define  the  retarded  product  of  two  field  oper- 
ators as  the  retarded  commutator: 

(26)  R{x',  y)=-  id{x  -  y)[A{x),  A{y)] . 

This,  expression  is  familiar  from  the  theory  of  dispersion  relations.  The  retarded 
product  of  w  -h  1  field  operators  is  defined  by 


(27) 


w  =  0:     R{x)  =  A{x)  , 

n>l:     R{x',  Xi  ...  x^)  = 

=-  (-  iy  I  e{x  -  X,)  ...  6{Xr,-,  -  x,)[...  [A{x),  A{x,)]  ...  A(ir„)], 


which  will  turn  out  to  be  a  natural  generalization  of  (26).   The  summation  is 
taken  over  all  permutations  of  the  n  cooidinates  a?,. 
We  call  the  vacuumexpectation  values 

(28)  r{x;  Xi  ...  x^)      (i?,  R{x',  x^  ...  x„)Q)  , 

retarded  functions  (r-f  unctions)  of  the -field  operators.  Three  simple  properties 
of  i?-products  follow  from  the  definition: 

Retardation:  R{x;  Xi,  ...  Xn)  vanishes  if  one  or  several  of  the  times  a;,o  is  larger 


Symmetry:     R{x;Xi,  ...  x„)  is  symmetric  in  the  co-ordinates  Xi. 

Hermiticity:   The  i?-product  of  hermitian  operators  is  hermitian;  i.e.  the 
retarded  functions  are  real. 


The  i2-products  can  be  generated  from  the  functional  (i°) 


(29)     ff^{x  ;J}=-  i^*{J}         ^{ J} ;       'Tl J}  =  T  exp 


(a  jdxJ{x)A{x)^ 


(8)  PoLKiNGHORNE  {Nuovo  Cimento,  4,  216  (1956)  and  Proc.  Cambr.  Phil.  Soc, 
53,  260  (1957))  has  introduced  a  general  type  of  product  which  depends  not  only  on 
the  space-time  coordinates  of  the  field  operators,  but  also  on  additional  parameters. 
For  special  choice  of  these  parameters  Polkinghorne's  product  is  identical  with  our 
E-product,  as  defined  below  in  eq.  (27). 

(")  Cf.  LSZ  I,  appendix. 
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by  means  of  functional  differentiation  with  respect  to  J{x). 


(30)  R{x;  a?i  ...  x^) 


^J{x^)  ...  ^J{x„) 


We  state  some  more  properties  of  i?-products  which  will  then  be  used  to 
discuss  the  significance  of  i^-products  for  the  derivation  of  causality  conditions. 

1)  Invariance  properties. 

[  R{x  -\-  a;  Xj^  -\-  a, Xn     a)  =  exp[ —  iPa]R{x;  x^^ ...  x„)  exp[iPa]  , 

(31)  { 

[  it    A{x  -\-  a)  ^  exp  [ —  iPa]A{x)  exp  [iPa]  . 

The  retarded  functions  depend  therefore  only  on  the  coordinate  dift'erences : 

(32)  r{x;  Xj^  ...  x„)  ^  r{x  —  Xj^,      X  —  x„)  . 

The  retarded  product  of  Lorentz  invariant  and  causal  field  operators  is 
moreover  invariant  under  proper  Lorentz  transformations  L: 


(33) 


R{Lx;  Lx^,  LXr,)  =  U{L)R{x;  ...  x„)U{L)-^ , 
r{Lx;  Lxj^,      Lx^)  =  r(.c;  x-^^  ...  x^)  , 


if  A{Lx)  =  V{)A{x)  U{L)-^  and  [A{x)A{y)]  =  0  for  {x  —  yY  >  0.  (33)  is  proved 
using  (29)  or  applying  Jacobi  identities  to  (27). 

2)  The  asymptotic  condition  at  t  =  —  oo  gives  rise  to  the  following  com- 
mutation relations  of -K-products  with  the  incoming  field  operator:  (jS^j^D^  —  m^) 


(34) 
or 


[R{x',  Xi ...  a7„),  J.i„(0)]  =  —i  jdz' A{z  —  z')K,:R{x;  Xj_  ...  Xr,,  z'), 

(34')      IR{X',  X,  ...  x„),  Am]  =         [dzexi^  [ikz]KMx',  x, ...  a^„,  0)  . 

To  give  a  rigorous  proof  of  these  relations  we  use  a  discrete  orthonormal 
system  {/.(a?)}  (cfr.  (17)).   Then  (3)  takes  the  form 

(34")  [R{x;  X,  ...  Xr,),  ^fn*]  =  jdzf^KMix',  x,  ...  x,,  z)  ("'i^)  . 

(^^)  K.  NiSHijiMA  (to  be  published)  has  suggested  a  formulation  of  the  asymptotic 
condition  which  avoids  the  operators  of  incoming  and  outgoing  fields  and  may  be  ob- 
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Now  we  note  that  as  a  consequence  of  the  asymptotic  condition  at  «  =  —  oo 
we  have  for  arbitrary  normalizable  states: 

(0,  [JR(a^;  X,  ...       Ar*]^)  =  ^  lim^       {B{x;  x,  ...  ^J,  A*nz,)]W)  = 

/•  T 

=  lim  i   d^z(0,  [B{x',  X,  ...  xM{^)W)  ^  /^^(^)  = 

2g->—  00       J  CZy^ 

r  d 

=  —  lim     d^z{0,  jR(a?;  x, ...  x,,  z)W)  ^  = 

=  ldzf,{z)KA0,  m\ ^1 ^n,^)y^), 

since  the  boundary  term 

lim     diH{0,  B.{x',  x,  ...  Xr,z)W)  ^  jM  i 

vanishes  due  to  the  retarded  character  of  the  i?-product. 
Iteration  of  (34')  gives  the  result: 

(35)  e{K)  ...  e(K)[...  [R{x',  x,  ...  x^),  A  *{h\)]  ...  A^^fjc^^]  = 

=  /  d^i  ...  dzr,  exp  [i  J  ...  K,R{x;  x^  ...  a?,„  z^  ...  «„). 

(27^)*"^ 

3)  Using  the  asymptotic  condition  both  at  <  =  —  oo  and  <  =  +  oo  we 
obtain  commutation  relations  of  the  outgoing  field  with  the  incoming  field  (i'): 

(36)  [J.3„t(»)A,„(t/)]  =  i^{x  —  y)  —  ^  jdx' dy' ^{x  -  x')^{y  —  y')K,Ky.R{x'  y') . 


tained  by  taking  matrix  elements  of  (34")  with  respect  to  This  modified 

procedure  is  useful  to  include  the  possibility  of  bound  states  in  the  formalism  of  r-f un- 
ctions, especially  in  connection  with  the  completeness  of  the  incoming  and  outgoing 
states  (compare  Appendix).  We  wish  to  thank  Dr.  Nishijima  for  informing  us  of  his 
results  prior  to  publication. 

(12)  A  special  case  of  this  formula  is  the  commutation  relation  between  the  current 
and  the  incoming  field  operator  which  was  derived  in  the  same  way  by  M.  Cini  and 
S.  FuBiNi:  Nuovo  Cimento,  2,  860  (1955). 

(13)  Compare  also  S.  Schweber:  Nuovo  Cimento,  2,  397  (1955). 
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This  relation  follows  by  applying  (13)  and  (34): 
[AU^)AUy)]-[AUx)AUy)]  =  jdx'Mx-x')K,{A{x')AUy)]  = 

=  -i  ldx'A{x-x')K,.  jdy'My-y')Ky>R{x'',y')  = 
=  —  i  jdx'  dy'  A{x  —  x')A{y  —  y')K^Ky'R{x' ;  y')  V-^) 

By  Fourier  transformation  (36)  can  also  be  written  in  the  equivalent  form 

[aoat(fc)«*n(fc')]  =  2fco(5(fc  -  k')  - 

—         I  d£cda;'  exp  [i(fcV—  'kx)'\K^K^.li{x',  x')  , 
(36')    ]  J 

[aoat(«)am(^')]  =  -TTTTi  i dxdx'  exp  [—  i{kx  +  k'x' j]K^K,  B{x:  x') . 

The  more  general  formula 

(37)  [...  [a,„,'fe)  -  ajk\  a*  k,)]  ...  a*  k,)]  = 

~  (27r)*<"+^'/^^'^^     ^^'^  ~  ...  Jf.„JK(^;     ...  x„)  , 

follows  in  the  same  way  from  (13)  and  (35). 

3.  -  Simple  applications  of  i^-products. 

As  an  example  for  the  application  of  22-products  we  consider  first  the 
/S-matrix  element  for  the  scattering  of  two  bosons. 

S{k',p';k,p)  =  {0^^,0^;^). 

The  relation  {S  =  1  —  iT) 

(38)  T{¥,  K;  ^^P)  =  7^s  f<i^d^'  exj>[i{kx-k'x')]K^K40f:,  R{x'',x)0f^) , 


(**)  The  interchange  of  the  order  of  integration  in  this  double  integral  can  be 
justified  with  the  aid  of  the  commutators  of  the  incoming  and  outgoing  field.  The  fol- 
lowing theorem  can  be  proved:  The  order  of  integration  in  the  above  integral  may  be 
interchanged  if  and  only  if  the  incoming  and  outgoing  fields  satisfy  the  same  com- 
mutation relations.  The  same  applies  to  the  order  of  integration  in  (35)  and  (37). 
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which  forms  the  basis  for  derivations  of  Goldberger's  dispersion  {^^)  relations 
follows  quite  simply  if  we  only  assume  that  the  field  operator  fulfills  the 
asymptotic  condition. 
Since 

=  (^^',  [«out(fc'),  ^mw)  +  ^KPod{k'-p)d{p'-  k) . 

Insertion  of  equation  (36')  for  the  commutator  between  outgoing  and 
incoming  fields 

(^S  [(^oJ^'h  a*m0^)  =  4fcoPo  ^\k'-  k)  d{p'-p)- 

 ^  f &xdx'  exp  [iihx  -  k'x')W,K40'^  ,  E{x' ;  x)0^)  , 

yields  the  relation  (38). 

This  expresses  the  scattering  ampUtude  directly  as  a  matrix  element  of 
B{x';x)  between  one-particle  states.  If  the  ^-matrix  is  causal,  i.e.  A{x)  satis- 
fies the  commutator  condition,  (0''' ,  R{x' ;  x)0'')  is  an  invariant  function 
that  vanishes  outside  the  forward  cone  of  x'  -  x.  This  property,  together 
with  some  consequences  of  the  energy  momentum  spectrum,  sufiices  in  the 
case  of  forward  scattering  {p' =  p,  1c' =  k)  to  prove  the  dispersion  relation 
for  the  forward  amplitude  and  thereby  obtain  an  explicit  property  of  a  causal 
/8^-matrix. 

For  non-forward  scattering  dispersion  relations  do  not  follow  directly 
from  (38).  To  obtain  in  this  case  enough  consequences  of  causality  for  the 
scattering  ampUtude  one  has  to  reduce  it  to  the  vacuum  expectation  value 
of  B{x' ;  X,  y,  y').   This  can  be  done  as  follows: 

(0^\  R{x';x)0^)  =  {0"  ,  B{x' ;  x)al{p)Q)  = 

=  2po  d{p-p'){0,  B{co'',  x)Q)  +  (0^\  [m';xX{p)]0)  , 

=  2po  d(p  -  p')(Q,  B(x' ;  x)Q)  +         J^t/  exp  [ipy]Ky{0'\  B{x' ;  xy)Q)  . 

Again  we  have  used  the  commutator  (34')  of  the  E-product  with  the  incoming 


(15)  M.  L.  Goldberger:  Phys.  Bev.,  99,  979  (1955);  R.  Oehme:  Nuovo  Cimento, 
4,  1316  (1956);  K.  Stmanzik:  Phys.  Bev.,  105,  743  (1957). 
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field.   In  the  same  manner 


(0^-,  B{,r':xy)Q)  ==  (Q,  [a  jp'),  B{x' x,  y)]Q)  = 

=  7^1  1^^'       ^~  ip'y']Ky.{Q,  E{x'',x,  y,  y')Q)  . 


Combining  these  equations  we  obtain  the  desired  relation 


(39) 


T{k',p';1cp)  = 

dx'  dydy'  exp  [i{]c. 


•X  ^  py  —  Ic'x'—  p'y')]K,K,KyKy.r{x' x,y,y')  . 


According  to  Bogoljubow  (^^)  dispersion  relations  for  non-forward  scattering 
can  be  derived  from  this  equation  if  in  addition  to  the  commutator  condition 
certain  consequences  of  the  energy- momentum  spectrum  are  taken  into  account, 
which  follow  from  the  identity 


(40)  E{x';xyy')  ^  id{x' -  x){[B{x' ,  yy'),  A{x)]  +  [E{x' ;  y)R{x;  y')]  + 

-T  [E{x';y')E{x;  y)]  4-  [A{x'),  R{x-  yy')]). 


Turning  to  more  general  processes  we  ™h  to  point  out  that  all  ^S-matrix 
elements  with  two  incoming  particles  (this  is  not  a  serious  restriction  in  view 
of  experimental  possibilities)  and  an  arbitrary  number  of  outgoing  particles 
may  be  expressed  by  means  of  retarded  products.  Assuming  invariance  under 
space-time  inversion,  we  have  for  w  >  3  the  relation 


'K^^ ...  K^^Ky^Ky/iy.]  y^x,  ...  x,,)  = 

To  derive  (42),  we  note  that  an  elementary  calculation  yields 

<^-"")  =  [<^'S  (...  [a^M  -  «J?2),  a*(p,)]  ...  a*(p,))0^^]  . 

(^^)  N.  N.  Bogoljubow:  BepoH  ett  the  Int.  Conference  on  Theor.  Physics,  Seattle, 
1356. 

(!')  K.  Stmaijzik:  Phys.  Rev.,  105,  743  (1957). 


(42) 


(43) 
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In  this  formula  we  have  only  to  insert  (37)  on  the  right-hand  side  to  obtain  (42). 
Eq.  (43)  follows  easily  if  we  apply  the  commutation  relation  (34')  twice  to  (42). 

The  equations  treated  in  this  section  are  examples  of  reduction  formulae 
for  retarded  products.  Matrix  elements  of  J?-products  (and  the  ^S-matrix)  are 
reduced  to  other  matrix  elements  of  i2-products  between  states  with  a  smaller 
number  of  particles;  in  particular  to  vacuum  expectation  values. 

Another  example  is  the  relation 

(44)      {0%  A{x)(^'  )  =  {Q,  [a-M,  A{x)-]0^')  = 

(^^)*  j 

which  has  been  used  to  discuss  the  analytic  properties  of  the  vertex  function  (^*). 

Very  general  reduction  formulae  follow  if  matrix  elements  between  arbi- 
trary incoming  states  are  taken  in  eq.  (35)  and  (37).  We  do  not  consider  them 
here  in  detail;  they  are  closely  connected  with  expansions  of  A{x)  and 
R{x;  iPi  ...  Xn)  with  respect  to  incoming  fields  which  we  shall  discuss  in  a 
separate  paper. 


Appendix 

In  this  paper  we  have  disregarded  the  possible  existence  of  stable  bound 
states.  However,  it  may  be  shown  that  the  results  derived  in  Sect.  2  and  3 
are  generally  valid.   The  asymptotic  condition 

(7)  lim  (0,  A'(t)W)  =  (0,  AUm  , 

<->±  00  In 

remains  unchanged  even  in  theories  with  bound  states  (^®).  Only,  in  this  case 
the  incoming  and  outgoing  operators  do  not  give  an  irreducible  represent- 
ation (")  of  the  free  field  commutation  relations  (3);  i.e.  the  orthogonal  system 
(21)  obtained  by  applying  the  operators  J.i„,  A,^,  to  the  vacuum  state  is  not 
a  complete  system.  Instead  we  require  merely  that  the  field  operators  A{x) 
form  a  complete  operator  ring  which  means  that  aU  states  can  be  constructed 
by  multiple  application  of  A{x)  to  the  vacuum  vector  and  superposition  of  the 
resulting  states. 


(")  Compare  K.  Symanzik:  Phys.  Rev.,  105,  743  (1957). 

(")  In  LSZ  I  we  postulated  the  irreducibHity  of  A,^,  A^^t  in  connection  with  the 
asymptotic  condition;  compare  footnote  (^)  of  that  paper. 
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In  Sect.  2  we  used  only  the  limit  relation  (7)  and  the  commutator  (3)  of 
the  free  fields  but  not  the  completeness  of  the  system  (21).  Therefore  we  may 
take  over  the  commutation  relations  (34)  and  (36)  and  the  applications  made 
in  Sect.  3  without  change. 

If  we  study  in  particular  the  interaction  of  a  nucleon  field  y){x)  with  a 
meson  field  A.(aj),  taking  into  account  existing  bound  states,  the  well-known 
expression  for  the  meson-nucleon  scattering  amplitude 

(45)       T{k',a',p';  k,     p)  =  -^^jdxdx'exjiliilcx  —  lc'x')]' 
follows  in  the  same  manner  as  eq.  (38). 
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Vacuum  expectation  values  of  products  of  neutral  scalar  field  operators  are  discussed.  The  properties  of 
these  distributions  arising  from  Lorentz  invariance,  the  absence  of  negative  energy  states  and  the  positive 
definiteness  of  the  scalar  product  are  determined.  The  vacuum  expectation  values  are  shown  to  be  boimdary 
values  of  analytic  functions.  Local  commutativity  of  the  field  is  shown  to  be  equivalent  to  a  symmetry  prop- 
perty  of  the  analytic  functions.  The  problem  of  determining  a  theory  of  a  neutral  scalar  field  given  its  vacuum 
expectation  values  is  posed  and  solved. 


1.  INTRODUCTION 

RECENT  work  in  relativistic  quantum  field  theory 
has  made  heavy  use  of  certain  basic  singular 
functions  defined  as  vacuum  expectation  values  of 
products  of  fields  taken  at  various  space-time  points. 
In  this  paper,  we  present  some  results  of  a  systematic 
study  of  relativistic  field  theory  based  on  such  vacuum 
expectation  values.  For  simplicity,  we  treat  the  case 
of  a  neutral  scalar  field  interacting  with  itself.  The 
methods  used  have  generalizations  in  any  field  theory. 

The  objects  of  our  attentions  are  the  singular 
functions : 

where  is  the  vacuum  state,  assumed  to  be  the  unique 
state  of  energy  and  momentiun  zero,  and  <f>(x)  is  a 
neutral  scalar  field.  As  is  well  known,  has  to  be 
understood  as  a  distribution  in  the  sense  of  L.  Schwartz. 
It  is  a  linear  fimctional  which  gives  a  complex  number 
for  each  mfinitely  differentiable  function  f(xi,--'Xn) 
which  vanishes  outside  a  bounded  region  of  space  time : 

i7(»)(/)  =  jd*xi-  •  ■d'^Xnfixi,- •  ■x„)F^^^{xr,- •  -Xn). 

(We  call  such  /  testing  functions.)  Furthermore, 
F(»>(/fe)— >0  if  a  sequence  of  testing  functions 
fk(xi,- '  -Xn)  (vanishing  outside  a  fixed  bounded  region) 
and  all  their  derivatives  converge  to  zero  uniformly  in 
space  time.  We  shall  study  the  structure  of  ex- 
ploiting systematically  the  Lorentz  transformation 
properties  of  <f>{x)  which  are  given  by 

UM4>{x)U(aA)-'==<l>{^x+a).  (1) 

Here,  {a,A}  is  an  element  of  the  inhomogeneous  Lorentz 
group  meaning  the  operation  of  transforming  by  the 
homogeneous  Lorentz  transformation,  A,  followed  by 
translating  by  a.  U(a,A)  is  the  corresponding  unitary  or 
antiunitary  operator  which  pelds  the  transformed  wave 
functions.  We  shall  also  determine  the  consequences 
for  F<"^  of  the  assumptions  that  no  negative  energy 
states  exist  in  the  theory  and  that  <t>(x)  is  a  local  field. 
Finally,  we  shall  show  how,  given  a  set  F^'*\  »=1,  2, 
•  •  • ,  one  can  construct  a  theory  of  a  neutral  scalar 


field  which  has  these  F<"^  as  its  vacuum  expectation 
values.  We  do  not  show  that  any  set  of  F^")  outside  of 
those  determined  by  the  free  field  actually  exists. 

2.  CONSEQUENCES  OF  LORENTZ  INVARIANCE 

For  Lorentz  transformations  without  time  inversion, 
we  know  that  U  (a,A)  is  unitary.  Thus, 

F(»)(:»:i,-  •  ■Xn)=iU(a^)<iro,U(a^)<l>(xi)--  •<t>(Xn)^o) 

=  (^0,  <t>{Axi-j-a)"  .0(A«„-f-a)^o), 

and  therefore 

F('»)(xi,-  •  •a:„)  =  F(~)(Aa;i+a,  •  •  -Axn-^a)  (2) 

for  {a,A}  without  time  inversion.  Here  we  have  used 
(1)  and  the  Lorentz  invariance  of  the  vacuum  state; 

£/(a,A)^o=^o.  (3) 

For  Lorentz  transformations  with  time  inversion,  we 
have,  on  the  other  hand,^ 

F(»>(a;,,-  •  ■x„)=iU(a,A)-'<ifo,<l>{xi)-'  •</>(:«n)^o) 
=  l{^o,Uia^)<t>(x{)■'  M^n^o)!* 
=  [(^o,</>(Aa:i+a)-  •  •0(Aic„+fl)^o)]*. 

Thus, 

FM(xi,- •  .a;n)  =  [F<'»)(Aa;i+a,-  •  -AaJn+a)]*  (4) 

for  {a,A}  with  time  inversion. 

A  somewhat  similar  relation  is  derived  from  the 
hermiticity  oi4>(x): 

=  \:(^o,<t>(x.)---<f>{xi)^c)J. 

Thus, 

F(«>  (Xi,  ■'■Xn)=  [F(")  (Xn,  •  •  •  Xi)J.  (5) 

3.  CONSEQUENCES  OF  THE  ABSENCE  OF 
NEGATIVE  ENERGY  STATES 

From  (2),  we  see  that  F<»>  is  a  function  only  of  the 
differences  of  the  xi,-  •       We  shall  therefore  write 

  F(»)=F(»)({,,-  •  -i^i), 

»  For  convenience  in  printing  we  shall  often  denote  the  complex 
conjugate,  d,  of  a  number  a,  by  [a]* ;  this  latter  notation  is  the 
same  as  the  notation  we  use  to  denote  adjoint  of  an  operator. 
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where 

^l  =  Xi  —  X2,     ^2=X2—X3,'-'      ^n-i  =  X,^i  — Xn. 

We  shall  assume  that  F^"^  has  a  Fourier  transform  and 
shall  show  that  if 

•  -^^1)  =  J  exp(-iE 

then  G^")  vanishes  unless  the  p,  satisfy 

by  virtue  of  the  assumption  that  no  negative-energy 
states  exist. 

K  ^  is  an  arbitrary  state,  its  component  of  mo- 
mentum p  is 

J  e-'P-^d^aUia,!)^. 

Thus,  by  our  h)T)otbesis  that  no  negative  energy  states 
exist, 

=  J  e'P"d*a(:iro,4>(xi)---<t>{xj)' 

X<l>(xj+i-a)- •  •<l>(Xn-a)'ifo) 
=  ^^o,<l>(xi)--  ■<f>(x,)  J e'^-H*aU{-a,  1) 

X</>(^>4-i)---0W^o^ 

vanishes  unless  p  is  within  or  on  the  forward  light  cone. 
Therefore,  G<»>(^i,- • -^n-i)  vanishes  if  any  of  its 
argimients  lie  outside  the  forward  light  cone.  In  the 
special  case  n=2,  this  result  is  well  known. 

It  is  an  important  consequence  of  this  property  of  the 
G^*^  that  the  distributions  F(">  are  boundary  values  of 
analytic  functions.  This  result  is  displayed  in  and 
simultaneously  proved  by  the  formula 

^^i-iUpriki-irij)) 

XG^-^Pi,---p^i)d*pvd^p^^, 

where  the  four-vectors  rij  are  restricted  to  lie  in  the 
future  light  cone.  The  8(n—  l)-dimensional  open  region 
thus  defined  in  the  8(n— l)Hdimensional  space  of  the 
components  of  the  ^ir ' -^n-im,- ' -Vn-i  is  caUed  the 
future  tube.  Thus,  FC^Cfi,-  •  .f^j)  is  a  boundary  value 
of  a  function  analytic  in  the  future  tube. 


;ld  theory 

We  introduce  the  notation 

Equation  (2)  implies  the  Lorentz  in  variance  of  G^"^ : 

for  A  without  time  inversion,  and  Eq.  (4)  : 

GM(p,^. .  ./»^x)  =  [G<»n-A/>i,-  •  --A/^^x)]*, 

for  A  with  time  inversion.  Consequently,  we  have 
throughout  the  tube 

F(»)(0x2,-  •  ■z^i,n)  =  FM(Azn,'  •  •A^^x.n)  (6) 

for  A  without  time  inversion  and 

F(»)(ZX2.  .  .  •Z„-X.n)  =  [i?(»nAil2,-  •  •A2,^x.n)]*  (7) 

for  A  with  time  inversion. 

We  use  the  following  theorem,  whose  proof  wUl  be 
published  in  another  paper. 

Theorem. — function  f(zi,---Zn)  of  n  four- vector 
variables  zi,  -  •  -Zn  analytic  in  the  tube: 

—  00  <Re  z,„  <  00 ,  Im  Zi  in  the  future  cone, 

and  invariant  under  the  homogeneous  Lorentz  group 
without  time  inversion : 

f(Zl,---Zn)  =  f(AZi,"-AZn) 

is  a  function  of  the  scalar  products  z,-Zk,j,k=l,2,--'n. 
It  is  analytic  in  the  complex  manifold  over  which  the 
scalar  products  vary  when  the  vectors  zx,  •  •  • vary 
over  the  future  tube. 
If  we  introduce  the  complex  vectors 

y-i 

2.i = Z  z*.  ifc+i   for   i  <j, 
k=i 

then  the  theorem  tells  us  that  the  F(">  are  analytic 
fimctions  of  the  squares  of  the  lengths  of  these  vectors 

F(»)  =  i5'(»)(z,/).  (8) 

As  the  variables  Zj,f+i  vary  over  the  tube  each  variable 
Zi/  varies  in  an  open  set  of  the  complex  plane.  From 
the  explicit  form 

one  can  easily  see  that  this  set  fills  the  entire  plane 
except  for  the  positive  real  axis  and  the  origin.  The 
situation  is  indicated  in  detail  in  Fig.  1.  Of  course,  the 
z</  are  not  independent,  so  that  the  manifold  they 
define  is  not  just  the  topological  product  of  cut  planes. 
The  theory  of  a  scalar  field  can  be  regarded  as  a 
boimdary  value  problem  for  this  set  of  analytic  func- 
tions. We  give  an  example  of  such  a  set,  those  arising 
from  the  theory  of  a  scalar  field  0(x)  satisfying 
X^(x)=0  and  the  commutation  rules  0(«')3- 
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i  ON  THE 
U6HT  CONE^ 

f  IN  THE  INTERIOR 
OF  PAST  CONE 

/  , 

f  SPACE  LIKE 

(  IN  INTERIOR  OF 
FUTURE  CONE 

Fig.  1.  Domain  of  variation  of  the  complex  variable  z*=  — I'n)* 
=  ^— 7^2— 2i|-»7,  when  c  varies  over  all  space  time  and  in  the 
future  cone.  The  labeled  points  indicate  values  of  z*  in  the  physical 
limit  7?  — >  0  for  typical  positions  of  f 


W(234*) 


ir(n)^0, 
^  Hx(i>(m(zi2«)0 

Hi(i'(w(z^i,„2)i) 


odd 


(9) 


The  sum  in  (9)  goes  over  all  "pairings"  of  the  sequence 
(l"-n),  a  "pairing"  being  a  division  of  the  set  into 
(n/2)  disjoint  subsets.  The  formulas  assume  a  more 
familiar  asp>ect  if  one  goes  over  to  the  physical  limit  in 
which 

(-)  1-1^->AC^)(^). 

V8x/  m(z2)i 

4.  CONSEQUENCES  OF  THE  COMMUTATION  RULES 
The  local  commutation  rules 

[0(«),*(y)]-=o.  (x-yy<o, 

imply  that 

F<")(3Ci,-  .  ■Xj,X^i,- •  -XJ^F^-^CXI,-  •  -X^i^Xr  ' -Xn)  (10) 

as  long  as  Xj  and  Xj+i  are  space-like  separated  points. 
These  relations  can  be  extended  by  analytic  continua- 
tion to  relations  of  the  analytic  functions  F<»K2</) : 

F(-)(za»)=F(«)(P«a«),  (11) 

where  P  stands  for  the  operation  of  permuting  the 
subscripts  j  and  j-f-1,  and,  by  definition,  Zik*=ztt*.  The 
proof  is  simple.  (11)  coincides  with  (10)  for  all  2.** 
on  the  negative  real  axis.  Consequently,  it  holds  every- 
where by  analytic  continuation.  Thus,  the  local  prop- 
erty of  a  field  <t>(x)  is  characterized  by  a  global  sym- 
metry relation  on  the  analytic  functions  F^*^ 

Unlike  the  local  commutation  rules,  the  more  special 
canonical  commutation  rules  require  a  certain  amount 
of  heaiistic  juggling  before  a  translation  in  terms  of 
d  anafytic  functions  is  possible. 


Fig.  2.  Contour  for 
the  integration  of  £q. 

(U). 


We  start  from  the  equation 

r  d<t>  11 

— -(/,Xi),</>(/,X2)  =^(Xi-X,). 

Idict)  L  i 

Integrating  over  all  space,  we  have 

f(Px,\—(t,x,),<t>{t,%i)\  =t-^ 
J       id{ci)  J- 

or 

lim(2cA0-M  r t?Xi[0(/+A/,Xi),<^(/,X2)3_ 

-j  d*Xil<t>{t-At,  xi),0(/,xi)]_[  = 


(12) 


(13) 


Now  we  assume  that,  in  the  limit,  the  only  contribution 
to  this  integral  will  come  from  the  siJigularity  on  the 
light  cone,  an  assumption  whose  validity  will  be  dis- 
cussed at  the  end  of  this  section.  For  the  first  term  in 
the  first  commutator  of  (13),  the  integral  then  can  be 
written 

f(Pxi'  •  • =4t  f  de{-hUc^ty-ey) •  • 

where  (cAt,  Xi-Xs).  In  the  complex  plane  of  Fig.  1, 
this  corresporwis  to  an  integration  just  below  the  real 
axis  from  (cAty  to  the  origin.  From  the  first  term  in  the 
second  commutator  we  get  a  similar  integral  just  above 
the  real  axis.  This  suggests  that  the  two  terms  con- 
tribute a  contour  integral  axoimd  the  branch  cut.  The 
second  terms  combine  to  given  an  equal  contribution. 
Thus,  it  seems  plausible  that  the  canonical  commuta- 
tion relations  are  equivalent  to  the  requirement  that 

r  1 

lim  I  <izy.^i»F(«)(zi,*)=— F(-*)(2t,'),  (14) 

where  the  contour,  CiR),  is  that  indicated  in  Fig.  2, 
and  it  is  understood  that  on  the  right-hand  side  the 
point  Xj  is  identified  with  x>4.i. 

It  is  not  difficult  to  verify  that  the  F<*)  of  the  free- 
field  case  satisfy  (14).  One  writes 


m(2«)» 


m(2*)»  m(s«)» 
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Now  /i(f»(z*)*)/»»(z^)*  is  an  entire  function  of  z*,  so 
that  the  contour  integral  of  (14)  vanishes  by  Cauchy's 
theorem.  On  the  other  hand 

Fi(w(z2)i)     1  00  (-mV/4)'- 
1^ 


w(z2) 


2\i 


X 


27rr=o  r!(r+l)! 
m(z2)* 
2 


2  log 


rm(z2)*i 


r+l)-^(r+2) 


2 


The  precise  definition  of  the  \ff(r)  is  irrelevant  since 
their  contribution  to  the  integrand  is  an  entire  function. 
The  contribution  from  the  last  term  is 


r        [-2il  1 

-I   dzA — =— . 


From  the  terms  involving  the  logarithm,  we  get 

27rr=or!(r+l)!(r+l)' 

which  approaches  zero  in  the  limit  The  resultant 

formula, 

lim  I 

R->oJ  ri 


w(z2)i 


liri 


shows  that  the  F(«>  of  Eq.  (9)  satisfy  (14). 

In  current  renormalization  theory,  the  canonical 
commutation  relation  (12)  holds  for  the  unrenormalized 
fields,  but  the  renormalized  fields  are  supposed  to 
satisfy 


{x),<t>{y) 


1  =^(x-y), 


(15) 


where  0<Z<1.  If  Z>0,  our  previous  analysis  requires 
only  trivial  modifications:  a  1/Z  appears  as  a  factor 
on  the  right-hand  side  of  (14).  However,  for  Z=0,  the 
commutator  is  essentially  more  singular  than  in  the 
case  of  a  free  field.  In  order  to  understand  this  case, 
we  study  F^^)     more  detail. 

It  is  an  immediate  consequence  of  the  Lorentz  in- 
variance  of  G^^\  that  the  most  general      is  of  the  form 


W2  Hi<l)(w(22)i) 

8iri  m{z^y 


(16) 


(apart  from  a  constant),  where  dg  is  a  weight  function 
which  will  be  shown  to  be  positive  in  Sec.  5.  It  would 
be  tempting  to  argue  that  the  operation  indicated  in 
Eq.  (14)  can  be  carried  out  under  the  integral  sign 
in  (16)  so  that 


1/Z 


=  f  dg{m). 
•'o 


(17) 


This  is  indeed  correct  ifyo*<^g<«>,  but  \iS o"dg=  <»  ^ 
then  (17)  is  somewhat  misleading,  as  the  following  ex- 
ample shows. 
Let 

dg(fn)  =  dm,    for  m>0. 

Then,  using  a  standard  integral  representation  of  the 
Hankel  fvmction,  we  get 

7r(2)(2)  =  A.f  d^(e-l)if  mHgim) 
(27r)Vi  Jo 

Xexp[-w|(-22)i] 

=  (-0^)-ir(3)(27r)-2j  d^ie-'^y^' 


=  (8^z)-CT(z^)-*]. 


(18) 


The  corresponding  singularity  of  the  commutation  re- 
lation is  obtained  by  examining  the  distribution : 


{^,l<t>{xx)Mx2)Vi^^)  =  lim{/r(2)  (z) . 

ir->o 


•[F(='>(z)]*} 

Ut*  V(a*/ 

where  e  (|)  =  sign  (|") . 

c(l)(^)~*  is  that  very  special  kind  of  distribution,  an 
integrable  function.  However,  its  derivatives  are  not 
functions  nor  can  they  be  expressed  in  terms  of  6  func- 
tions and  their  derivatives  except  in  the  following 
rather  singular  way.  Let  /  be  a  testing  function.  Then 

f 'i^^(f)(r)-D/=lini{--  r dnm'^—(^)e(^) 

--fda{^)m)e(^)-f  mH^)(^)-d*A  (20) 

In  (20),  the  first  and  second  integrals  on  the  right-hand 
side  are  over  the  entire  mantle  of  the  light  cone,  while 
the  third  is  over  the  four-volume  later  and  earlier  than 
the  hyperboloids  ^=t^^>0  and  ^=f^^«<0,  re- 
spectively. The  second  integral  can  be  written 

^-J  da(^)e(m^)J-J  d*^e(me)m), 

which  is  just  of  the  right  type  to  3deld  the  right-hand 
side  of  (15). 

To  obtain  the  commutation  rules  at  a  fixed  time, 
one  takes  f^dh/difi,  where  h  is  positive  and  symmetrical 
in  time,  and  shrinks  to  zero  the  time  interval  in  which 
h  is  nonzero.  The  first  term  of  (20)  is  then  zero  and  the 
last  two  different  from  zero.  If  /  is  held  fixed  and  J  — >  0, 
each  of  the  last  two  terms  becomes  arbitrarily  large, 
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although  their  sum  nearly  cancels.  The  expression  as  a 
whole  is  proportional  to  h(0)  in  an  approximation  which 
becomes  better  and  better  as  h  shrinks  toward  the  origin 
of  time.  Thus,  the  right-hand  side  of  (15)  should  indeed 
be  i~^<x>8(x—y)  but  it  does  not  arise  from  a  term  in 
(^o,l<t>(x),<l>(y)J-^o)  of  the  form  (2iri)-'oo€(x-y) 
X8i(x-yy)  as  the  derivation  of  (17)  would  indicate. 
We  conclude  that  the  treatment  of  the  canonical  com- 
mutation rules  in  the  case,yo"<^g=  <» ,  requires  a  direct 
consideration  of  the  singularities  of  F(''>(a).  In  such  a 
case,  to  replace  (14)  by  an  appropriate  alternative  is 
not  difficult,  but  to  avoid  complications  unessential  to 
the  present  paper  we  defer  the  discussion.  In  particular, 
in  Sec.  6  we  consider  only  the  local  commutation 
rules. 

5.  POSITIVE  DEFINITENESS  CONDITIONS 

Since  the  length  of  a  vector  is  greater  than  or  equal 
to  zero,  we  have 


oMo+ai  Jd*Xifi(xi)<t>(xi)'iro 

2  J  J  d*Xid*X2f2(Xi,X2)<f>(Xi)<l>(X2)'iro-\- 


+a2 


>0 


for  all  ao,  ai,  02, •  •  •  and  all  testing  functions  fi(xi), 
f2(xi,X2),- Therefore, 


XF^^+'^(x,,Xi^,,- .  .^„y„. .  ■yj)My,,-  •  -yj) 

Xd^xi '  •  •  d*x4^yi  • '  ■  d%  >  0.  (21) 

We  will  refer  to  (21)  as  the  positive-definiteness  con- 
ditions. The  simplest  consequences  of  (21)  are  obtained 
by  setting  all  but  one  of  the  a.-  equal  to  zero.  For 
example,  for  ai=#0,  we  find 


We  shall  not  study  the  relations  (21)  in  detail  in  this 
paper  but  we  want  to  point  out  their  general  significance 
for  field  theory.  F^")  is  intimately  connected  with  the 
5-matrix  elements  for  those  processes  in  which  the 
sum  of  the  number  of  ingoing  and  outgoing  particles 
iS  n,  e.g., 

(^o,0-*(/'iO0'»'*(^2')0^(/'i)</>'°(/'2)^o) 

is  the  5-matrix  element  for  the  scattering  of  two  mesons 
of  momenta  pi  and  p2,  to  produce  two  mesons  of  mo- 
menta pi  and  p2.  The  positive-definiteness  conditions 
will  therefore  imply  relations  not  only  for  the  5-matrix 
elements  of  a  given  process,  but  also  relations  between 
the  ^'-matrix  elements  of  different  processes.  It  might 
be  argued  that  such  relations  ca^  yield  nothing  more 
than  those  results  arising  from  the  conservation  of 
probability.  We  do  not  believe  that  to  be  true.  The 
positive-definiteness  conditions  deserve  a  detailed 
investigation. 

6.  INVERSE  PROBLEM— DETERMINATION  OF  A 
THEORY  FROM  ITS  VACUUM  EXPECTATION 
VALUES 

If  one  is  given  analytic  functions  F^")  («</),  «=0, 
1,  2,  •  •,  then  one  can  construct  a  theory  of  a  scalar 
field,  <l>(x),  in  which  the  w-fold  vacuum  expectation 
value  of  <f>(x)  is  just  the  boundary  value  of  F(»>,  pro- 
vided that  the  F^")  satisfy  certain  conditions,  most  of 
which  have  been  discussed  in  the  preceding  sections. 
The  construction  will  be  carried  out  explicitly,  the 
conditions  on  F^")  being  introduced  as  they  are  needed. 

First,  we  reconstruct  the  Hilbert  space  from  the 
F^'*\  Certain  vectors  of  it  will  be  defined  as  conjugate 
linear  functional  on  the  spaces  of  testing  functions. 
Then  addition,  multiplication  by  a  scalar  factor  and 
formation  of  the  scalar  product  will  be  defined  for  these 
vectors.  The  full  Hilbert  space  is  then  obtained  by  a 
standard  completion  process. 

Let  ^0  denote  the  conjugate  linear  functional  which 
yields  for  the  testing  function      (xi,- •  ■  a:„)  the  value 


r  fi(xi)F^'Hxi-X2)Mx2)d*xid*X2>0.       (22)  r. 

^  j  f^Hxu- ' -Xn)d*xv  ■  ■d^Xr.F^-^ixu- •  -x^). 


It  can  be  shown  that  (22)  is  a  necessary  and  sufficient 
condition  that  F(*>  be  a  Fourier  transform  of  a  positive 
measure  of  not  too  fast  increase^  (generalized  Bochner 
theorem).  For  aa+O,  we  have 

Jh(xi,X2)F^*^(xi-x2y  X2-yi,  yi-y^) 

XMyuy2)d*xid*x^*yid^2,  (23) 

an  inequality  whose  consequences  have  not  been  char- 
acterized as  neatly  as  those  of  (22). 

*L.  Schwartz,  Theorie  des  Distributions  (Hermann  &  Cie. 
Paris,  1951),  Vol.  2,  p.  132,  Theorem  18. 


Let  denote  the  conjugate  linear  functional  which 
)delds  for  the  testing  function  /^"^iCi,-  •  •«,),  the  value 

J /(">(*!,•  •  -Xn)F^-^Kx.r  ■  -xx,yi,- •  .y„) 

Xg^^Kyw  •  •yjd*xi' .  'd*x.d*yr- .  ■d*y^. 

The  ^,<«)  and  ^o,  together  with  the  null  functional  0, 
can  be  made  into  the  basis  vectors  of  a  linear  vector 
space  if  we  define  multiplication  by  a  scalar  and  addi- 
tion as  follows:  a^,<")  is  defined  as  ^«j<->,  while 
is  the  conjugate  linear  functional  which 
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yields  for  the  testing  function  /^'^(xi,-  •  -xi)  the  value 

J /("(.ti,-  •  -x^F^'^^ixi,-  ■  •xi,yi,. .  -ym) 

Xg^^^iyi,-  ■  ■ym)d^xv  ■  -d^xid^yv  •  -d^m 

+  J f'Kxi,-  •  •xi)F^^+-Kxi,-  ■  -xuy,,-  ■  -yn) 

Xh^'^Kyi,-  •  -yr^d^v  ■  -d^xid^v  ■  -iV 

The  sum  ^o+'i'a<-'  is  defined  similarly.  It  is  obvious 
indeed  that  addition  is  associative  and  commutative 
and  has  a  zero,  the  null  functional.  Further,  inverses 
(negatives)  exist  and  scalar  multipHcation  is  commuta- 
tive, associative,  and  distributive.  In  short,  the  set  of 
all  linear  combinations  of  the  basis  vectors  ^^f-)  and 
^0  forms  a  linear  vector  space,  ^. 

We  introduce  a  scalar  product  into  ^  by  means  of 
the  following  formulas : 

(^,(-),^,(.,)  =  J  ^(»>(Xi,---Xn)^("^^ 

X{xn,-  •  •xx,yx,-  •  •ymW'^^iyi,-  ■  -ym) 

Xd^vd^J^x---d^m,  (24) 
(^o,^,(->)  =  jF('»)(yi,---y„) 

Xg'-Kywym)d^^---d^,..  (25) 

Equations  (24)  and  (25)  define  the  scalar  product  for 
the  basis  of  our  linear  vector  space.  It  then  turns  out 
that  ioT  linear  combinations  of  the  basis  vectors,  it  is 
consistent  to  define  it  as  linear  in  its  second  argvmient 
and  antilinear  in  its  first. 

The  scalar  product  so  defined  will  have  the  desirable 
property,  (^,'J')  =  [("J",^)]*,  by  virtue  of  the  hermiticity 
condition  (5)  on  F^"^  It  will  be  positive  definite 
by  virtue  of  the  positive  definiteness  conditions  (21) 
on  F("\  Thus,  with  this  definition,  ^  has  all  the  prop- 
erties of  a  Hilbert  space  except  completeness.  So  we 
complete  it  by  the  standard  method. 

Next  we  define  the  imitary  operators  U  (a^A.)  which 
give  the  representation  of  the  inhomogeneous  Lorentz 
group.  Consider  first  the  action  of  U(a^)  for  {a,A} 
without  time  inversion  on  the  basis  elements  and 

C/(aA)^o=^o, 
Z7(a^)^,c.)=^j'«-), 

where 

•  •xJ  =  g(")(A-Hxi-a),. .  -A-Hx.-a)). 

The  U{a,A.)  preserve  scalar  products  of  the  basis 
vectors, 

(t^(aA)*,«.),t^(aA)**(..)=(^,e.,,«r,,.,), 


by  virtue  of  the  Lorentz  invariance  property  of  the 
fin)  given  in  Eq.  (2).  Furthermore,  on  the  basis 
vectors, 

U{a^)U(b,M.)  =  U(a+Ab^).  (26) 

The  operators  U(ayA)  can  be  extended  to  all  vectors  in 
^  by  linearity  and,  so  defined,  are  unitary. 

For  the  {a,A}  containing  time  inversion  we  define 

Z7(aA)^o=^o, 
f/(a,A)^„(.)=^,xo.),  (27) 

where 

gX(»H^i,-  •  ■x„)  =  [g(»)(A-Kxi-a),-  •  -A-^Xn-a))]*. 

This  definition  has  as  a  consequence 

(C/(a,A)>J^/-),C/(aA)^;i(-))=[(^,(.),^^c.>)]*, 

by  virtue  of  the  Lorentz  invariance  property  of  the 
^(n)  given  in  Eq.  (4).  Just  as  for  the  operators  for 
{a,A}  without  time  inversion,  (26)  is  satisfied,  and  the 
U{a^)  can  be  extended  to  aU  vectors,  and,  so  defined, 
are  antiunitary. 

The  Z7(a,A)  which  are  determined  in  this  way  are 
guaranteed  to  contain  no  negative  energies  by  virtue 
of  the  analyticity  of  the  F^"^  in  the  future  tube.  The 
details  of  their  momentum  spectrum  can  be  ascertained 
from  the  set  on  which  the  Fourier  transforms  of  the 
F^"^  do  not  vanish.  The  real  four-vector,  p,  is  in  the 
momentmn  spectrum  of  U{a,A)  if  for  some  the 
Fourier  transform  with  respect  to  at  least  one  of  the 
variables  does  not  vanish  at  p. 

The  action  of  the  field  operator  <f>(x)  [or  better  its 
average,  <t>(J),  with  the  testing  function  /(y)]  on  the 
vector  Sf'„<-)  is  defined  as  follows:  <^(/)^ff<->  is  the  con- 
jugate linear  functional  which,  for  the  testing  function 
/("^(xi,-  •  -Xn)  yields  the  number 

J /(")(xi,-  •  •x„)F(''+-^i)(x„,-  •  •xi,y,yi,-  •  -yj 

X f(y)g^^Ky,,- ■  ■yndd'xr  ■  -d^xj^v  ■  -d^^. 

This  is  just  the  vector  ^/a<«',  where  f(y)g^''^(yi,'  •  -  ym) 
is  regarded  as  a  testing  function  in  (w-fl)  variables. 
<t>(J)^o  is  defined  as  4>(J)  is  defined  as  the  dosed 
linear  extension  of  this  operator. 

On  the  basis  vectors  and  their  finite  linear  combina- 
tions <t>(J)  possesses  the  property 

where  f(x)  is  the  complex  owi jugate  of  f(x).  Thus, 
wUl  be  formally  Hermitean  if  /  is  real. 
The  transformation  properties  .of  the  operator  <f>(J) 
follow  immediately  from  those  of  the         For  U  (a,A) 
unitary,  we  have 

Therefore, 

t^(aA)*a)=*(/OC^(aA), 
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with  f'(x)=f£A-^(x—a)']  in  agreement  with  (1).  For 
the  anti-unitary  U  (a^)  we  have  similarly : 

C;'(aA)</)(/)^„(-)=  U{ajLy^fg<»-> 
Therefore, 

with     defined  as  m  (27)  in  agreement  with  (1). 

The  local  conmiutation  rules  of  <f>(J)  can  be  verified 
as  follows : 

<^(/l)0(/2)^j<-)  =  ^A/,(/<-'  =  ^/,/,ff'-)  =  0(/2)0(/l)^'„(-), 

when  fi(x)f2(y)  for  all  (x-yy>0.  The  proof  depends 
on  the  fact  that  for  such  /i  and  fz, 

Mx)My)lF^-K'  •  ■x,y,- •  ')-Fi-^(- •  ^y,x,- •  .)]=0, 

by  virtue  of  Eq.  (10). 

To  complete  the  reconstruction  of  the  theory  we 
need  only  show  that  the  vacuum  expectation  values  of 
products  of  0(/)'s  are  the  This  is  an  easy  conse- 
quence of  the  formula  <^(/i)<^(/2)- •  •<^(/n)^o=^/,.../n. 
It  impUes 

(^0,<t>(fl)---<t>(Jn)^0) 

which  was  to  be  proved. 


Our  reconstruction  remains  valid  in  a  theory  in  which 
the  field  <l>(x)  is  not  a  complete  description  of  the  sys- 
tem, e.g.,  in  a  theory  of  interacting  neutral  mesons  and 
nucleons.  Kowever,  in  such  a  case  the  reconstruction 
process  given  here  will  not  recover  the  entire  Hilbert 
space.  If  one  were  to  define  a  theory  by  its  analytic 
functions  F^"^  rather  than  by  its  field  equations  and 
commutation  rules,  then,  to  be  sure  that  the  theory  was 
one  of  a  single  field  <f>(x),  one  would  have  to  impose 
some  kind  of  "completeness"  requirement.  For  example 
one  could  requure  that  the  set  of  vectors  4>(Ji)'--4>  (/„)*o 
for  «=0, 1,  2,  •  •  •  span  the  whole  Hilbert  space,  where 
the  fj  are  testing  functions  which  vanish  outside  of  a 
spacelike  slice  of  space  time  of  arbitrarily  small  thick- 
ness    in  the  time  direction. 

7.  CONCLUSION 
A  theory  of  a  neutral  scalar  field  can  be  reformulated 
as  a  theory  of  a  denumerable  set  of  analytic  functions  of 
complex  variables,  F(">,  n=0, 1,  2,  •  •  •.  Relativistic  in- 
variance  impUes  that  the  F^"^  are  invariant  under 
Lorentz  transformation  without  time  inversion  and  are 
therefore  functions  of  certain  complex  variables  z,/. 
Local  commutation  rules  of  <t>{x)  imply  F^^'^Zij*) 
=  F^'*'(Pzij^),  where  P  is  any  of  a  certain  set  of  per- 
mutations of  the  labels  i,  j;  the  positive  definiteness  of 
the  scalar  product  implies  a  set  of  inequaUties  con- 
necting the  boundary  values  of  the  F(»>.  Given  a  set 
of  satisfying  the  conditions  listed,  one  can  re- 
construct a  theory  of  a  neutral  scalar  field. 
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ON  QUANTUM  FIELD 
THEORIES 

BY 

R.  HAAG 

In  the  present  paper^,  the  general  conditions  which  a  relativistic  quantum 
theory  of  interacting  particles  must  satisfy  are  investigated  and  brought  into 
mathematical  form.  Some  difficulties  connected  with  the  infinite  number  of  de- 
grees of  freedom  are  pointed  out.  Especially  the  fact  that  the  canonical  com- 
mutation relations  no  longer  have  unique  solutions  must  be  taken  into  account 
in  all  discussions  of  field  theory.  It  is  shown  that  the  *'free  field  vacuum"  of 
the  Tamm-Dancoff  method  and  Dyson's  matrix  U  (t^,  t^)  for  finite  or  can- 
not exist.  The  possibility  of  a  conventional  field  theory  in  which  the  fields  com- 
mute for  equal  times  is  investigated. 


Introduction. 

In  the  past  few  years,  considerable  effort  has  been  devoted  to 
the  question  whether  a  field  theory  of  conventional  type  plus 
renormalization  may  be  regarded  as  a  well  defined  mathematical 
scheme  which  is  only  formulated  in  a  somewhat  awkward  way. 
An  affirmative  answer  to  this  question  would  mean  that  it  is 
possible — at  least  in  a  certain  idealization — to  separate  the  pro- 
blem of  the  interaction  of  elementary  particles  from  that  of  their 
existence  and  constitution.  Of  course  it  is  quite  clear  that  such 
a  separation  cannot  ultimately  be  satisfactory^.  From  a  certain 
point  of  view,  it  might  even  be  correct  to  say  that  it  is  just  this 

^  The  major  part  of  this  work  has  been  done  during  the  author's  stay  at  the 
Institute  for  Theoretical  Physics  in  Copenhagen  as  a  member  of  the  CERN 
Theoretical  Study  Group. 

2  To  mention  only  one  of  the  many  arguments  which  have  been  put  forward 
in  this  connection:  the  presence  of  electromagnetic  interaction  is  always  accom- 
panied by  a  mass  contribution  of  the  order  of  magnitude  of  the  electron  mass 
(mass  difference  proton-neutron,  charged  and  neutral  meson).  This  seems  to 
suggest  that,  in  a  more  satisfactory  formulation  of  electrodynamics,  one  should 
not  have  the  "mechanical  mass"  of  the  electron  as  the  basic  constant,  but  some- 
thing independent  of  the  particle  type,  say  a  cut-off  length  1.  Ordinary  electro- 
dynamics corresponds  to  the  idealization  Z  =  0,  in  which  case  the  mass  becomes 
infinite. 
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undue  separation  which  causes  the  divergence  difficulties  in 
field  theory.  On  the  other  hand,  we  must  keep  in  mind  that, 
in  essence,  quantum  field  theory  is  (or  rather  should  be)  nothing 
but  an  extension  of  quantum  mechanics  to  a  system  with  in- 
finitely many  degrees  of  freedom  in  such  a  way  that,  instead 
of  invariance  under  Galilei  transformations,  we  have  Lorentz 
invariance.  Now  it  is  evident^  that  tTiere  is  no  contradiction 
between  the  general  framework  of  quantum  physics,  the  rela- 
tivity principle,  and  the  fact  that  we  want  to  deal  with  a  system 
of  arbitrarily  many  particles.  Therefore  a  mathematically  con- 
sistent formulation  of  such  a  theory  should  certainly  be  possible 
without  introducing  essentially  new  physical  ideas  to  explain 
the  constitution  of  elementary  particles.  This  statement  con- 
trasts strangely  with  the  fact  that  it  is  extremely  easy  to  write 
down  any  number  of  formalisms  which  may  be  regarded  as  the 
quantum  mechanics  of  some  hypothetical  system,  whereas  up 
to  now  not  a  single  model  of  a  field  theory  has  been  given  which 
meets  all  consistency  requirements.  The  aim  of  the  present  paper 
is  to  work  out  some  criteria  of  consistency  to  which  the  for- 
malism must  be  subjected,  to  point  out  a  few  of  the  mathe- 
matical difficulties  connected  with  the  infinite  number  of 
degrees  of  freedom,  and  to  apply  the  results  to  a  discussion  of 
some  of  the  basic  assumptions  and  calculating  methods  of  a 
field  theory  of  conventional  type.  In  this  way  we  come  back 
to  the  question  mentioned  in  the  beginning. 

In  Chapter  I,  the  general  assumptions  are  formulated  and 
combined  in  a  form  suitable  for  later  application.  They  include 
the  principles  of  quantum  physics,  relativistic  invariance,  and 
the  "particle  postulates",  i.  e.  those  requirements  which  ensure 
that  the  theory  can  be  interpreted  as  describing  the  interaction 
processes  of  particles.  Chapter  II  deals  with  some  mathematical 
questions.  A  few  simple  consequences,  which  may  be  drawn 
without  recourse  to  perturbation  calculations,  are  given  in  the 
first  paragraphs  of  Chapter  III.  It  is  shown  that  general  field 
theories  exist,  i.  e.  theories  in  which  the  commutation  relations 
of  the  field  operators  for  equal  times  are  not  fixed  a  priori,  and 
that  they  are  just  as  wide  in  scope  as  are  S-matrix  theories.  For 
the  case  of  conventional  theories  in  which  the  field  operators 

*  This  will  also  be  discussed  in  Chapter  I. 
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are  required  to  commute  for  equal  times,  a  very  simple  argument 
shows  that  the  so-called  "free  field  vacuum"  does  not  exist. 
This  implies  that  in  the  (old)  Tamm-Dancoff  method,  in  v^hich 
this  concept  plays  an  important  role,  additional  difficulties  are 
introduced,  and  also  that  Dyson's  matrix  U  (t^,  fg)  cannot  exist 
if  one  or  both  of  the  times  t^,  are  finite. The  question  as  to 
whether  a  conventional  theory  is  possible  at  all  is  investigated 
in  the  last  paragraph  by  a  perturbation  calculation.  It  appears 
that  the  requirement  of  commutability  for  equal  times  leaves 
only  a  few  types  of  models,  and  also  that  the  appearance  of 
highly  singular  functions,  which  need  careful  definition  and 
handling,  is  an  inevitable  consequence  at  least  in  perturbation 
calculations. 

In  order  to  eliminate  all  difficulties  or  complications  which 
are  not  essential  to  the  main  question,  the  discussion  has  been 
limited,  in  Chapter  III,  to  the  simplest  conceivable  physical 
situation,  the  case  in  which  only  one  type  of  particle  exists.  It 
is  supposed  to  have  spin  zero  and  mass  m. 


I.  General  assumptions  and  immediate  consequences. 
§  1.  The -postulates. 

A.  Quantum  Physics. 

We  deal  with  a  Hilbert  space  tj.  To  every  "state"  of  the 
system  corresponds  a  normalized  vector  W  of  t).  If  we  know  that 
the  system  is  in  the  state  W^,  the  probability  of  observing  a  state 
W2  is  given  by  the  absolute  square  of  the  scalar  product 

To  connect  the  abstract  scheme  to  physical  reality  it  is  necessary 
to  give  the  coordination  between  the  "states"  experimentally 
defined  in  terms  of  Geiger  counters  etc.,  and  their  corresponding 
elements  W  of  ^.  This  is  called  "the  physical  interpretation  of 
the  theory". 
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B.  Relatiuistic  Invariance. 

The  term  Lorentz  transformation  (L.  T.)  will  be  understood 
to  include  also  translation  in  space  and  time,  but  not  reflections; 
that  is  to  say,  we  deal  with  the  10-parametric  inhomogeneous 
Lorentz  group  where  the  elements  may  be  characterized  by  the 
coefficients  a^^,,       of  the  transformation 

^'fi  =  ^^v^v  —  ^fi  V  =       1,  2,  3). 

The  index  0  refers  to  the  (real)  time  coordinate.  As  the  scalar 
product  between  two  4-vectors  p  and  x  we  shall  write 

px  =  piXi—poXQ  (i  =  1,2,3). 

We  also  consider  the  reflection  elements  s^,  and  s  =  Si 
giving  the  transformations 

Sp  •  X I    —  ~~       >  Xq  —  Xq 

r  t 
Sf  '.  Xi    =    Xl  ,  Xq   -  -  Xq 

f 

The  invariance  of  the  theory  with  respect  to  these  reflections  will 
not  be  relevant  in  the  context  of  this  paper  but,  for  the  sake 
of  completeness,  a  short  discussion  is  included. 

It  is  convenient  to  state  the  invariance  requirements  in  con- 
nection with  A  in  a  form  introduced  by  Wigner*:  To  every 
element  L  of  the  Lorentz  group  there  is  attached  a  unitary 
operator  D  (L)  in     so  that 

D(L,)D(L,)  =  ±D(L,L,). 

Mathematically  speaking:  in      we  must  have  a  representation 

of  the  Lorentz  group.  The  physical  significance  of  the  operators 

D  (L)  is  the  following.  Let        be  the  apparatus  needed  for  the 

experimental  realization  of  the  state  W.  We  can  envisage  another 

apparatus  M^/  which — if  viewed  from  a  Lorentz  frame  — 

would  be  described  in  exactly  the  same  way  as  M^p  is  described 

*  E.  WiGNER,  Ann.  of  Math.  40,  149  (1939).  See  also  V.  Bargman  and  E.  Wig- 
NER,  Proc.  Nat.  Acad.  Sci.  34,  211  (1948). 
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by  an  observer  in  I,  i.  e.  Mi^^  differs  from  My/  only  in  space- 
time  orientation.  Then,  if  L  is  the  L.  T.  which  carries  2"  over 
into  Z,  we  have 

W  =  D  (L)  W 

for  every  state  W . 

The  invariance  against  reflections  may  be  formulated  in  a  similar 
way.  One  difference  is  that  the  operators  T,  C,  and  J,  which  correspond 
to  the  elements  s^,  Sf  and  s,  respectively,  could  also  be  ''anti-unitary''^. 
In  fact,  it  appears  that,  for  the  cases  of  physical  interest,  C  and  J  are 
anti-unitary  whereas  T  is  unitary.  The  physical  significance  of  T  is 
straightforward.  We  have  to  consider  two  experimental  arrangements 
which  are  related  like  a  right-  and  left-hand  glove.  In  the  case  of  C, 
a  similar  general  definition  does  not  seem  possible  since  we  cannot 
interchange  past  and  future.  However,  for  the  special  case  of  a  state 
which  is  locahzed  around  a  point  x  =  (x,  t),  one  may  take  the  time- 
inverted  state  as  the  state  of  localization  around  x'  =  (x,  — 

It  is  important  to  keep  in  mind  that  we  can  speak  of  the  invariance 
of  the  theory  with  respect  to  these  transformations  only  if  operators 
r,  C,  J  exist  which  have  both  the  correct  structure  relations  with 
each  other  and  with  the  D  (L),«  and  also  the  physical  significance 
mentioned.  One  can  show,  for  instance,  that  in  all  representations  of 
the  Lorentz  group,  which  correspond  to  particle  systems,  there  exist 
operators  which  obey  the  structure  relations  prescribed  for  T  or  C 
It  is  not  true,  however,  that  every  Lorentz  invariant  theory  is  auto- 
matically invariant  under  space  or  time  inversion,  since  the  formal 
operators  T,  C  need  not  have  the  specified  observational  significance 
if  more  than  one  particle  is  involved^. 

C.  Particle  Postulates. 

We  shall  not  here  distinguish  between  "elementary"  and 
"compound"  particles.  This  is  a  matter  of  convenience  rather 
than  of  principle.  As  characteristic  of  a  particle  we  regard  the 
localization  of  the  events  which  may  be  caused  by  it.  Thus,  we 

s  An  anti-unitary  operator  is  an  operator  which  transforms  a  linear  relation 
Za^.  =  0  into  the  linear  relation  between  the  image  vectors  2Ja^  Wj^  ^  0 
(complex  conjugate  coefficients!).  The  scalar  product  of  the  image  vectors  is  the 
complex  conjugate  of  the  scalar  product  of  the  original  vectors  (Wl  W^)  =  {W^  ^2)*- 

8  For  instance,  J  D  (b)  D  {— b)  J,  J  D  (A)  =  D  (A)  J,  =  ±  1,  where  b 
is  a  translation,  A  a  homogeneous  L.  T. 

'  The  case  of  particles  with  mass  zero  is  an  exception.  The  statement  continues 
to  hold,  however,  if  m  =  0  is  regarded  as  the  limiting  case  of  a  small  mass. 

®  I  had  overlooked  this  fact  in  the  manuscripts  mentioned  in  ref.  23.  The 
point  was  cleared  up  in  a  discussion  with  G.  Luders  and  L.  L.  Foldy. 
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could  use,  for  instance,  a  coincidence  arrangement  of  two  Geiger 

counters  separated  by  a  distance  d  with  a  resolving  time  dt{i- 

c 

to  single  out  experimentally  the  states  containing  only  one  particle. 
If  we  consider  all  such  coincidence  arrangements  for  arbitrary 
position,  orientation,  and  velocity  of  the  apparatus  and  arbitrary 
distance  d  (which  is  only  supposed  to  be  larger  than  some  c/min)' 
then  the  one-particle  states  are  those  which  give  a  negative  result 
in  all  these  measurements^.  The  magnitude  of  d^^j^^  is  irrelevant. 
It  could  be  taken  as  large  as  one  pleases  but,  for  practical  reasons, 
it  will  be  convenient  to  set  an  upper  limit  to  the  size  of  the 
object  which  we  choose  to  call  a  particle. 

For  a  theoretical  analysis,  it  is  important  that  the  manifold 
of  one-particle  states  is  thus  defined  as  a  relativistically  invariant 
subspace  1^^^^  of  ^.  We  can  now  split  i)^^^  further  into  invariant 
subspaces  l)^^^  and  imagine  this  process  to  be  carried  through 
as  far  as  possible,  that  is  to  say,  so  far  that  each  belongs 
to  an  irreducible  representation  of  the  Lorentz  group.  The  dif- 
ferent can  be  distinguished  by  attributes  which  have  a  re- 
lativistically invariant  meaning.  These  attributes  can  be  con- 
sidered as  the  attributes  of  the  "particle  species  y".  It  is  therefore 
just  a  definition  of  the  concept  "particle  species"  if  we  say 

Ci-   The  manifold  of  states  of  one  particle  of  type  j  belongs  to  an 
irreducible  representation  Dj  (L)  of  the  Lorentz  group. 

The  possible  irreducible  representations  have  been  classified  by 
WiGNER*.  Each  of  them  is  characterized  by  two  numbers  m  and 
s.  These  have  the  physical  meaning  of  the  mass  and  the  spin 
of  the  particle,  respectively. 

The  representations  belonging  to  imaginary  values  of  m  can  ob- 
viously not  be  attached  to  particles  and,  therefore,  the  first  action  of 
the  particle  postulates  must  be  to  exclude  these  representations.  Then, 
for  /n  >  0,  the  spin  can  take  only  integer  or  half  integer  values  and 
the  representations  may  be  described  within  the  well-known  formalism 
of  the  wave  equations  of  spin  particles.  For  m  =  0  there  exist  also 
representations  corresponding  to  a  continuous  spin  variable.  Whether 
or  not  these  representations  have  physical  importance  is  yet  an  open 
question.  They  will  not  be  considered  here. 

^  The  vacuum  state  is  of  course  also  admitted,  but  can  be  excluded  in  a  trivial 
way  by  single  counter  measurements. 
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The  decomposition  of  ^^^^  into  the  becomes  ambiguous  if 
f)^^^  contains  several  equivalent  irreducible  representations,  i.  e. 
if  we  have  several  different  particles  with  equal  mass  and  spin. 
This  is  analogous  to  the  appearance  of  degenerate  eigenfunctions 
in  an  eigenvalue  problem.  Incidentally,  it  may  be  noted  that  the 
eigenvalue  problem  for  the  Hamiltonian  in  conventional  quantum 
mechanics  is  in  field  theory  replaced  by  the  mathematical  pro- 
blem of  reducing  the  representation  D  (L)  into  its  irreducible 
components.  In  the  degenerate  case,  it  may  be  more  appropriate 
to  consider  the  total  space  I^^^  spanned  by  all  the  represen- 
tations which  belong  to  the  same  mass  and  spin  as  the 
manifold  of  states  for  one  particle.  This  would,  for  instance, 
mean  that  instead  of  protons  and  neutrons  w^e  speak  of  nuc- 
leons,  etc. 

Now  going  over  to  situations  in  which  more  than  one  particle 
is  involved,  it  is  convenient  to  introduce  the  concept  of  "partial 
state  around  a  point  x".  By  this  we  understand  those  properties 
of  the  system  which  may  be  measured  by  any  experimental 
set-up  within  a  large  but  fmite  space-time  volume  around  x. 
Then,  we  formulate  the  following  fundamental  assumption: 

Cg.  Whatever  total  state  of  the  system  we  consider,  the  partial 
state  around  x  =  (x,  t)  approaches  a  one-particle  state 
for\  t\-^  X  . 

For  this  assumption  three  conditions  are  necessary.  First,  we 
exclude  from  consideration  situations  in  which  the  particles  fill 
the  total  space  with  a  finite  density.  Secondly,  there  are  (per 
definitionem)  no  "bound  states".  Thirdly,  in  this  general  dis- 
cussion we  allow  only  normalizable  state  vectors  (proper  ele- 
ments of  t)).  This  ensures  that  we  have  only  a  finite  interaction 
region  outside  which  the  particles  are  separated  so  much  that 
the  attraction  between  them  can  be  neglected.  It  does  not  mean 
of  course  that  in  practical  calculations  we  could  not  use  plane 
waves  as  well,  if  only  they  are  handled  with  proper  care. 

Now,  the  experimental  characterization  of  an  arbitrary  state 
^  mav  be  given  in  terms  of  measuring  results  obtained  in  the 
distant  past,  for  short  at  /  =  —  x  .  As  the  particles  may  then 
be  considered  as  isolated,  these  results  can  be  described  by 
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means  of  single-particle  states.  If  we  introduce  in  an  arbitrary 
basis  system  fj^^\  a  complete  basis  in  the  total  ^  is  given  bv  the 

vectors  ^[Z^'"  •  This  symbol  describes  a  state  which  asymptotically 
at  f  =  —  3c  (expressed  by  the  minus  sign  above  0)  has  .V  par- 
ticles of  types  y,y'...  which  are  in  the  single-particle  states 
k,l  .  .  .  etc. 

If  in  0^^^  one  particle  species  occurs  several  times,  we  must 
take  the  symmetry  principle  into  account. 

C3.   Each  particle  obeys  either  Bose-  or  Fermi  statistics. 

-f  0jj    for  Bose  particles 


0..  = 

kl 


—  0jj    for  Fermi  particles 

Ik 


The  operators  D  (L)  take  a  simple  form  in  this  basis  system. 
Each  single  particle  state  fjJ^  entering  in  0^^^  is  transformed 
independently.  Thus,  within  the  manifold  of  asymptotic  two- 
particle  states  0[f/'),  the  effective  part  of  D  (L)  is  just  the  Kronecker 
product  Dj  (L)  x  (L) ,  where  Dj  (L)  and  Dj>  (L)  are  the 
irreducible  representations  attached  to  the  particle  types  j  and  j', 
respectively.  If  j  =  j',  we  must  again  take  account  of  the  sym- 
metry principle.  We  indicate  the  effect  of  sym.metrization  by 
brackets  and  in  this  case  write  {Dj  (L)  X  Dj  (L)) .  The  structure 
of  the  total  representation  in  ^  may  then  be  written 


D(L)=l+^     (L)  +  Z  {Di  (L)  X  D,  (L)}  + 

/ 

+  XDjiL)xDi.{L)+---. 
i.i' 


(1) 


The  meaning  of  the  -f  and  Z  signs  is  that  ^  may  be  decomposed 
into  orthogonal  subspaces  (namely  the  asymptotic  0,1,2... 
particle  states)  in  each  of  which  one  of  the  terms  is  operating. 
The  identical  transformation  (1)  refers  to  the  vacuum  state.  We 
have  thus  already  incorporated  the  further  postulate 

C4.    There  is  one  state  in  I)  which  is  invariant  under  all  L.  T., 
the  vacuum  state  0q. 
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Equation  (1)  is  important  because  its  meaning  is  not  restricted 
to  the  special  basis  system  0^^^  from  which  we  started.  The 
(direct)  sum  and  direct  product  of  representations  have  an 
invariant  group  theoretical  meaning.  Thus,  the  particle  postulates 
fix  the  structure  of  the  representation  D  (L)  completely.  To  give 
an  example:  if  we  work  in  the  center  of  mass  system  (spatial 
momentum  zero),  then  the  energy  spectrum  must  have  a  char- 
acteristic structure:  On  top  of  a  number  of  discrete  eigenvalues 
0,mi,  we  have  a  continuous  spectrum  starting  at  2  and 
having  a  branch  point  at  each  value  Unj  uij ,  where  the  rij  are 
an  arbitrary  set  of  integer  numbers.  Similar  considerations  can 
be  made  for  the  angular  momentum.  Generally  speaking,  if  in 
a  theory  the  operators  and  M^^.  of  linear  and  angular  momen- 
tum (infinitesimal  translations  and  rotations)  are  given,  then  (1) 
affords  a  mathematically  clean-cut  criterion  as  to  whether  the 
theory  is  acceptable  on  the  basis  of  the  postulates  C.  Since  this 
decision  is  essentially  a  problem  of  group  theory,  it  can  be 
hoped  that  some  more  powerful  methods  of  attack  will  be  de- 
veloped than  those  available  to  physicists  at  present. 

It  may  be  instructive  to  illustrate  the  argument  leading  to  (1) 
by  an  example  from  wave  mechanics.  This  may  make  the  signi- 
ficance of  the  basis  states  0^^^  somewhat  clearer  and  also  give 
an  exact  meaning  to  statements  like  "at  t  =  oc  the  interaction 
vanishes".  Let  us  consider  a  non-relativistic  two-body  problem 
without  bound  states.  The  Hamiltonian  shall  be 

H=  -^(V?  + Vl)+  V(|Si-S2|)  =  ^0+  ^. 

W  is  an  arbitrary  state  vector.  As  always  in  this  paper,  the  Heisen- 
berg  picture  will  be  used.  Wis  represented  by  a  function  y)  (xj,  Xg) 
which  is  interpreted  as  the  probability  amplitude  for  the  positions 
Xi,  X2  of  the  particles  at  /  =  0.  Now  we  consider  the  sequence 
of  unitary  operators 

6^0  =  (2) 

It  may  be  shown  that,  if  V  decreases  more  strongly  than  - 
with  the   separation   of  the   particles,   then  this  sequence  of 
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operators  converges  strongly  for  xio.".  The  limit  for  t  = 

—  00  we  call  R.  From  the  definition  (2)  it  follows  that 

U  (0  6^'^''     =        U(t-  t')  F.  (3) 

For  /  =  —  « 

/^giHr^  =  e^^'^^RW.  (4) 

If  we  now  introduce  a  new  basis  system  in  such  a  way  that  W 
is  represented  by  the  wave  function  ^(Ji.Ja)  which  belonged 
to  the  state  R,  W  in  the  old  basis,  then  the  (total)  Hamiltonian 

takes  the  simple  form  /f  =  —  J- (y?  +  Vg).  q>{x^.Xc^)  is  now 

JL  111 

the  probability  amplitude  for  the  positions  ,  at  /  =  0  as  it 
would  be  calculated  from  the  results  of  asymptotic  observations 
under  the  assumption  that  the  particles  had  moved  without 
interaction  until  /  =  0 .  This  new  basis  system  is  the  analogue 
to  the  0^^\  apart  from  the  fact  that  there  we  have  expanded 
according  to  a  discrete  set  of  eigenfunctions.  In  the  new  basis, 
H  is  separable  into  one-particle  components,  which  corresponds 
to  the  independent  transformation  of  the  fj.'^  in  0^^\  In  this 
example,  H  is  regarded  as  the  prototype  for  all  Lorentz  trans- 
formations. The  "vanishing  of  the  interaction"  at  |  /  |  =  oo  is 
to  be  understood  in  the  sense  of  a  strong  operator  convergence. 
This  means  that  the  operator  of  the  interaction  energy  does  not 
itself  vanish,  but  that,  applied  to  a  state  e'^^W  (where  W  is 
arbitrary,  but  fixed),  it  gives  an  image  vector  which  has  zero 
length  in  the  Hmit  |  / 1  ^  <x> .  These  remarks  may  serve  to  handle 
the  limits  |  / 1  x  in  the  time-dependent  formulation  of  scat- 
tering problems  in  a  way  which  is  both  nearer  to  the  physical 
meaning  and  simpler  in  mathematics  than  the  introduction  of  a 
convergence  factor  e-«N  to  "switch  off  the  interaction".  One 
must  only  keep  in  mind  that  all  the  asymptotic  relations  are  to 
be  regarded  in  the  sense  of  a  strong  operator  convergence. 

"  This  theorem  provides  the  basis  for  the  treatment  of  scattering  problems 
by  Dirac's  time-dependent  perturbation  method  or,  in  more  modern  language, 
by  means  of  the  interaction  representation. 

A  sequence  of  operators  is  said  to  converge  strongly  towards  a  limit  U 
if  the  application  of  (U^^ —  U)  on  an  arbitrary  but  fixed  state  W  produces  a 
sequence  of  image  vectors  Wj,  which  decrease  in  length  towards  zero  f or  A-  ->  «  : 

lim  \\(Uj^-U),^\\  =  0. 
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§  2.  The  5-matrix. 

The  same  arguments  which  have  been  used  in  §  1  to  define 
the  basis  0^^^  can  be  carried  through  if  everywhere  we  put 
^  =  4-  00  instead  of  f  =  —  oo .  Then  we  obtain  a  second  com- 

+ 

plete  orthogonal  basis  0^^\  The  unitary  operator  which  connects 
both  of  them  is  the  S-matrix 

0|  =  (5) 

Here,  |  is  the  array  of  indices  (identical  on  both  sides  of  the 
equation)  which  characterizes  the  results  of  the  asymptotic 
observations.  We  simply  call  |  the  "configuration". 

=        \S\0^y  =  <0^'  \S\0^>  (6) 

is  the  transition  amplitude  from  the  asymptotic  configuration 
I  at  t  =  —  00  to  I'  at  t  =  oo .  These  matrix  elements  are 
therefore  related  in  the  well-known  way  to  the  cross  sections  for 
various  processes.  Because  an  L.  T.  changes  the  configuration 
at  /  =  +  00  and  t  =  —  <x>  in  the  same  way,  we  have 

[D  (L),  S]  =  0       for  every  L  (7) 

and  similarly 

[T,  S]  =  0.  (7a) 

In  the  case  of  time  inversion,  we  first  define  the  operators  C 

+ 

and  C  by 

  —        +  +  + 

=  0y,     C0^  =  01,  (8) 

where  |  is  obtained  from  |  by  applying  the  single-particle  time 
inversion  operators  Cy  to  all  the  one-particle  states  /^^^  entering 
into  the  configuration.  The  actual  time  inversion  operator  C 
must,  however,  not  only  change  |  into  |,  but  also  interchange 
^  =  +  00  and  ^  =  —  00 ,  i.  e. 

C0^=  01  (9) 

or 
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+  — 
CS  =  C;  SC  =  C.  (9a) 

Now 

—  + 
=      =      =  ±1, 

Therefore 

S^C  =  CS^  (10) 

and,  similarly, 

SU=  JS.  (10  a) 

This  is  a  general  formulation  of  the  principle  of  detailed  ba- 
lancing^^. 

The  5-matrix  defined  by  (5)  would  perhaps  better  be  called 
the  complete  S-matrix.  In  the  majority  of  the  work  on  S-matrix 
theory,  a  distinction  between  elementary  particles  and  bound 
states  is  made,  and  the  term^  S-matrix  refers  to  the  submatrix 
of  our  S  between  the  scattering  states  of  the  elementary  particles. 


§  3.  The  formalism  of  field  theory. 

A  complete  operator  system^^  in  C  is  given  by  the  creation 
and  destruction  operators  of  the  various  particles  in  the  different 
quantum  states.  They  will  be  called  uj/^  and  u^^^  respectively, 
if  they  refer  to  the  asymptotic  configuration  at  t  =  —  oo  .  U//^^ 
acts  on  a  basis  vector  by  adding  to  the  configuration  |  one  particle 
of  type  j  in  the  state  k: 

Uf%=    X0  (11) 

^2  It  is  interesting  to  see  at  what  point  of  the  argument  leading  to  (10)  the 

—  + 

requirement  of  invariance  under  time  inversion  is  used.  C  and  C  may  always  be 
defined  in  a  Lorentz  invariant  theory  and  they  have  the  correct  structure  relations. 
The  definition  (9  a)  is  adapted  to  give  the  correct  physical  significance  to  C.  Thus, 
if  the  theory  is  invariant  under  time  inversion,  C  must  also  have  the  correct  structure 
relations,  and  vice  versa.  Now  the  relations  with  D  (L)  are  correct,  because  S 
commutes  with  all  D  (L).  However,  =  ±  1  is  not  obvious  and  this  imposes 
some  restrictions  on  S  (detailed  balancing). 

"  "Complete"  means  that  every  operator  in  ^  may  be  approximated  by  poly- 
nomials in  these  basic  operators. 
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The  corresponding  destruction  operator  is  the  hermitian  con- 
jugate. It  is  convenient  to  fix  the  factor  A  so  that  the  operators 
obey  the  canonical  commutation  relations^* 


for  Bose  particles,      \  (12) 


for  Fermi  particles.   \  (13) 


If  we  were  dealing  with  a  system  with  a  finite  number  of  degrees 
of  freedom  these  commutation  relations  alone  would  fix  the 
operators  u^p ,  uj/^^  uniquely  up  to  a  unitary  transformation. 
In  the  following  chapter  it  will  be  discussed  that  this  is  no  longer 
true  in  our  case.  In  order  to  achieve  a  unique  specification 
(apart  from  equivalence)  one  must  require,  in  addition  to  (12) 
or  (13),  that  there  exists  one  state  (the  vacuum)  for  which 

ui«<P„=0  (14) 

for  all  k  and  j. 

In  mathematical  language:  t)  is  the  space  of  an  irreducible 
representation  of  the  commutator  ring  (12),  (13),  with  the  auxiliary 
condition  (14);  irreducible,  because  the  operators  in  question 
form  a  complete  system. 

Again  we  can  replace  the  minus  signs  above  0  and  in 
(11)  by  plus  signs  and  obtain  a  second  set  of  creation  and  de- 
struction operators  referring  now  to  the  asymptotic  configurations 
at  f  =  +  00  .  The  two  sets  are  of  course  connected  by  the  S-matrix. 

The  creation  and  destruction  operators  u^^^  U-k^  can  be  com- 
bined in  the  well-known  way  to  a  continuous  manifold  of  oper- 
ators (f^^^  (x)  (see,  for  instance.  Chapter  III,  §  1).  These  operator 
fields  are  the  "incoming  fields"  of  Yang-Feldman  and  Kallen^^; 

similarly,  the  (p^^\x)  are  the  "outgoing  fields".  The  essential 

1*  The  deeper  significance  of  this  choice  is  that  the  creation  operators  in  dif- 
ferent basis  systems  of  one-particle  states  are  simply  related.  ThttS,  if     =  ZCj^^f^^ 

then  4  =  ^^ka^l' 

"  C.  N.  Yang  and  D.  Feldman,  Phys.  Rev.  79,  972  (1950);  G.  Kall6n,  Ark. 
f*Fys.  2,  187  (1951). 
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feature  of  field  theory  is  that  these  operators  (p^^  (x)  and  (p^^  (x), 
which  have  a  simple  physical  interpretation  in  terms  of  asymp- 
totic observations,  are  regarded  as  the  asymptotic  Umits  for 
f  =  -I- 00  of  other  operators,  the  "actual  fields"  ip^^^ix).  In 
symbols 

{x)  ->     (x)     for     ^      i  00  ,  (15) 

where  the  arrow  again  indicates  strong  operator  convergence. 
These  tp'  (x)  are  regarded  as  the  basic  quantities  of  the  theory. 
They  are  defined  by  their  commutation  relations  (at  least  in 
theories  of  conventional  type),  and  the  infinitesimal  Lorentz 
operators  and  M^^  are  given  as  functions  of  them.  This  pro- 
cedure is  in  complete  analogy  to  that  in  quantum  mechanics. 
There  is  only  one  additional  requirement  in  field  theory,  namely, 
that  the  (x)  should  have  the  simple  relativistic  transformation 
properties  of  a  field.  The  effect  is  to  fix  the  M^y  as  soon  as  the 
are  given.  This  restriction  is,  however,  not  very  serious  in  itself 
and  in  fact  it  will  be  expUcitly  demonstrated  later  that  theories 
exist  which  are  built  on  the  concept  of  covariant  operator  fields 
y}j  (x)  satisfying  the  "asymptotic  condition"  (15)  and  which  are 
able  to  yield  any  5-matrix.  The  central  question  is  then  by  what 
relations  the  y)j  (x)  may  be  defined  in  the  basic  equations  of 
the  theory.  Is  it  possible,  for  instance,  to  require  that  the  field 
operators  at  points  separated  by  a  space-like  distance  commute? 
Although  this  mathematical  question  will  not  be  decided  in  this 
paper,  we  can  at  least  exhibit  some  of  the  pitfalls  which  tend 
to  make  rather  inconclusive  many  general  statements  reached  by 
the  standard  methods. 

In  the  scheme  of  field  theory  outlined  above  we  have  one 
field  for  every  existing  particle  species.  The  extension  to  the  case 
in  which  one  introduces  a  smaller  number  of  fields  aqd  thereby 
a  distinction  between  elementary  and  compound  particles  is  of 
course  more  interesting  for  practical  applications  (meson  theory), 
but  will  not  be  considered  here. 
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II.  Mathematical  Considerations. 

§  1.  Inequivalent  representations  of  the  canonical 
commutator  ring. 

This  section  refers  both  to  the  commutation  relations  (12) 
and  the  anticommutation  relations  (13);  nevertheless  the  dis- 
cussion will  be  restricted  to  the  former.  Combining  the  indices 
k  and  j  to  a  single  index  k,  the  relations  are  brought  into  the 
canonical  form  by  substituting 

qk  =  +  4).    Pk  =  ^^^^ 

qi^  and  pj.  are  then  hermitian  operators  satisf}dng 

iqkqi]  =  [PkPi]  =  0.    [Pkqi]  =  —i^i-  (i7) 

In  the  conventional  field  theories  we  have  commutation  relations 
of  the  form 


[ip  (x)  ^  (x')]  =  [n  (x)  n  (x')]  =  0, 
[n  (x)  y)  (x')]  —  —  id  (x  —  x') . 


These  are  reduced  to  (17),  for  instance,  by  putting 

qk=\fk(x)y^(i)di,    pj,=  ^fj,(i)7t(i)di,  (19) 

where  the  4  (x)  are  an  arbitrary  complete  system  of  real,  ortho- 
gonal, normalized  functions. 

It  is  a  well  known  fact  that  for  a  finite  number^  X  of  degrees 
of  freedom  there  is  only  one  (irreducible)  representation  of  the 
operators  p,  q  of  (17)  (apart  from  equivalences).  This  may  be 
obtained  by  considering  the  q^  as  multiplication  operators,  the 
Pj^  as  differentiation  operators.  It  is  more  convenient  for  our 
purpose  to  work  with  the  Uj^,  ul  and  the  "occupation  numbers" 

Vk  =  4  ^k  (20) 

which  have  integer  eigenvalues  ranging  from  0  to  x  .  A  complete 
orthogonal  system  is  given  by  the  simultaneous  eigenfunctions 

Dan.Mat.Fys.Medd.  29,  no.l2. 
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of  the  Vj^.  Each  basis  vector  is  then  specified  by  an  array  of  N 
occupation  numbers  (v^  -  •  -r^).  Uj^  acts  as  a  destruction  operator, 
ul  as  creation  operator  for  the  k^^  "oscillator",  i.  e.  they  decrease 
or  increase  Vj.  hy  1.  The  "vacuum  state"  0q  =  (0,0-  •  -0)  may 
be  defined  abstractly  by 

uj^  00  =  0        for  all  k.  (21) 

If  we  pass  now  to  the  limit  \  —>  oo  one  new  feature  appears. 
A  possible  basis  vector  results  from  any  distribution  of  integer 
numbers  Vj.  over  the  infinitely  many  oscillators.  The  "number" 
of  these  possibilities  is  no  longer  countable.  It  is  given  by  Xq"  = 
(Xo  representing  a  countable  infinite  set,  Xi  the  continuum). 
Thus,  the  straightforward  extension  of  the  method  used  for 
finite  leads  to  a  vector  space  ^  with  a  continuum  of  ortho- 
normal  basis  vectors.  This  is  no  longer  a  Hilbert  space  in  the 
ordinary  sense  of  the  word,  though  the  term  "non-separable 
Hilbert  space"  is  used  for  it  in  mathematics. 

In  this  connection,  we  must  remember  that,  for  the  description 
of  the  physical  situation,  there  is  no  need  for  such  a  large  space. 
It  is  also  well  known  that  even  for  .V  =  x  there  is  a  represen- 
tation of  (12)  within  an  ordinary  Hilbert  space.  In  fact  we  have 
used  this  representation  in  the  previous  discussion.  It  follows 
from  the  assumption  that  there  is  one  vacuum  state  satisfying  (14). 
Starting  from  this  assumption,  the  argument  can  be  carried 
through  in  essentially  the  same  way  as  for  finite  A^.  The  point 
is,  however,  that,  for  infinite  (14)  is  no  longer  a  consequence 
of  (12).  In  other  words,  there  will  be  diff'erent  irreducible  re- 
presentations of  (12). 

One  might  perhaps  be  tempted  to  think  that  the  ambiguity 
left  by  the  relations  (12)  or  (17)  is  a  matter  of  mathematical 
sophistication  without  relevance  to  field  theory.  However,  the 
following  examples  will  show  that,  starting  from  the  "standard 
representation"  of  (12)  in  J),  we  obtain,  by  the  very  simplest 
substitutions,  operators  in  the  same  space  which  belong  to 
inequivalent  representations.  If  one  disregards  the  inequivalence 
and  tries  to  calculate  a  unitary  matrix  which  connects  the  two 
operator  systems,  one  obtains  infinite  results. 

Let  us  start  from  operators  Uj.,  ul  obeying  (12)  and  (14), 
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i.  e.  belonging  to  the  "standard  representation"  (12).  Then, 
introduce  the  linear  combinations 

Vi.  =  cosh  £  •  Uij  +  sinh  e-ul,  1 

(22) 

vl  =  sinh  £-U]^  -\-  cosh  e-Uj..  J 

The  commutation  relations  are  unchanged.  If  we  take  s  to  be 
infinitesimal,  we  have 

t        t       t  (^^^ 
^ul  =  ul  —  ul=  euj,.  J 

Writing  this  formally  as  an  infinitesimal  unitary  transformation, 
the  generating  operator  is 

T=^Z(ulul-Ui,u„),  (24) 

i.  e. 

ie  [Tuj^]  =  eul  =  Su^,     ie[Tul]  =  eu^^  =  du^. 

It  is  easily  seen  that  T  is  not  a  proper  operator,  but  trans- 
forms every  vector  of  ^)  into  one  with  infinite  length.  However, 
we  can  follow  the  matter  a  little  further  by  going  over  to  the 
non-separable  space  1)  in  which  a  vector  is  represented  by  a 
function     {qi*  ^2  •  •  •)  of  infinitely  many  variables  and 

One  can  then  work  out  the  effect  of  the  operation  e^^^  and  try 
to  recognize  its  implications  for  the  "physically  interesting 
states"  which  are  a  subset  of  Ij ,  namely  the  Hilbert  space  ^ 
generated  by  the  ul  from  0q.  The  result  is  that  e^^^  transforms 
every  vector  of  into  one  which  has  a  zero  scalar  product  with 
any  second  vector  from  f). 

(02,  e^'^^^i)  =  0  for  every  0^,  0^  from  I).  (25) 

Nevertheless,  0[  =  e^^^0^  is  a  vector  with  finite  norm  in 
In  order  to  understand  how  this  may  happen  we  consider 
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the  case  of  a  very  large  but  finite  N.  Then  there  is  no  distinction 
between  I)  and  I).  The  expressions  (25)  are  slightly  different 
from  zero,  and  of  course  ||  0[  \\  =  \\  0i  ||.  As  AT  becomes  larger, 
the  projection  of  0[  into  the  subspace  belonging  to  a  total  "particle 
number"  v  =  Hv]^  <  n  (n  fixed)  becomes  smaller  and  is  com- 
pensated by  a  growth  of  the  total  probability  for  v  <  n.  In  this 
way  0[  moves  out  of  in  the  Umit,  because  there  are  no  states 
in  i)  belonging  to  an  "actually"  infinite  particle  number,  though 
the  particle  number  may  be  arbitrarily  large. 

To  sum  up:  Vj^,  vl  are  proper  operators  in  the  ordinary 
Hilbert  space  (according  to  (22)),  obeying  the  same  com- 
mutation relations  as  Uj,,  ul,  but  there  is  no  proper  unitary 
transformation  connecting  the  two  operator  systems,  i.  e.  these 
belong  to  inequivalent  representations  of  (12).  For  the  represen- 
tation defined  by  the  Vj,,  vl,  there  is  no  "vacuum  state"  satisfying 

Vk<  =  0. 

A  similar  example  which  is  closer  to  practical  calculations  in 
field  theory  is  the  following: 

We  take  two  free  fields  which  obey  the  field  equations 

(\J  —  ml)  tp^(x)  =  0, 
(n—ml)  xp^{x)  =  0, 

and  which  coincide  (including  their  first  time  derivatives)  for 
t  =  0; 

V;i(x,0)  =  xp^{x,^)  =  v>{x,0), 
0)  -  W^ix,  0)  =  n(x,  0), 

and  define  in  the  usual  way  for  each  field  a  splitting  into  a 
creation  and  an  annihilation  part,  for  instance  for 

Ul  (P)  =  (2  (E,w  (1)  +  in  (x))  e'^^dx, 

u\  (p)  =  (2  ^)-^  (x)-in  (x))  e'^'rfS.  ^^^^ 
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Then  the  operators  Ui(p),ul(p)  are  connected  to  the  U2(p), 
ul  (p)  by  a  transformation  like  (22),  namely 

u,(h  =  ^^uAh  +  ^^^l(.p):  (29) 
Now,  if  there  is  any  state  for  which 

«i  (P)>  ^0=0       for  all  p, 
then  there  is  no  0'q  which  satisfies 

(p) ,  0'o  =  0       for  all  J , 

and  vice  versa.  This  may  show  that  the  "strange  representations" 
of  (12)  will  almost  inevitably  turn  up  in  any  discussion  in  field 
theory. 

We  have  already  mentioned  that  similar  considerations  apply 
to  Fermi  particles.  The  effect  of  the  Pauli  principle  is  to  "reduce" 
the  number  of  basis  vectors  in  I)  to  2**o,  which  is  still  the  con- 
tinuum. 

The  existence  of  different  representations  of  (12),  (13)  was 
discovered  some  time  ago^®,  but  has  not  entered  into  the  con- 
sciousness of  physicists  until  very  recently^^.  A  systematic 
study  and  classification  has  been  made  by  Wightman  and 
Garding^®. 

§  2.  Functions  of  the  field  operators. 

After  the  basic  operators  have  been  defined  by  commutation 
relations  of  the  form  (18),  the  conventional  field  theories  proceed 
to  give  the  Lorentz  operators  -P^,  (energy-momentum, 
angular  momentum)  as  functions  of  the  basic  operators.  As  we 
have  seen,  the  definition  (18)  is  not  complete,  but  we  suppose 
now  that  it  has  been  augmented  by  some  auxiliary  condition 
which  fixes  the  representation.  Then  we  meet  with  a  second 

"  J.V.Neumann,  Composition  Math.  6,  1  (1938);  K.  O.  Friedrichs,  Math. 
Aspects  of  the  Quantum  Theory  of  Fields,  Interscience  Publishers,  New  York 
1953,  Chapter  on  "Myriotic  Fields". 

^'  VAN  Hove,  Physicals,  145  (1952);  Wightman  and  Sghweber,  Phys  Rev., 
in  print.  I  am  indebted  to  Prof.  Wightman  for  a  preprint  of  this  paper. 

1*  Carding  and  Wightman,  Proc.  Nat.  Acad.  Sci.  40,  617  (1954). 
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problem.  Almost  all  simple-looking  formal  expressions  in  the 
y)  (x) ,  71  (x),  which  we  may  think  of  writing  down,  are  actually 
not  proper  operators.  In  most  cases,  they  will  even  have  infinite 
matrix  elements  between  any  two  states  of  1).  What  one  would 
like  to  have,  then,  is  a  simple  criterion  for  the  class  of  "sensible 
functions"  of  the  field  operators,  allowing  to  decide  immediately 
whether  an  expression  is  acceptable  or  not.  We  shall  illustrate 
the  problem  for  the  "standard  representation"  (12)  with 
which  we  have  to  deal  in  the  case  of  the  asymptotic  fields  %  (x). 
Here,  a  criterion  which  satisfies  practical  purposes  can  indeed 
be  given  easily.  The  method  is  well  known.  Nevertheless,  some 
of  the  arguments  may  be  recalled.  The  points  I  want  to  emphasize 
are:  1)  the  characterization  of  the  class  of  sensible  functions 
of  the  operators  (18)  depends  only  on  the  type  of  representation 
for  these  operators,  not  on  their  physical  meaning;  2)  the  task 
is  solved  for  the  "standard  representation"  and  may  be  extended 
to  others  as  soon  as  their  relation  to  the  "standard  representation" 
is  known.  This  is,  for  instance,  the  case  for  the  two  examples 
given  in  the  preceding  section. 

Let  us  start  from  the  equations  (16)— (19)  and  assume  (21)^*. 
The  inversion  of  (19)  is 

^  (5)  =  Zq^h  (S) ,     ^(P^)  =  ^Pk  fk  (J) .  (30) 

Now  it  is  clear  that  all  polynomials  in  the  pj^,  q]^  (or  u^,  iz^), 
which  involve  a  finite  number  of  additions  and  multiplications, 
are  well  defined  operators.  We  can  apply  them,  for  instance,  to 
any  basis  vector  and  obtain  again  a  normalizable  state.  This  is 
not  true  for  the  continuous  manifold  of  operators  y)  (x)  which 
are  infinite  sums  of  the  Uj,,  uj.  In  fact  one  checks  easily  that 
y)  (x)  transforms  every  basis  vector  0^]^} .  into  a  vector  with  in- 
finite length.  However,  y)  (x)  has  at  least  finite  matrix  elements, 
and  expressions  like  ^f(x)y}(x)dx  are  well  defined  operators 
if  f  is  square  integrable.  Hence,  y)  (x)  may  be  regarded  as  an 
improper  operator  in  the  same  way  in  which  one  can  regard 
eigenfunctions  in  the  continuous  spectrum  as  improper  state 

i»  If  we  identify  y)(x),7i  (x)  with  ^  (x),  ^  (x),  respectively,  the  equations  (16) 
and  (19)  should  be  replaced  by  the  somewhat  more  complicated  ones  which  give 
the  splitting  into  creation  and  destruction  parts  (equ.  (28)). 
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vectors.  The  situation  is  worse  for  ip^  (x)  which  has  only 
infinite  matrix  elements.  The  remedy  may  here  be  found  in  the 
following  observation.  If  we  have  a  power  series  in  the  Uj^, 
in  which  each  term  is  arranged  in  S-product  order^^  (i.  e.  all  de- 
struction operators  stand  to  the  right),  then  only  a  finite  number 
of  terms  contribute  to  a  matrix  element  between  two  of  the 
basis  vectors  0^^). . .  Therefore,  any  expression  which  is  in  S- 
product  order  has  at  least  finite  matrix  elements  and  may  then 
be  regarded  in  general  as  an  improper  operator  in  a  similar 
way  to  ^  (x) .  The  simple  way  of  putting  two  dots  around  an 
expression  is  a  safeguard  against  infinite  matrix  elements.  If  X 
is  supposed  to  be  a  proper  operator,  then  X^X  must  have  finite 
matrix  elements,  and  vice  versa.  Thus  one  has  the  simple  criterion: 

If,  in  the  process  of  rearranging  an  expression  X{y)(x),  7t(x)) 
in  S-product  order,  no  explicit  infinities  occur  (z.  e.  if  the  con- 
tractions are  finite),  X  has  finite  matrix  elements.  If  the  same  is 
true  for  X^X,  then  X  is  a  proper  operator. 

The  criterion  can  be  extended  to  other  "discrete"  represen- 
tations^^ as  they  can  be  related  to  the  standard  representation  by 
substitutions. 


III.  Applications. 

In  the  following  chapters,  the  specialization  to  the  case 
mentioned  in  the  introduction,  in  which  we  have  to  deal  with 
only  one  type  of  particle,  will  be  made.  For  convenience,  a 
short  description  of  the  formal  apparatus  is  given  first. 

§  1.  Notations. 

The  manifold  of  states  of  a  single  spinless  particle  of  mass  m 
is  most  easily  described  in  momentum  space.  An  arbitrary  state 
is  then  represented  by  a  function  f  (p)  (jo  the  momentum  4-vector) 
which  needs  to  be  defined  only  for  those  values  of  p  corre- 

20  We  use  the  notations  of  G.  G.  Wick,  Phys.  Rev.  80,  268.  The  S-product 
between  A  and  B  is  indicated  by  double  dots  :  AB  :  . 

21  For  the  definition  of  discrete  representation,  see  the  papers  mentioned  in 
ref.  18. 
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spending  to  a  possible  momentum  vector  of  the  particle,  i.  e. 
for  p  lying  on  the  positive-energy  shell  of  the  hyperboloid 
=  0.  However,  it  is  more  convenient  to  regard  f(p)  as 
defined  in  the  whole  positive  cone  and  reject  the  irrelevant  points 
of  momentum  space  by  a  factor  d  (p^  +  m^)  which  must  appear 
in  all  relations  of  physical  significance.  Thus  the  scalar  product 
of  two  wave  functions  fi  and  /g  is  defined  by 

(/2  fi)  =  J  ff  (P)  fi  (P)  d       +  m')  dp ,  (31) 

where  it  must  always  be  kept  in  mind  that  the  integration  is 
essentially  one  over  the  positive-energy  cone  of  p  only.  The 
transformation  properties  of  the  wave  functions  are 

D(b)f  =  r:  f  {p)  =  e'^^f(p)  (translations). 

D(A)f=  f":         f"  (p)  =  f(A-\ p)  (homogeneous  L.  T.). 

A  description  in  ordinary  space  coordinates  is  obtained  by  the 
Fourier  transformation 

f(x)  =  (2  7z)-'^^f(p)  e'^'^d  (p^  +  m^)  dp.  (32) 

This  function  satisfies  the  Klein-Gordon  equation 

(n—m^)f(x)  =  0,  (33) 

but  contains  only  positive-energy  Fourier  components  so  that  the 
initial  condition  f(x,  0)  is  sufficient  to  determine  f(x,  t)  for  all 
times.  The  scalar  product  in  this  formulation  has  the  more 
complicated  form 

(A,  A)  =  2zJ/2*(S,0)|^(J,0)rf^.  (34) 

Therefore,  f(x)  may  not  be  directly  interpreted  as  the  probability 
amplitude  for  the  position  x. 

Let  be  the  destruction  operator  for  the  state  fj^  (wave 
function  (/)))  in  the  asymptotic  configuration  at  f  =  —  oo  (see 
Chapter  I).  Then  it  is  convenient  to  define  the  continuous  mani- 
fold of  destruction  operators  u  (p)  by 
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ak-\<i(p)fS(ip)d(p^  +  m^)dp,  (35  a) 

or  conversely 

u(p)  =  ^fk(p)iik,  (35  b) 

where  it  has  been  assumed  that  the  4  (p)  form  a  complete  system, 
orthogonal  and  normalized  according  to  (31).  The  creation 
operators  (p)  are  the  hermitian  adjoints  and  the  relations  (35) 
apply  of  course  equally  to  the  operators  Uk ,  u  (p)  for  the  asymp- 
totic configuration  at  t  =  +  oo . 

The  commutation  relations  are  most  conveniently  expressed 
in  the  symbolic  form 


(36) 


(37) 


[a  (p)    (p')]  6  (p2  +      s  (p'2  +  ,„2) 

=  d'(p-p')d(p^  +  m^). 

The  transformation  properties  are: 

D  (b)  a  (p)      (b)    =  e-'^^  u  (p)  (translation), 
D  (A)  u  (p)      (A)  =  u(A,p)      (homogeneous  L.  T.). 

In  analogy  to  (32)  we  define 

a  (x)  =  (2  7z)-^    a  (p)  e'^^'d  (p^  +  m^)  dp.  (38) 

The  creation  and  destruction  operators  are  combined  to  the 
"incoming  field" 

^(x)  =  u(x)  +  a^  (x).  (39) 


§  2.  The  existence  of  general  field  theories. 

As  the  u(p),ii^(p)  form  a  complete  operator  system,  an 
arbitrary  operator  may  be  expanded  in  a  series  of  S-products 
of  the  u  (p) ,  0^  (p) , 

X  =  rx"'",  (40) 
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where  X""*  contains  n  creation  and  m  destruction  operators, 

^nm  _  ^F'^(p';p)a^(p')a(p)d(p'^  +  m^)d{p^  +  m^)dp'dp.  (40a) 

Here  p'  is  an  abbreviation  of  the  n  arguments  p[  -  •  •  jd^  ;  similarly 
p  stands  for  p^  -  •  -jd^,  u.  (p)  for  the  product  of  the  m  destruction 
factors,  etc.  The  integration  is  extended  over  the  positive-energy 
cones  only.  In  order  that  X  be  invariant  under  homogeneous 
L.  T.,  each  F^"^  must  be  a  Lorentz  invariant  function  of  its 
arguments.  Invariance  of  X  under  translations  means  that  F^"^ 
contains  a  factor  S(Up'  —  ^p)-  The  S-matrix  must  fulfil  both 
conditions,  the  operator  ip  (0)  ("actual  field"  at  the  origin)  the 
first. 

V)""HO)  =  (27t)-l^r"'(p';p)u^(p')a(p)d(p'^  +  m^)d(p^  +  m^)dp'dp.  (41) 

is  an  invariant  function  of  n  vectors  p'  and  m  vectors  p, 
symmetric  against  any  permutation  of  the  variables  on  either 
side  of  the  semicolon.  Also 

r'"*(p';p)  =  r"(p;p').  (42) 

From  (41)  we  get  v(x),  replacing  f  by  fe'^^P—^p'^'^,  and 

yT- (P,  t)  =  (2  ^)- i  J  v-"-  (X,  0  e- dS 

=  S  n  (/>' ;  P)  <5  (Sp  -  ^P'  -he-'  (^E-  ZE')  t  ijt  (p')  a  (p)  dip'^  +  m^) 

X  d(p'  +  m^)  dp'  dp. 


(43) 


The  letters  E  mean  the  energies  belonging  to  the  respective 

momentum  vectors,  e.  g.  Bp  -\-  m^.  To  fulfil  the  asymp- 

totic condition  (15)  we  must  choose  f  so  that 

lim  yj""*  (P,  t)^0        (except  for  y)^^  and  ip^^), 
— 00 

[  (for  at  least  some  index  pairs  n,  m  in 
lim  y)'"^  (P,  /)  4=  0     |  order  to  obtain  an  5-matrix  difTerent 
I  from  the  identity). 
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This  can  only  be  so  if  f  contains  a  factor  (5+  {EE  —  EE'  —  «) 
which  in  turn  can  only  arise  from  one  of  the  invariant  functions 


or 

We  write 


Ai  =       [i2p  -  Spy  +  m^] 
As  =  <5_  [{Sp  -  Spy  +  m^] 
f  =  gihi  +  92  hi. 


(44) 


This  also  gives  a  separation  of  \p  into  two  terms  and  y>2-  Taking 
into  account  the  (5-factor  in  the  spatial  momentum  components, 
we  can  write 

=  ^      {Ep  +     +  (5+  (Ep  -  £) ] , 

where 

e=  EE  —  EE'. 


In  the  limits  |  f  |  ->  oo  the  factors  he       will  become 


To  satisfy  the  asymptotic  condition  at  t  =  — oo  the  function 
must  vanish  in  a  region  around  e  =  —  Ep  or,  in  other  words, 
the  variability  domain  of  the  4-vector 

q  =  Ep-  Ep'  (45) 

must  be  so  restricted  by  Qi  that  in  the  backward  cone  values 
giving  -\-  =  0  are  excluded.  Similarly,  g2  must  exclude 
values      -\-       =  0  in  the  forward  cone.  If  this  is  satisfied,  then 


i(P)  =  Z[ gT  iP' ;  P)    (/>')  a (p)  s  {Sp - Sp'  - p) 

n,m  «^ 

6       +  m^)  d  (p2  +  jn2)  dp'  dp 

n,  m  *^ 

d  (p'^  +  m^)  d  (/>2  +  m^)  dp'  dp. 


(46) 


79 


28 


Nr.  12 


As  Qi  and  ^2  ^re  arbitrary  for  the  relevant  values  of  their  ar- 
guments it  may  be  expected  that  the  frame  is  wide  enough  to 
give  any  S-matrix.  Indeed  this  can  be  checked  easily  in  the 
limit  of  very  weak  interaction. 


§  3.  Commutation  relations  of  the  field  variables 

The  representation  of  the  field  as 

y>  (x)  =  (2  7r)-t  i:  J       (P'l  P)  e'(^P-^P'^-     (/)')  a  (p) 


(47) 


and  the  knowledge  we  have  obtained  about  the  structure  of  the 
Z*""^  allow  a  few  statements  about  the  commutation  relations.  If 
we  form  the  product  {x')  ip  {x)  and  rearrange  it  in  S-product 
order  we  get 


{X-)  V  (x)  =  (2         Es!      j  \Q  J  dp  dp  dp'  dp 

n'        n  —  s      m'  —  s  m 

p,  q)  /-^  (p\  q;  p)  e^^^Cx'-x)  ^  (^2) 


(48) 


where  d  (k'^)  stands  for  the  product  of  the  6  (p^  +  m^)  for  all 
the  momentum  vectors  which  appear.  There  are  s  momentum 
vectors  q  in  the  last  integral.  The  commutator  [y)  (x)  ip  (x)]  is 
then  obtained  by  subtracting  the  same  term  with  x  and  x'  inter- 
changed. By  virtue  of  the  asymptotic  condition  we  must  have 


(49) 


We  first  look  at  the  vacuum  expectation  value  of  (48).  Here  only 
the  terms  with  m  =  0:  m  =  s  =  n;  n  =  0  contribute. 


<  0  I    {x)    (x)  I  0  > 
=  {2  n)-^  Es\\^\f\q)Y  e^^^^^^^' -^n{q^  +  m^)  dq. 

Because  of  the  relations 

zZl+(|;a)  =  {2n)-^^e'^^6{Q^  +  a^)  dQ . 

80 


(50) 


(51) 


Q.>0 


Nr.  12 


we  can  write 


A  (x'  —  x;  m)  +  ^[  F^^> (a)  A  (x' —  x;  a)  da^ 


with 


F^'^  (^/-  0^)  -  5 !  J  I  f «  (q)\'d  (Zq  ~  Q)  d  (q'  +  m')  dq . 
For  equal  times  (f  =  t) 

<o|  [v(x')w(^)]\^>  =  0 

<0|  [rp{x')w{^)]\^y  =  —id(x  —  x') 

=  —  i  d  (x  —  x') .  C. 


29 
(52) 

(53) 
(54) 


^^'^  («) 


(55) 


F^^\a)  is  a  positive,  real  function  and  hence  C  >  1,  unless  all 
vanish  for  n  1.22 

In  a  conventional  theory  (in  which  [y)  (x)  y)  (x')]  =  0  for 
equal  times)  the  latter  alternative  may  be  excluded.  One  can, 
for  instance,  calculate  the  matrix  element  of  the  commutator 
[rp  (x)  \p  {x)]  between  the  vacuum  and  a  two-particle  state. 
Under  the  assumption  /""^  =  0  for  n  4=  1 ,  this  gives 

</>i>/>2|  W {x')'ip{x)]\oy 

=  e-^*^P^  +  P«)^^f  1  (p,,  p,;  q)  e^'«(^'-^)^  (^2  +  ^^,2) 

-  ^fi  (p„p^',  q)  e-'^<^-^>(5  (g2  +  ^2)  dq. 

This  expression  should  then  vanish  for  arbitrary  pj,  p2,  x'  and 
X  as  soon  as  t'  =  t.  This  can  only  be  true  if  P'^  is  identically 
zero  and  this,  in  turn,  would  mean  that  there  is  no  elastic 
scattering. 

Thus,  in  a  conventional  theory,  it  is  necessary  that  /""^  differs 
from  zero  at  least  for  some  value  of  4=  1 .  According  to  (55), 
this  then  implies  that  y)  {x)  cannot  be  identified  with  the  canon- 

22  The  formulae  (53)  —  (55)  have  been  given  previously  by  H.  Lehmann, 
Nuovo  Cimento  11,  342  (1954).  The  derivation  here  is  essentially  Lehmann's. 
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ically  conjugate  momentum  of  the  field,  though  one  could  per- 
haps have^^ 

W(x)  =  Cn  (x)    with    C>  1 .  (56) 

§  4.  Conventional  theory. 

We  suppose  the  theory  to  be  defined  in  terms  of  operators 
\p(x)yn(x)  obeying  (18).  The  commutation  relations  are  the 
same  as  those  for  the  q)(x),q)(x)  and  it  appears  therefore 
natural  to  ask  whether  a  unitary  operator  R  exists  which  trans- 
forms the  one  set  into  the  other. 

y,  (J)  =  i?  ^  (J)  R\     n(x)  =  Rq>  (x)  R\  (57) 

In  other  words:  can  \p(x),n(x)  belong  to  the  same  represen- 
tation of  the  canonical  commutator  ring  as  ^(x),^(x)?  This 
is  usually  assumed  and,  in  fact,  R^  is  Dyson's  matrix  f7(0;  — oo). 

The  canonical  momenta  n  (x)  need  not  have  simple  rela- 
tivistic  transformation  properties.  But,  with  respect  to  trans- 
lations in  space,  we  shall  also  require 

D  (b)  n  (x)      (b)  =  7t(x-b).  (58) 

(58)  holds  in  all  customary  theories  (for  instance  if  n  (x)  is 
proportional  to  yj  (x))  and,  indeed,  any  other  assumption  but 
(58)  would  appear  extremely  unnatural.  From  (58)  and  the 
analogous  equation  for  ip  (x)  it  follows  that  R  must  commute 
with  the  space  translations 

[RP]  =  0.  (59) 

This  is  also  a  well  known  fact  in  conventional  theories  (con- 
servation of  spatial  momentum  in  all  virtual  processes).  Now  the 
spectrum  of  P  is  continuous,  apart  from  a  single  discrete  eigen- 
value 0  which  belongs  to  the  vacuum  state  ^o-  If  we  apply  (59) 
to  0Q  we  obtain 

PR0^  =  P0',=  O.  (60) 

If  is  a  unitary  operator,  then  is  again  a  normalized  state 
and  (60)  indicates  that 

28  If  one  drops  the  factor  C  in  (55),  (56),  one  has  to  take  it  up  in  the  asymptotic 
condition.  This  is  only  a  different  way  of  expressing  the  same  thing.  Cf.  ref.  21 
and  G.  Kall6n,  Helv.  Phys.  Acta  26,  417  (1952). 
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<Z>;  =  (61) 

because  there  are  no  other  discrete  eigenstates  of  P.  In  all  theories 
considered  so  far,  (61)  is  contradicted  immediately  by  the  form 
of  the  Hamiltonian.  However,  we  can  also  disprove  (61)  without 
reference  to  any  particular  form  for  H.  This  equation  would 
imply 

V  (P)  00=  0         for  all  P, 

with 

v(P)  =  Rn  (P)      =  Epip  (P)  +  ijt  (P). 

Here  (P),  n  (P)  are  the  Fourier  transforms  of  ip  (x)  and  7i(x). 
Therefore 

<a|7r(P)|0>  =  z£:p<a|  vJ(P)|0>, 


and,  thus, 


<0\7z(P)\a}  =  -iEpiO\ip(P)\ay 

<0\[7Z  (P')^(P)]|0> 
iE'  <  0  I  ^  (P)  ip(P)  +  W  (hw(P')  I  0  > 


with  C  >  1  which  contradicts  the  commutation  relations.  We 
conclude : 

The  unitary  matrix  R  of  (57)  cannot  exist,  and  the  same 
applies  to  the  ''free  field  vacuum''  of  the  Tamm — Dancoff  method^^ 

2*  The  question  may  be  raised  as  to  whether  the  non-existence  of 
represents  a  serious  obstacle  against  the  use  of  the  Tamm-Dancoff  method  in 
practical  calulations.  One  may  argue  that,  loosely  speaking,  (P'q  is  a  state  which 
has  zero  expansion  coefficients  with  respect  to  any  orthogonal  system  of  physically 
interesting  states.  Nevertheless,  the  ratio  of  these  coefficients  is  finite  and  ma- 
thematically definable;  for  instance,  we  can  regard  0'^  as  an  eigenfunction  of  the 
momentum  belonging  to  the  continuous  spectrum.  It  may  be  hoped  then  that 
the  normalization  factor  zero  will  not  enter  into  the  final  expressions  for  phy- 
sical quantities.  Now  it  appears  probable  that  this  is  indeed  true  as  long  as  we 
deal  with  collision  problems  in  which  ^'o  is  only  used  in  an  intermediate  stage 
of  the  calculations  and  we  get  back  to  the  physical  vacuum  by  passing  to  the 
limits  I  ^  I  ^  00  .  On  the  other  hand,  if  the  method  is  used  for  the  determination, 
of  bound  states,  the  situation  is  worse,  because  for  these  problems  the  difference 
between  continuous  and  discrete  spectrum  is  essential  and  the  relation  of  the 
final  result  to  the  basis  system  built  up  from  O'q  cannot  be  eliminated.  The 
failure  to  renormalize  the  Tamm-Dancoff  method  in  these  cases  is  probably  in- 
timately connected  to  the  non-existence  of  0'^. 
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Thus,  if  a  scheme  on  the  lines  of  (18)  is  possible  at  all,  one 
must  be  careful  about  the  type  of  representation  for  the  operators. 
The  "obvious"  choice  (57)  is  excluded. 


§  5.  Study  of  the  commutation  relations  by  perturbation 

calculation. 

Do  fields  exist  which  satisfy 

ly)  (x)  y)  (x)]  =  0        for  (a:' —  a:)2  >  0  ?  (63) 

This  is  a  much  more  general  question  since  we  leave  it  open 
how  the  conjugate  momenta  n  (x)  may  be  defined  and  what 
type  of  representation  is  meant.  It  can  be  studied  by  going  back 
to  (48).  (63)  gives  some  integral  equations  for  the  f"^  and  the 
question  is  whether  these  have  solutions.  Of  course,  a  rigorous 
discussion  appears  hopeless,  but  a  perturbation  calculation  is 
possible.  We  put 

with  the  zero  approximation 

(oynm  _  Q        for  n,  in  =j=  0,1  or  1,0, 
(oyoi  ^  (oyio  ^  j  ^ 


(65) 


corresponding  to  (^)  =  ^  (^)  •  Then  we  obtain  in  first  order, 
setting      =  0, 

^d{q^  +  m^)  dq  [(/  +  1)  ^'Y'''' '  (p' >  P>  Q)  (6"^"^^- 6'(^p-^p'  +  ^>-) 
for  x2  >  0 . 

For  ^  =  0  the  equation  must  hold  for  all  x.  Taking  the  three- 
dimensional  Fourier  transform,  we  have  the  following  functional 
equation  for  the  f: 


1    [(,  +  1)  (ly*, '  +  >  (p' ;  p ,  9)  -  (i  +  1)       + 1. '  (p',  g ;  p)] 
^  [(/  +  1)  " '^\p':p,P)-{k+\)  <' +    '  (p',  P;  p) . 


(66) 
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Here  q  stands  for  the  four-vector  ( —  q  +  similarly 
P  =  {—P  +  E)  2indP  =  Ep'  —  Zp  —  q, 

The  /"-functions  are  Lorentz  invariant  functions  if  their 
arguments  are  regarded  as  4-vectors  with  square  length  m^.  It  is 
seen  that  by  (66)  only  those  /'"'"-functions  are  coupled  which 
belong  to  the  same  value  oi  v  =  n  -\-  m  s,o  that  each  value  of  v 
may  be  treated  independently.  We  discuss  the  first  non-trivial 
case  (v  =  2).  Here,  because  of  the  Lorentz  invariance,  we  are 
dealing  with  functions  of  only  one  argument.  It  is  convenient 
to  put 

^'Y"  {p':p)  =  F[-{p'-py-m^], 

2        (/>;  ,H)=G  [-  (p[  +  p,y  ~m']. 

Then  (66)  with  k  =  1 ,  1=0  gives  a  functional  equation  for 
F  (x)  and  G  (x)  which  may  be  solved.  One  finds  the  general 
solution^^ 

F(x)  =  G(x)  =  ~  +  B  -{- Cx.  (67) 

The  case  v  =  2  which  we  have  considered  corresponds  to  an 
interaction  Hamiltonian  which  involves  (at  least  in  the  first 
order)  only  terms  containing  three  factors  of  the  field  variables 
(three-coupling).  Thus  (67)  says  that,  in  first  approximation, 
there  are  only  three  types  of  three-coupling,  compatible  with  our 
general  assumptions.  The  A-coupling  gives  rise  to  the  field 
equation 

(D-m^)v(x)  =  ^r^(x)  (68) 
and  the  interaction  Hamiltonian 


B  and  C  produce  derivative  couplings.  We  single  out  the  case  A 
for  further  discussion.  Taking  advantage  of  the  ^-representation 
in  which  the  formulae  are  more  compact,  we  can  write 

^'^ip(x)  =  -\^AR(x,l):<p^(l):dx,.  (69) 

25  The  calculation  is  given  in  the  CERN  manuscript  T/RH-1,  Copenhagen, 
March  1954. 
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The  extension  of  the  argument  to  the  second  order  is  straight- 
forward. One  finds 

^\(x)  =  2^Aj,(x,  1)  A  J,  (1,2):  (p^(2)(p(l):  dx.dx,.  (70) 

This  agrees  with  the  formal  solution  of  (68)  by  the  method  of 
Yang-Feldman  and  Kallen  apart  from  the  fact  that  there  we 
would  obtain  the  additional  term 

\^Aj,(x,  1)  A  J,  (1 ,  2)  A^'^  (1,2)  cp  (2)  dx,  dx, . 

Now,  because  of  (38),  (39),  an  operator  of  the  form  ^f(x  —  Xi) 
(p  (xi)  dxi  can  only  be  a  multiple  of  (p  (x)  (if  it  is  supposed  to 
have  well  defined  matrix  elements).  Such  a  term  would  be 
without  physical  interest  and  is  furthermore  excluded  here  by 
the  asymptotic  condition. 

In  the  third  order  we  meet  with  the  well  known  difficulties 
from  products  of  singular  functions.  It  is  interesting  to  note  that, 
in  a  perturbation  calculation,  this  is  an  inevitable  consequence 
of  (63),  irrespective  of  the  definition  of  the  conjugate  momenta 
or  of  the  form  of  the  Hamilton  function.  The  mathematical 
reason  is  that  (63)  implies  in  the  lowest  order  a  "local"  inter- 
action, i.  e.  an  expression  for  (^)  involving  products  of 
(p  (x')  at  the  same  point.  In  the  higher  orders  we  obtain  the 
contractions  of  these  powers  of  9?  (x) ,  that  is  to  say  products  of 
J-functions  of  the  "closed  loop"  type.  It  is  not  the  object  of 
this  paper  to  discuss  whether  these  difficulties  are  really  serious 
or  whether  they  could  be  overcome  in  a  satisfactory  manner  by 
a  careful  definition  of  the  limiting  processes.  We  shall  here  merely 
indicate  the  extension  of  (69),  (70)  to  the  third  order. 

The  troublesome  terms  are  those  which  involve  two  con- 
tractions in  the  commutator  [^^^yj  (x)       (x)].  They  are 

«  =  ^  zi«  (x,  1)  Jfl  (a:,  3)  Ar  (1 ,  2)  J  (2 ,  3)  A^^^  (2 ,  3)  99  (1)  dx^  dx^  dx^ 
P='^Aji  (x,  1)  Aj,  (x,  3)  Aj,  (1 ,  2)  ^  (1 ,  3)  (2,  3)  (2)  dx^  dx^  dx^ 
y  =  ^Aj^(x,l)Aji  (x,  3)  Aji  (1 ,  2)  J  (2 ,  3)  A^'^  (1 ,  3)  9)  (2)  dx^  dx^  dx^ 
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There  is  some  ambiguity  in  these  expressions,  most  evident  in 
the  case  of  a  which  contains  J  (^)  zJ^^^  (I) .  A  calculation  in 
momentum  space  with  a  suitable  order  of  integration  gives  the 
convergent  result 


If  we  put 

F(x-x,)=\  da  (00 -x^;  a), 

then  we  can  write  for  equal  times  of  x  and  x 

a  -  i  F  (x-  —  Xi)  A  (x  —  a'l)  (p  (Xi)  dx^ , 

and  this  may  be  compensated  by  a  term  from  [^^V  (^)  (^)] 
if  we  put 

^3 V  (^)  -  \  F  C-^'  -  ^1)  •      (-^'i)  'dx^' 

The  same  technique  of  shifting  the  retardation  sign  from  one  of 
the  functions  Aj^{x ,  \),  Aj^  (.r,  3)  may  be  applied  in  the  case  /5 
and  y.  If  we  add  to  ^  and  y  the  antisymmetric  supplement 
arising  from  [^"^^xp  {x)^^\  (x)],  we  have 

J  Aj,  (X,  1)  Aj,  (X,  3)    (2)  {[A^  (1 ,  2)  J  (1 ,  3)  zJ^^>  (2,  3) 

-  Aj,  (3,  2)  A  (3,  1)  A^'^  (2,  1)]  +  [Aj,  (1 ,  2)  zl  (2,  3)  A^'^  (1 ,  3) 
-zl^(3,  2)  A  (2,  1)  A^^\l,S)]}  dx^dx^dx^. 

The  two  square  brackets  we  call       and  K^,  respectively,  and 

^  /^l  (p  (2)  -      01  (.ri,  .r3,  P)  <^  (P)  S  (P2  +  ,772)  ^ 

A'2    (2)  dx^  =  ^  02  (^1,  ^3.  ^)  9^  (P)  ^  (P'  +  ^• 

Similar  to  a,  and  02  n^ay  be  defined  as  convergent  expres- 
sions which  vanish  for  space-like  (xj  —  0:3)  and  which  are 
antisymmetrical  in  Xi,  x^.  We  can  split  them  like  A  (xi  —  .T3) 
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into  a  retarded  and  an  advanced  part  For  equal  times  of  x 
and  X  we  can  use 

An  (x,  1)  An  (x.  3)  0n  (1.3)=  An  (x,  1)  A  (x,  3)  0n  (1.3). 

An  (x,  1)  An  (x,  3)      (1 ,  3)  =  zl  (x.  1)  An  (x,  3)  (1,3). 

Such  expressions  may  be  compensated  by  a  suitable  term  in  ^^V- 
These  remarks  seem  to  indicate  that  it  is  possible  to  carry 
on  the  expansion  (69),  (70)  to  higher  orders,  but  a  ntiore  thorough 
investigation  of  this  point  is  necessary. 


Summary. 

An  investigation  is  made  of  the  possibility  of  defining  a  theory 
which  is  in  accord  with  the  principles  of  quantum  physics  and 
special  relativity  and  which  describes  the  interaction  processes 
of  particles.  There  is  no  contradiction  between  these  three  re- 
quirements, and  a  simple  mathematical  expression  for  the 
combination  of  them  is  given  in  equation  (1).  One  may  then 
regard  field  theory  as  an  extension  of  quantum  mechanics  to  a 
system  with  infinitely  many  degrees  of  freedom  in  such  a  way 
that  (1)  is  satisfied.  The  fact  that  we  are  dealing  with  infinitely 
many  degrees  of  freedom  gives  rise  to  some  mathematical  pro- 
blems which — though  not  generally  recognized — have  been  solved 
to  a  large  extent.  They  involve  the  ambiguity  of  the  canonical 
commutation  relations 

[Pk^qi]  =  —i^ki'^  =  l,2---x 

and  the  question  how  to  recognize  whether  some  function  F  (p,  q) 
is  a  proper  operator,  an  improper  operator  or  a  senseless  ex- 
pression. 

In  comparison  with  the  general  set  up  of  a  relativistic  quantum 
theory  of  particles  the  conventional  field  theories  introduce  some 
additional  requirements.  The  basic  variables  are  there  supposed 
to  have  1)  the  simple  relativistic  transformation  properties  of  a 
field,  2)  vanishing  commutators  for  equal  times,  and  3)  they 
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should  satisfy  the  asymptotic  condition  (15).  Taken  together  these 
requirements  imply  a  very  strong  restriction  and  it  is  not  clear 
whether  they  are  not  actually  incompatible  if  equ.  (1)  is  taken 
into  account^®.  We  have  proved  that  if  2)  is  dropped  we  have 
again  the  wide  class  of  possible  theories  allowed  by  the  general 
considerations  of  Chapter  I.  The  same  holds  of  course  if  both 
1)  and  3)  are  dropped.  It  does  not  seem  to  help,  however,  to 
leave  out  only  1)  as  long  as  we  still  want  relativistic  invariance 
of  the  5-matrix. 

In  the  lowest  orders  of  a  perturbation  expansion  the  assump- 
tions are  compatible  and  have  physical  significance  as  borne 
out  by  the  experience  from  quantum  electrodynamics  and 
/?-decay. 
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A  THEOREM  ON  INVARIANT 
ANALYTIC  FUNCTIONS  WITH 
APPLICATIONS  TO  RELATIVISTIC 
QUANTUM  FIELD  THEORY 

BY 

D.  HALL  and  A.  S.  WIGHTMAN 
Introduction. 

In  a  preceding  paper^,  the  second-named  author  showed  that  the  main 
content  of  a  relativistic  quantum  theory  of  a  scalar  field,  (p(x),  is  con- 
tained in  the  vacuum  expectation  values,  F^^\  defined  by 

.  .  .  x„)  =  (W,,  ,p{x^)  .  .  .  f{x„)W,).  n  =  1,  2  

where  is  the  vacuum  state.  It  was  shown  there  that,  as  a  consequence 
of  the  transformation  law  of  the  field  under  space-time  translations  and 
the  absence  of  negative  energy  states,  the  distributions  F<»)  are  boundary 
values  of  analytic  functions.  The  analysis  of  the  structure  of  the  was 
carried  further,  using  a  theorem,  quoted  there  without  proof,  which  may 
be  stated  roughly  as  follows :  an  analytic  function  of  n  four-vector  variables 
invariant  under  the  orthrochronous  Lorentz  group  is  an  analytic  function 
of  their  scalar  products. 

The  first  part  of  the  present  paper  is  devoted  to  a  proof  of  this  theorem. 
Because  the  techniques  introduced  in  the  proof  have  further  useful  appli- 
cations in  quantum  field  theory,  we  have  given  a  detailed  exposition. 

The  second  part  of  the  paper  contains  a  preliminary  study  of  the  set, 
S[Ji„,  of  symmetric  n  x  ji  complex  matrices,  Z,  defined  by  Zjj^=Zj-Zj^,  j,  k  =  1, 
.  .  .  n,  where  z^,  ...  are  complex  four  vectors  of  the  form  Zj  =  ^j-ir}j, 
with  1^  and  rjj  real  and  rjj  in  the  interior  of  the  future  light  cone  (this  set  of 
Zj,  .  .  .  z„  is  called  the  ^ube).  According  to  the  theorem  proved  in  the  first 
part  of  the  paper,  the  set  is  a  domain  of  analyticity  of  the  invariant 
analytic  function  which  has  the  physical  as  its  boundary  value  when 
all  rjj  0.  It  is  shown  that  there  are  points,  Zi,  .  .  .  z^,  on  the  boundary 
of  the  tube  which  yield  matrices,  z^-Zj,  of  scalar  products  lying  in  the  interior 
of  3Ji^ .  From  this  simple  geometrical  fact,  it  follows  that  an  invariant  function 
analytic  in  the  tube  cannot  have  an  arbitrary  invariant  distribution  as 
boundary  value.  In  fact,  it  turns  out  that  the  boundary  value  has  to  be  an 
analytic  function  of  the  real  variables  ^.j- ^j^,  j,  k  =  1,       n  in  sl  certain  domain 
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and  that  the  analytic  function  is  uniquely  determined  once  its  values  are 
known  in  certain  subdomains  of  the  boundary  of  the  tube. 

In  the  third  part  of  the  paper,  the  results  of  the  preceding  sec- 
tions are  applied  to  the  vacuum  expectation  values  of  a  scalar  field.  It  is 
shown  that  F^^^(xi,  .  .  .  x^)  is  an  analytic  function  of  the  real  variables 
(Xj  -x^^i)'  (xjc  -  Xj^^i),  j ,  k  =  l, . .  .n-1  when  all  Xj  -  Xj_^i  are  space-like  and  lie 
in  a  certain  region.  It  is  further  shown  that  the  values  of  F<^^  for  all  values  of 
its  arguments'  are  uniquely  determined  in  terms  of  its  values  for  space-like 
separation.  For  the  cases  Ji=2,  3,  4,  an  even  stronger  result  is  obtained: 
F(^)  is  determined  everywhere  from  its  values  at  points  where  all  the  times 
(ocjQ),j=  1.  ,  .  .  n  are  equal.  These  results  are  applied  to  prove  generalizations 
of  two  theorems  of  R.  Haag,  which  can  be  stated  roughly  as  follows:  First, 
let  there  be  given  tw^o  theories  of  a  field  which  transforms  as  a  scalar  under 
the  rotations  and  translations  of  three  space  at  a  fixed  time.  Suppose  that 
the  canonical  variables  of  the  theories  are  unitary  equivalent  at  that  time 
via  a  unitary  transformation  V.  Then,  the  representations  of  the  Euclidean 
group  of  the  two  theories  are  unitary  equivalent  via  V.  Second,  if  the  two 
theories  just  described  are,  in  addition,  invariant  under  the  inhomogeneous 
Lorentz  group  and  have  no  negative  energy  states  and  unique  vacuum  states, 
then  the  vacuum  expectation  values  (^q,  (p(xi)  .  .  .  (p{x^)Wq)  are  identical 
in  the  two  theories  for  /i-  1,  2,  3,  4.  The  paper  closes  with  a  discussion  of 
the  physical  significance  of  this  generalized  Haag's  theorem. 

We  want  to  emphasize  that  the  main  results  of  the  paper,  as  far  as  the 
structure  of  the  F^**^  are  concerned  (its  determination  everywhere  in  terms 
of  its  values  for  space-like  separated  arguments),  are  valid  in  both  local  and 
non-local  field  theory. 
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1.  An  Invariant  Analytic  Function  of  Vectors  is  an  Analytic 
Function  of  Scalar  Products. 

The  following  theorem  was  stated  without  proof  in  I. 
Theorem  1. 

Let  /"be  a  complex  valued  function  of  n  four-vector  variables,     =    -  ir)j, 
.  .  .  n,  where  |y  and  r/^  are  real.  Suppose  f  is  analytic  in  the  tube  de- 
fined by 

cx)<|y^<cx),7  =  l,.../i,/^  =  0,l,2,3; 
Tjj  in  the  future  cone,  i.  a.  rj^j>  0 ,  r]jQ>0 ,  j  =  1,  .  .  .  n 

and  invariant  under  the  orthochronous  homogeneous  Lorentz  group,  iJ  : 

f(z„  .  .  .  zJ  =  f(Az„  .  ..AzJ  for  A  e      .  (1) 

Then,/' is  a  function  of  the  scalar  products  Zj-z^,j,  k=l,  .  .  .  n.  It  is  analytic 
on  the  complex  variety,  W^,  over  which  the  scalar  products  vary  when  the 
vectors  z^,  ...  z^  vary  over  the  tube. 

Outline  of  the  Proof. 

If  a  function  is  analytic  in  the  tube  and  satisfies  (1)  for  Ae  L^,  then 
(Lemma  1)  it  also  satisfies  (1)  when  A  is  an  arbitrary  complex  Lorentz 
transformation,  i.  e.,  a  matrix /l^^ =  0, 1,  2,  3,  whose  elements  are  complex 
numbers  satisfying  A'^A  =  1 ,  which  means 

/J,  =  0 

We  call  the  set  of  such  matrices  the  complex  Lorentz  group,  2.  Furthermore, 
if  ylzi,  .  ..Az^  lies  outside  the  future  tube,  (1)  defines  a  single  valued  analytic 
continuation  of  the  function  f  originally  given.  We  shall  refer  to  the  set  of 
points  Az^,  ...  Az^,  for  Ae2  and  z^,  . . .  z^  in  the  tube,  as  the  extended  tube. 
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Next,  (Lemma  2),  we  examine  the  sets  of  n  vectors  z^,  .  .  .  and  Ci ,  •  •  -Cn 
which  satisfy 

Zj'Zj,  =  Cj-Cjc  j,  k  =  l  .  .  .n.  (3) 

If  the  nx  n  matrix  of  the  scalar  products  has  rank  three  or  four,  there  exists 
a  complex  Lorentz  transformation  A  such  that 

Azi  =  Ci    /=!,...  ii. 

If  the  rank  is  two  or  one,  the  connection  between  and  Ct  is  more  com- 
plicated : 

Azi  =  Ci  +  <Xi<^, 

where  the  ,  i=  1,  .  .  .  n  are  complex  numbers  and  ca  is  a  vector  of  zero 
length  orthogonal  to  Az^  and  Ct,  z=  1,  .  .  .  n.  For  points  at  which  the  rank 
is  three  or  four,  the  invariance  of  an  analytic  function,  f,  of  n  vectors  Zj, 
.  .  .  z^,  clearly  implies  the  single  valuedness  of  /"regarded  as  a  function  of 
the  scalar  products  (3).  For  points  where  the  rank  is  two  or  one,  a  further 
argument  is  necessary  and  is  supplied.  Thus,  /*  is  a  single  valued  function 
everywhere  on  the  variety,  defined  by  the  scalar  products  z^'Zj^,  j,k=-l, 
.  .  .  n.  The  points  of  are  labeled  by  the  1/2  n{n  +  l)  scalar  products.  2)^^ 
can  be  regarded  as  an  algebraic  variety  in  the  space  of  all  complex  nx  n 
symmetric  matrices.  In  fact,  it  turns  out  to  be  an  open  subset  of  the  set  of 
all  complex  symmetric  matrices  of  rank  <  4  and,  as  such,  has  dimension 
1  (n  =  l),  3  (n  =  2),  4n-Q(ii>3). 

In  order  to  be  able  to  connect  the  continuity  properties  of  invariant  func- 
tions of  vectors  with  their  corresponding  properties  regarded  as  functions 
of  scalar  products,  it  is  necessary  to  investigate  the  connection  between 
neighbourhoods  of  sets  of  vectors  and  neighbourhoods  of  their  sets  of  scalar 
products  (Lemma  3).  This  connection  is  quite  a  simple  one  at  points  of 

where  the  rank  is  three  or  four,  but  where  it  is  two  or  one  the  situation 
is  quite  delicate,  because  the  structure  of  the  set  of  points  in  the  space  of 
the  vectors  which  map  into  a  given  point  of  93?^  is  essentially  more  complicated. 
Nevertheless,  the  proof  of  the  continuity  of  /"  as  a  function  on  2Ji„  can  be, 
and  is,  carried  out. 

To  complete  the  proof  of  the  theorem,  it  remains  to  show  that  fis  analytic 
on  W^.  For  n<4,  analyticity  is  a  perfectly  straightforward  notion  because 
9??^  is  an  open  set  in  complex  Euclidean  1  /2  /i  (n  + 1 )  space.  However,  for  /i  >  5 , 
2J?^  is  an  open  set  on  a  4  n  -  6  dimensional  algebraic  variety  and  the  notion 
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of  analyticity  requires  some  explanation.  For  a  point  P  of  Wt^  (>  5)  for 
which  the  rank  is  four,  the  tangent  space  to  at  P  has  dimension  4  n  -  6. 
(Recall  that  the  tangent  space  to  at  P  is  the  linear  manifold  of  the  space 
of  all  complex  symmetric  matrices  spanned  by  the  tangent  vectors  to  90^^ 
at  P.)  Sufficiently  small  neighbourhoods  of  P  on  can  be  put  in  analytic 
one  to  one  correspondence  with  sufficiently  small  neighbourhoods  in  the 
tangent  space.  Near  such  points,  /"can  be  regarded  as  defined  in  a  neighbour- 
hood of  the  origin  in  a  complex  (4  n  -  6)-dimensional  Euclidean  space  and 
its  analyticity  defined  in  the  well-known  way.  The  points  of  Wi^,  n  >  5, 
where  the  rank  is  less  than  four  are  singular  in  the  terminology  of  algebraic 
geometry  2*.  For  them,  the  tangent  vector  space  has  dimension  1/2  n(n+l) 
and  neighbourhoods  are  not  locally  Euclidean.  (The  reader  may  find  it  helpful 
to  think  of  the  example  of  the  light  cone.  In  that  case,  the  point  where  the 
tips  of  the  past  and  future  cones  touch  is  singular  and  its  neighbourhoods 
are  not  locally  Euclidean.  However,  it  should  be  borne  in  mind  that 
the  actual  situation  is  much  more  complicated  since  singular  points  only 
appear  on  SD^^  for  n  >  5  and  in  the  simplest  case,  n  =  5 ,  already  form  a  variety 
of  24  (real)  dimensions.)  Evidently,  the  above  definition  of  analyticity  does 
not  apply  at  such  a  point.  It  is  not  impossible  to  extend  the  notion  of  ana- 
lyticity to  apply  there.  In  fact,  one  can  do  it  in  a  number  of  different  ways. 
However,  it  can  happen  that  physically  important  consequences  of  ordinary 
analyticity  do  not  hold  for  "generalized  analyticity".  In  the  following,  we 
prove  analyticity  at  all  points  of  90?^  for  n<4,  analyticity  at  non-singular 
points  for  n  >  5,  and  boundedness  and  continuity  at  singular  points  for 
n>  5,  and  that  is  what  is  to  be  understood  by  "analytic  on  SJl^"  in  the  state- 
ment of  the  theorem.  It  actually  is  sufficient  to  guarantee  analyticity  in  the 
sense  of  Bochner  and  Martin^. 

The  proof  of  the  analyticity  is  completed  in  four  steps.  First,  differential 
equations  are  derived  which  /"satisfies  by  virtue  of  its  invariance  under 
or  S  (Lemma  4).  The  scalar  products  Zf-Zj,  j  =  l,...n,  considered  as 
functions  of  the  vectors  z^,  .  .  .  z^,  satisfy  these  differential  equations.  Next, 
it  is  shown  that,  in  a  neighbourhood  of  a  point  of  SD^„  at  which  the  scalar 
products  span  all  solutions  of  the  differential  equations,  f  is  expandable  in 
a  power  series  of  appropriately  chosen  scalar  products  (Lemma  5).  Lemmas  6 
and  7  then  show  that  at  every  non-exceptional  point  the  scalar  products 
satisfy  the  conditions  of  Lemma  5.  Finally,  to  complete  the  proof,  a  theorem 

*  For  n  <  4,  we  shall  refer  to  the  points  P  of  at  which  the  rank  is  less  than  maximum 
as  exceptional  although,  for  n  <  4,  they  are  not  singular  in  the  sense  of  algebraic  geometry. 
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on  removable  singularities  is  used  to  show  that  f  is  analytic  even  at  the 
exceptional  points  for  /i<4. 

Lemma  1. 

Let  /"(zi,  .  .  .  z^)  be  analytic  in  the  tube  and  invariant  under  the  ortho- 
chronousreal  Lorentz  group,  .  Then,  /"is  also  invariant  under  the  complex 
Lorentz  group  S,  as  long  as  ylz^,  .  .  .  /tz^  is  in  the  tube.  When  Azi,  .  .  .  Az^ 
lies  out  of  the  tube,  the  relation  f(Azi,...Azn)  =  f(zi...Zj^)  defines  a 
single  valued  analytic  continuation  of  f  to  the  extended  tube. 

Proof. 

Let  Zi,  .  .  .  z„  be  a  fixed  point  of  the  tube.  Then,  for  all  A  in  a.  suitable 
neighbourhood  of  the  identity  in2,  Az^,  .  .  .  /lz„  again  lies  in  the  tube.  In 
some  sub-neighbourhood,  A^,  we  can  introduce  canonical  coordinates 
Aj, .  .  .     such  that* 

1.  As  yl  runs  over  A^^,  A^,  .  .  .  Ag  vary  over  a  neighbourhood  A^'  of  the 
origin  in  the  complex  six-dimensional  Euclidean  space  with  (complex) 
coordinates  X^,  .  .  .  Xq. 

2.  The  subset  of  A^,  for  which  ^eL''',  is  the  subset  of  N'  for  which  the 
Ai,  .  .  .  Ag  are  real. 

3.  The  matrix  elements  Af^y  (and  therefore  the  vector  components  ^ 
Af^y  z")  are  analytic  functions  of  A^,  .  .  .  Ag.  ""^ 

Since  an  analytic  function  of  analytic  functions  is  again  analytic,  f(Azi, 
.  .  .  ylz^)  is  an  analytic  function  of  A^,  .  .  .  Ag  in  A^'.  Furthermore  it  has  the 
property  that  for  real  A^ ,  .  .  .  Ag  it  is  constant.  Therefore  it  is  also  constant 
for  complex  A^,  .  .  .  Ag  in  N'^. 

Thus,  for  AeNc2,  equation  (1)  is  satisfied. 

This  result  can  be  extended  immediately  in  two  ways.  First,  the  argument 
applies  when  A  runs  over  the  neighbourhood  IgN  of  the  space  inversion, 
A  =  Ig.  Second,  (1)  also  holds  if  Azi,  .  .  .  Az^  can  be  connected  to  z^,.  .  .  z„ 
by  a  curve 

A(t)zi,  .  .  .A(t)Zn',  0<t<l;  yl(0)  =  l;  A(1)^A, 

lying  entirely  within  the  tube  and  such  that  it  can  be  covered  by  a  finite 
number  of  overlapping  neighbourhoods  :yl(^^)A^Zi,  . . .  A(tj)Nzn,  lying  within 
the  tube. 

However,  this  last  argument  by  no  means  completes  the  proof  of  (1), 
because  it  is  not  clear  that  all  pairs  of  points  z^,  .  .  .  z^  and  Az^,  .  .  .  Az„, 
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each  of  which  is  in  the  tube,  can  be  connected  by  a  curve  of  the  sort  described 
above.  (If  yl  is  improper,  it  is  IgZ^,  .  .  .  /^z^  and  Az^,  .  .  .  Az^,  which  have 
to  be  connected  by  the  curve.  For  simpHcity  of  statement,  we  consider  only 
proper  A  in  the  rest  of  this  proof.  The  extension  to  improper  A  is  trivial). 
We  shall  give  an  explicit  construction  of  such  a  curve  at  the  end  of  the 
proof  of  this  Lemma.  Assuming  the  construction  for  the  present,  we  have 
completed  the  proof  of  the  first  statement  of  the  Lemma. 

The  existence  of  curves  of  the  above  described  type  is  closely  connected 
with  the  possibility  of  making  a  single  valued  analytic  continuation  of 
f(zi ,  .  .  .  z^)  to  the  extended  tube.  For,  starting  from  a  fixed  point  z^ , .  .  .  .  z^ 
of  the  tube,  we  can  extend  the  analytic  function  f(Azi,  .  .  .  /lz„)  of  A  over 
the  whole  complex  Lorentz  group,  S.  (It  is  the  simplest  possible  analytic 
function  on  S,  a  constant.)  f  is  then  defined  for  points  Azi,  .  .  .  Az^  of  the 

extended  tube.  Starting  from  a  different  point  z^  the  tube,  /*  can 

be  defined  for  the  points  Mz[,  .  .  .  Mz^,  Me  2.  If  it  happens  that  for  some 
A  and  M,  A Zj  =  Mzp  j  =  l,  . . .  n,  the  single  valuedness  of  the  extension  of  f 
would  be  insured  by:  /"(z^,  .  .  .  z„)  =  f(z[,  .  .  .  zj,)  =  f(M~^Az^,  .  .  .  M'^Az^). 
It  is  just  this  identity  which  is  guaranteed  by  our  postponed  construction 
of  curves,  and  therefore  f  as  extended  is  single  valued. 

The  anal)i;icity  of  f  in  the  extended  tube  at  Azi ,  .  .  .  ylz^  follows  from  its 
analyticity  at  z^,  .  .  .  z„  in  the  tube,  because  the  partial  derivatives  at 
Azi, . . .  Az^  are  expressible  in  terms  of  partial  derivatives  at  z^^*  •  •  •  •  ^»»  ^-g  ' 

'f  (Az,,...AzJ=z'^^''"--'^^ 


d{Az^)f,^  d(ziy  a(^zi)^- 

This  completes  the  proof  of  the  second  statement  of  the  Lemma. 

It  remains  to  construct  a  curve  A(t)zi,  •  •  •  ^(0^n>  0</<l,  A{t)eS^, 
beginning  at  an  arbitrary  point  of  the  tube  z^,  .  .  .  z„,  ending  at  the  point 
Azi ,  .  .  .  AzJ^  of  the  tube,  and  lying  entirely  within  the  tube.  The  existence 
of  such  a  curve  is  obvious  if  yl  is  a  real  (orthochronous,  proper)  Lorentz 
transformation,  because  every  such  transformation  leaves  the  tube  invariant 
and  their  set  is  connected. 

For  yl  complex,  the  required  calculations  are  simpler  in  a  two  dimen- 
sional matrix  formalism  in  which  the  four  vector  z^*  is  represented  by  the 
matrix 


^     W  +  it'       z^~z^  I  \ 


Zn  Zi2 
Z21  Z22 


(4) 


Then  the  most  general  proper  complex  Lorentz  transformation  is  of  the 
form  z'^     z'^y  where  the  four  vector  z^  belongs  to  a  matrix,  Z',  given  by 
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Z'^AZB*.  (5) 

Here  A  and  B  are  2x2  matrices  of  determinant  one.  In  particular,  the  most 
general  (orthochronous,  proper)  real  Lorentz  transformation  is  of  this  form 
with  A  =  B.  This  last  fact  permits  us  to  simplify  our  problem.  Note  that  (5) 
can  be  written  Z' =  (AB-')BZB*,  (6) 

so  that  the  most  general  complex  Lorentz  transformation  is  of  the  form  of 
a  real  Lorentz  transformation  followed  by  a  complex  Lorentz  transfor- 
mation of  the  special  form 

Z'=CZ.  (7) 

It  therefore  suffices  to  consider  complex  Lorentz  transformations  of  this 
special  form.  The  problem  can  be  simplified  further  by  making  a  suitable 
real  Lorentz  transformation  of  the  final  vectors 

Z'-^DZ'D''=(DCD-^)DZD'-. 

By  suitable  choice  of  D,  we  can  bring  C  into  triangular  form.  In  fact,  unless 
the  proper  values  of  C  are  equal,  C  can  be  diagonalized.  Thus,  we  can 
restrict  our  attention  to  C  of  the  form 


and  ,  ^ 

±1  T 


0  C 
0  ll\ 

We  shall  prove  that,  if  Z  is  in  the  tube  and  Z'  =  CZ  is  in  the  tube  where  C 
is  of  the  form  (8)  or  (9),  then  C(t)Z  is  in  the  tube  where 

\       0        exp[-/(e  +  (e)]i,  t  =exp(e  +  /e)J  ^ 

C(0  =  (*^      Tl)'  (11) 

respectively.  Thus,  it  will  be  possible  to  choose  the  same  curve  independent 
of  the  point  Z.  (Actually,  it  will  be  seen  that  the  case  of  the  minus  sign  in 
(11)  can  be  excluded.) 

The  conditions  which  express  in  terms  of  the  matrix  Z'  the  fact  that  the 
vector     =  1^  -  ir)'^  lies  in  the  tube  are 
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-i(rj'f  -  det(Z'-Z'*)<0, 


(12) 


'„  =  -  i  Im  tr(Z')  >  0, 


(13) 


as  can  be  derived  by  a  simple  computation.  Our  procedure  will  be  to  deter- 
mine all  C  and  t  in  (8)  and  (9)  consistent  with  (12)  and  (13)  for  fixed  r'* 
in  the  tube.  We  shall  see  that,  if  C  and  t  are  consistent,  so  are     and  tr  for 


which  describes  the  interior  of  a  circle  in  the  t  plane  about  the  point 


As  far  as  the  condition  (13)  is  concerned,  we  note  that  it  is  satisfied  by 
all  points  in  the  interior  of  the  circle  if  it  is  satisfied  by  any  one,  because 
the  vector  rj'  must  pass  through  a  vector  of  zero  length  in  order  to  change 
the  sign  of  rj^.  With  the  plus  sign  in  (9),  the  condition  (13)  is  always  satis- 
fied and  never  for  the  minus  sign,  as  one  sees  by  considering  the  case  t  =  0. 

Evidently,  if  the  point  t  is  in  the  interior  of  the  allowed  circle,  the  points 
tr,  0  <  /  <  1  will  also  be  because  the  origin  is  in  the  circle  and  the  circle  is 
convex. 

Now  we  turn  to  the  case  (8)  in  which  C  is  diagonal.  Here,  there  are  also 
two  two-dimensional  domains  of  C's  consistent  with  condition  (12),  one  of 
which  is  excluded  by  (13),  as  we  shall  see  by  a  detailed  consideration.  The 
boundary  of  the  allowed  domain  is  convex  in  terms  of  the  parameters  q 
and  6  defined  in  (10).  This  will  have  to  be  proved  by  a  detailed  computation 
since  the  boundary  is  not  an  elementary  curve. 

Condition  (12)  for  the  case  (8)  is 


0  <  /  <  1. 


Consider  first  the  case  (9).  Then,  the  condition  (12)  reads 


±iz22r'5. 


0>  -4.(rj'f  =  \Z,^\'\C\^+\ZM~^ 
-  (Zii  Z22  Cr '  +  ^11  -^22  Cr^)  +  2  Re  (det  Z). 


(14) 
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This  condition  is  satisfied  for  -  C  if  it  is  satisfied  for  C  and,  in  particular, 
since  by  assumption  it  is  satisfied  for  C  =  +  1 ,  it  is  also  satisfied  for  C  =  - 1  • 
For  C  =  -1,  the  vector  z  is  not  in  the  tube.  Consequently,  by  the  same 
type  of  continuity  argument  which  we  used  in  connection  with  equation  (9), 
there  must  be  at  least  two  disconnected  sets  of  C  satisfying  (14),  one  of 
which  does  not  satisfy  (13).  Another  consequence  of  (13),  which  we  shall 
use  in  the  following,  is  Z^^Z^,^  +  0. 

We  divide  the  remainder  of  the  argument  into  three  parts. 

€ase  1. 

+  0,  Z21  +  0. 

In  this  case,  we  can  divide  (14)  by  2IZ12I  I ^21!'  and  introduce  the  new 
variables 

(To  =  arg  (Zii  Z22),  C  =  exp  (^  +  z  0),  I 

;f  =  2^-/n(|Z2il|Zi2r'),  V^  =  2  0-(To,  (15) 

r=-|Z2irM>^i2r'^e(detZ),// =  \Z^^\\Z^^\\Z^^\-^\Z^^\-^  \ 

liquation  (14)  then  reads 

0>P cosh  ;f-(^  cos  ^  +  v).  (16) 

Since  P  is  periodic  in  y;,  it  suffices  to  consider  (16)  in  the  strip        <  71, 
-oo<;f<oo,  and  show  that  it  defines  a  convex  region  there. 
There  are  two  conditions  on  the  coefficients  /j,  and  v: 

\v\<l+/i,  (17) 

and 

v+iu>l.  (18) 

The  first  of  these  merely  says  the  real  part  of  the  determinant  of  a  matrix 

is  less  in  absolute  value  than  the  sum  of  the  absolute  values  of  the  terms 

which  comprise  the  determinant.  The  second  is  a  consequence  of  the  fact 

that  for  C  =  1,  P<0  by  assumption,  and  therefore  v+ju  cos  (Jo>l . 

From  (17)  and  (18)  it  follows  that  there  exists  an  angle  tp^,  0<yo<^» 

such  that  . 

v  +  ju  cos  ^0=1- 

For  I I  <         '^+f^  cos  tp>l .  (19) 

The  expression  (16)  for  P  makes  it  clear  that  its  behaviour  in  x  for  fixed  rp  is : 
if  fj,  cos  y)  +  v<l,  P>0  for  all      if  //  cos    +  v  =  1,  P  =  0  for  ;t  -  0  and  P>0 
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for  x^^'>  cos  y)  +  v>l,  P  =  0  for  some  Xi  =  Xi(w)>^  (and  also  for 
X  =  -Xi)'  P<0  for  \x\<Xi>  and  P>0  for  \x\>Xi' 

The  discussion  of  the  preceding  two  paragraphs  shows  that  the  set  of  x 
and  y)  satisfying  P<0  in  the  strip  \tp\<7i,  -  oo<;f<cx),  is  connected  and 
invariant  under  reflections  in  the  x  =  ^  and  y)  =  0  axes,  being  the  domain:' 
-Xi(w)<X<Xi(w)>  -n<W<Wo>  where  Xi  is  given  by 

cosh  Xi  =  1^  cos  ip  +  v,  Xi>0.  (20) 

To  complete  the  argument  we  will  show  the  convexity  of  the  function  Xi 
as  a  function  of  rp. 

Differentiating  (20)  twice  and  eliminating  the  first  derivative,  x[>  of  x 
with  respect  to  y),  we  find,  for  \y}\<y)Q,  (sinh  Xif  Xi^  -  t^Q  > 
where 

Q  =  cos  \p  (sinh  Xif  +    (sin  xpf  cosh  Xi  (21) 
=  {fi,  cos  \p  +  v)  (ju  +  v  COS  yi)  -  cos  y),  (22) 

or 

Q  =      {cosy} +  \y-  vy]  cosy).  (23) 

We  assert  that  0>0  for  \y>\<y)Q.  For  0<y><^,  this  is  an  immediate  con- 
sequence of  (21),  since  both  terms  on  the  right  hand  side  of  (21)  are  positive 
there.  For  1  /2  TKyxy)^,  we  have  cos y>Q<Q,  and  from  (19),  v  =  \  +^ |cos  y^ol- 
Using  this  last  fact,  we  see  that,  when  fjL>v,  ix  cos  y}-\^v>0 ,  fx  +  v  cos  y)>0  and 
-  cos  v;>0  so  that  (22)  immediately  implies  Q>0.  Again,  when  ju  <  v,  we 
use  the  form  (23),  and  note  that  l-(//-v)^=  (l-/x  +  v)  (1+ju-v),  and 
1  +  V > 0 ,  and  1+jli-v  =  ili(1-  \  cos  ^qI)  >  0,  so  Q > 0  in  this  case  too. 

Case  II. 

=  0,  Z21  +  0  (or        4=  0,        =  0). 
Here  we  define  Oq,  q,  B,  and  y>  as  in  (15),  but  fx,  v,  x  as  follows 

X=  -2^  +  //i|i|Z2i|2j. //  =  |Zii||Z22l>0,  v=-Re(delZy  (24) 

Then,  the  basic  inequality  (14)  takes  the  form 

0>P     eX-  (fj,cosy)  +  v),  (25) 
and  the  analogues  of  the  inequalities  (17)  and  (18)  are 
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\v\<fi  (26) 

and 

v+fi>0.  (27) 

{if        +  0,  Z21  =  0,  then,  in  equation  (24),  replace  the  definition  of  x  by 

X  =  2  Q  +  ln{^  1:^?]  j  ^^gg       essentially  the  same  as  that  for        =  0 

and  Z21  ^  0  and  will  not  be  discussed  further.) 

A  discussion  analogous  to  that  in  Case  I  shows  that  the  region  cf  the 
strip  Ivl  <  71,  -  oo<x<oo,  as  determined  by  P<0,  is  given  by 

-oo<x<Xi(y>)'  \w\<Wo<^' 
fi  cos  ^Pq  +  v  =  0 ,  and  e^'  =  fi  cos  f  +  v. 

Here,  exp  {2  X\)  X\  =  ' H^Q >  where  Q  =  ^  +  r  cos  vj> 0 ,  so  that  the  region  is 
convex. 


Case  III. 

Z12  =       =  0 . 
Here  the  basic  inequality  is 

0  >  P  =  -{fi  cos  "(p  +  v), 

with  //,  and  v  defined  as  in  Case  II.  and  v  satisfy  the  same  inequalities 
as  in  Case  II,  namely  (26)  and  (27),  so  that  there  again  exists  a  v^q  satisfying 
fjLCO^xpQ^v  =  0,  0<Vo  <  ^.  and  the  region  permitted  by  P<0  is  the  strip 
lvHVo»  -  oo<x<oo  which  is  obviously  convex. 

In  each  of  these  three  cases  we  have  proved  that  the  region  of  space 
(or  what  is  essentially  the  same  thing  since  it  is  obtained  by  a  translation 
and  change  of  scale,  6  space)  permitted  by  conditions  (12)  and  (13)  is 
convex.  Since  these  regions  contain  the  point  ^  =  0,  0  =  0,  they  also  con- 
tain the  points  tg,  td,  0  <  t  <  1,  corresponding  to  the  transformations  (10) 
and  (11);  so  the  proof  of  Lemma  1  is  complete. 

Lemma  3. 

Let  Ti ,  .  .  .  z„  and  Ci ,  •  •  •  Cn  be  any  two  sets  of  n  vectors  such  that 

Ztj  =  Zi-Zf  =  Ci'Cj,i,j=U...n.  (28) 

If  the  rank  of  the  n  x  n  matrix  Z  is  three  or  four  (or,  for  /i  <  2  if  Z  is 
non-singular),  then  there  exists  a  complex  Lorentz  transformation,  A ,  such 
that 
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Azt^  Ct,  z  =  1,  .  .  .11.  (29) 

If  the  rank  of  Z  is  two  or  one  (and  n>2  or  n>l,  respectively),  a.  Ae  2 
satisfying  (29)  will  not  exist,  in  general,  but  there  always  exists  a  A  satisfying 

Azi  =  d  +  oCiO),  (30) 

where  are  complex  numbers  and  co  is  a  vector  of  zero  length  orthogonal 
to  d  and  Azf,  i  =  1,  .  .  .  n. 

Proof. 

We  note  the  known  fact  that,  for  a  symmetric  matrix,  the  rank  deter- 
mined from  principal  minors  is  the  same  as  the  rank  determined  from  all 
minors®.  Thus,  if  the  rank  of  Z  is  r,  there  exist  r  vectors,  say  z^,  .  .  .  r^, 
which  have  non-vanishing  Gram  determinant 

0  +  G (zi,  .  .  .  z^)  =  det  (z^'Zj),  i,j  =  1,  .  .  .  r. 

This  result  will  be  used  tacitly  many  times  in  the  following. 

The  first  step  in  the  proof  is  to  establish  the  connection  between  the 

condition,  G(zi  .  .  .  z^)  +  0,  and  the  linear  independence  of  the  set  of  vectors 

Zi  .  .  .  Zj..  U  G  (zi  .  .  .  Zj.)  +  0,  then  the  set  Zj  .  .  .  z^  is  linearly  independent. 

For  a  relation  r 

Z  ^i^i  =  0  (31) 
}  =  i 

would  imply  r 

Z^i(^ic'Zi)  =  0  k  =  l...r  (32) 
j  =  i 

and  these  last  equations  have  a  non-trivial  solution  .  .  .  if  and  only 
if  det  (zj'Zj^)  =  0,  j,  k  =  1  .  .  .  r.  The  converse,  that  the  linear  independence 
of  the  set  z^  .  .  .  z^  implies  G(zi  .  .  .  z^)  =4=  0,  is  not  true  in  general.  For 
example,  ^  ^ 

is  a  pair  of  linearly  independent  vectors  having  zero  Gram  determinant. 

However,  for  r  =  4,  the  converse  holds,  for  G(zi  .  .  .  Z4)  =  0  implies  that  the 

equations  (32)  have  a  non-trivial  solution  a^,  Og*  '^S'  <^4-  This,  in  turn, 

4 

implies  that  there  is  a  vector  of  the  form  ^  oLi^j*  with  at  least  one     =t=  0, 

i  =  i 

which  is  orthogonal  to  all  z^.  If  the  z^  were  linearly  independent,  this  last 

4 

would  be  impossible,  since  ^  ql^z^  would  then  be  orthogonal  to  every  vector. 
Thus,  G(zi  .  .  .  Z4)  =  0  implies  that  the  set  z^  .  .  .  Z4  is  linearly  dependent. 
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Next,  we  show  that,  under  certain  circumstances,  we  can  confine  our 
attention  to  the  case  n  <  4 .  Let  z^,  .  .  .  and  Ci,  •  .  .  Cn  two  sets  of  vectors 
such  that  any  r  +  l  element  subset  of  either  is  linearly  dependent,  and  the 
matrices  Zj-Zj^  and  -^a;.  y,  ^  =  1,  2,  .  .  .  /i,  are  equal  and  of  rank  r.  For  con- 
venience, we  may  suppose  that  G(zi, ... z^)  =1=  0.  Expand  the  z^,  j  =  r  +  l,  ...n 
in  terms  of  the  z^,  y  =1,  .  .  .  r. 

r 

=  ^  j  =  r  +  l,  .  .  .  n.  (33) 

1  =  1 

The  ocji  are  expressible  in  terms  of  scalar  products  since  they  are  the  solu- 
tions of  the  linear  equations 

1  =  1  K  —  ly  .  .  .  r. 

The  equations  (34)  have  a  unique  solution  because  G(z^,  .  .  .  z^)  =#  0.  Thus, 
we  see  that,  if  a  Lorentz  transformation  A  can  be  found  satisfying  (29)  or 
(30)  for  y  =  1,  .  .  .  r,  it  will  also  satisfy  them  for  7  =  r  +  l,  ...  n,  provided 
that  the  rank  of  z^-z^  =  d'Cj  is  r  and  there  are  at  most  r  linearly  independ- 
ent Zi  and  d-  These  last  provisos  are  always  satisfied  if  /•  =  4  or  3.  For 
r  =  4,  we  have  just  estabhshed  the  equivalence  of  G(zi  .  .  .  Z4)  =t=  0  and 
Hnear  independence  of  the  vectors  Zj,  Zg,  Zg,  Z4.  By  the  very  same  argument, 
it  cannot  happen  that  the  rank  of  z^-Zj  is  three  and  the  number  of  Hnearly 
independent  Zj  is  four.  The  fact  that  there  can  be  "extra"  linearly  independ- 
ent vectors  when  the  rank  of  z^-Zj  is  one  or  two  is  the  source  of  the  possi- 
bility that  (30),  but  not  (29),  may  hold. 

Now  we  will  construct  a  A  satisfying  (29)  under  the  assumption  of  the 
preceding  paragraph,  i.  e.,  that  there  is  at  most  a  Hnearly  independent  set 
of  r  z's  and  at  most  a  hnearly  independent  set  of  r  C's  and  the  matrix 
^i'^j  =  ^i'Cj  has  rank  r.  Our  preceding  considerations  assure  us  that  it  suf- 
fices to  consider  the  case  n  <  4.  The  z^,  z  =  1,  .  .  .  n  span  an  r-dimensional 
Jinear  manifold,  M.  For  convenience,  we  let  the  Zj,  .  .  .  z^  be  a  linearly  inde- 
pendent set.  Let  the  corresponding  r-dimensional  manifold  spanned  by  the 
d,  i  =  1,  .  .  .  n  be  devoted  by  A^.  The  orthogonal  manifolds  and  A^-*- 
respectively,  are  4-r  dimensional  and  the  intersections  MnM^  and  iVDA^-^ 
contain  only  the  vector  zero.  A  proof  of  these  last  statements  is  obtained  as 
follows.  Supplement  the  vectors  Zj,  .  .  .  z^  by  z[,  .  .  .  z^_^  and  the  vectors 
Ci,  .  .  .  Cr  t>y  Ci,  .  .  .  C^-r  so  that  the  resulting  sets  are  bases  for  the  whole 
four-dimensional  space.  Then  the  r  equations 
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r  4-r 

X'^r+iiA-^j)  =  0  y  =  1,  .  .  .r, 

1=1  1=1 

have  rank  r,  so  they  have  4-r  linearly  independent  solutions 

(^1,  ag,  ag,  a4). 

Because  the  basis  vectors  are  linearly  independent,  the  vectors 


1=1  1=1 

constitute  a  linearly  independent  4-r  element  set.  Consequently,  has 
dimension  4-7*.  That  MflM^  contains  no  non-zero  vector  is  equivalent  to 
the  statement  that  the  equations 

i;a,(z,-zy)"0    j=\....r  (35) 

1  =  1 

have  no  non-trivial  solution.  The  analogous  statements  for       and  NHN^ 
are  obtained  by  replacing      by  d  in  the  above  proof. 
Notice  that  the  Gram  determinant  of  the  entire  basis 

Zi,  .  .  .  Z^,  Zi,  .  .  .  Z4_^ 

is  the  product  of  the  Gram  determinants  of  the  sets  Zj,  .  .  .  Zj.  and  z^,  .  .  .  z^-r 
so  that  the  Gram  determinant  of  z^,  .  .  .  Z4_^  is  non-zero.  A  similar  state- 
ment holds  for  the  Ci,  •  •  •  C'^-r*  want  to  use  these  facts  to  show 
that  new  bases  z^',  . . .  Z4l^  and  •  • .  C'^-r  respectively,  can 
be  chosen  so  that 

z;'-z;'  =  d„  =  f;'-f;'  ,-,y  =  i, ...4-r.  (36) 

Consider  M^.  Since  the  Gram  determinant  of  the  Zj,  .  .  .  Z4_^  does  not 
vanish,  some  scalar  product  of  these  vectors  does  not  vanish,  and,  conse- 
quently, there  is  at  least  one  vector  of  non-zero  length  in  M^.  Adjust  its 
length  to  1  and  call  it  z['.  By  induction,  using  the  arguments  of  this  and  the 
immediately  preceding  paragraph,  we  can  construct  z^',  Zg  ,  .  .  .  Z4'_^  or- 
thogonal to  each  other  and  of  length  one.  An  analogous  construction  holds 
for  the  Ci.  C2  ,  ■  '  •  ^'i-r-  I*  is  evidently  crucial  for  the  success  of  the 
construction  that  at  each  stage  the  relevant  Gram  determinants  are  non- 
zero'. 

Now  we  are  in  a  position  to  define  the  A  required  by  (29)  as  the  complex 
linear  transformation  determined  by  the  equations 
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Azj  =  y  =  1,  .  .  .  r, 

Azj  =  Cj        J  =  1,  ...  4-r. 
A  so  defined  preserves  scalar  products  by  virtue  of  (35)  and  (36): 


4-r 


y  =  1 


4-r 


j,k  =  l  i,k  =  l 


4-r 


=  Z  ^jPkCr^k+  Z  ^i+rPk+rCrCk 


4-r 


=  Z  '^jPk^j'^k+  Z  ^i+rP]  +  r^'i  '^k 
}.k  =  l  },k  =  l 


4-r 


4-r 

Z^i     +  Z'^i  ■^r^'j]'[Zh  ^^^^i^  +  ^  • 


(37) 


It  is  therefore  the  required  Lorentz  transformation,  and  the  proof  of  Lemma  2 
is  complete  for  the  rank  three  and  four  cases. 

For  rank  two  and  one  we  must  deal  with  the  cases  in  which  the  number 
of  linearly  independent  (or  C;)  is  larger  than  the  rank  of  the  matrix 
Zj'Zj^.  That  we  cannot  expect  to  find  a  A  satisfying  (29)  in  this  case  is  clear 
from  the  example  z^  =  (1,  0,  0,  0),  =  1.  i>  0);  =  (1>  0,  0,  0), 
C2  =  (1,  0,  0,  0)  of  vectors  satisfying  (28)  with  a  matrix  of  rank  one;  a  A 
certainly  cannot  carry  linearly  independent  vectors  (the  z's)  into  linearly  de- 
pendent vectors  (the  C's). 

Let  Z  be  of  rank  r  =  1,  or  2,  and  let  n>r.  There  is  a  subset  of  r  vectors 
z^  with  non- vanishing  Gram  determinant.  They  span  a  subspace  which  we 
call  M^.  It  is  a  subspace  of  M,  the  subspace  spanned  by  all  z'^,  z  =  1,  .  .  .  n, 
whose  dimension  we  denote  by  m.  The  corresponding  subspaces  for  the 
vectors  we  denote  by  A^^  (of  dimension  r)  and  (of  dimension  /n'). 
Because  and  A^^  have  non-vanishing  Gram  determinants  there  is  a  unique 
decomposition  of  the  vectors  z^  and  ^f. 

z^  =  z\  +  z'i     i  =  \,  .  .  .  n,  z\e  M^,  z^ s       n  M 

=      z  =  1, . . .21, c;eA^i, cr^iv/nA^. 

Now  the  rank  of  the  matrices  z'^  -z^  ,  C^'^j  '  i,j=l,...n  must  be  zero, 
since  the  rank  of  zj-z^  and  C'i'Cj  is  already  r.  Furthermore,  the  sub- 
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spaces  Ml"-  n  M  and  iV/  n  iV  of  the  4  -  r  dimensional  spaces  M/,  and  N^^  can  at 
most  be  one-dimensional  since  they  are  isotropic  and  Af/  and  iV/  have  non- 
vanishing  Grammian'^.  Thus,  =  co',  i  =  1,  .  .  .  n,  yi,  .  -  .  complex 
numbers  and  (o)')^  =  0,  co''z[  =  0,  i  =  1,  .  .  .  n,  and  similarly  Ci  =^iCo, 
(ji)^  =  0  ^  (O'Cfy  i  =  ^,  '  '  '  Incidentally,  we  see  that  the  dimensions  m  and 
m'  of  M  and  N  are  r  + 1  at  most. 

Now  we  choose  an  orthonormal  basis  co^,  z  =  1,  .  .  .  4-r  for  Mj^  and 
ry^,  z  =  1,  .  .  .  4-r  for  N^^  so  that  w'  and  co  lie  in  the  subspaces  spanned 
by  ft)i,  and  rji,  rj^  respectively.  For  r  =  2,  no  construction  is  required  to 
obtain  this  property  of  ca's  and  ry's.  For  r  =  1,  we  know  the  construction  is 
possible  because  there  has  to  be  at  least  one  vector  of  non-zero  length  ortho- 
gonal to  0)'  (or  ft))  and  we  can  take  it  suitably  normalized  to  be  cog  (or  r^g). 
Since  (o'  is  a  linear  combination  of  coy  and  oy^  and  of  zero  length,  it  must  be 
of  the  form  a(ft)i  ±  zft>2)  ^^d  by  changing  the  sign  of  ft^g,  if  necessary,  we  can 
arrange  it  so  that  (x>'  =  a{o)-y+io)^.  Similarly,  o)  =  hiji-^+iri^). 

Finally,  the  Lorentz  transformation  A  required  by  (30)  is  the  linear 
transformation  defined  by 

/Iz^  =  C<    for  the  r  vectors  z\  and     which  span  and 
Aco^  =       z  =  1,  2,  .  .  .,  4-7*. 

That  this  is  indeed  a  Lorentz  transformation  follows  by  an  argument  like 
that  used  for  the  higher  ranks.  That  A  satisfies  (30)  follows  from  the  com- 
putation Azjc  =  Azj^  +  yi^a(Ao)j^+iA(02) 

=  Cjc  +  (Vkf^-  W  (m+  iV2)       k  =  l,...n. 

Therefore,  when  the  rank  r  of  z^-Zj  is  one  or  two,  there  exists  a  Lorentz  trans- 
formation, A,  such  that  the  Az.i  and  d  differ  by  multiples  of  a  fixed  vector 
orthogonal  to  all  Azt  and  Co  i  =  1,  .  .  .  n,  and  of  length  zero.  This  com- 
pletes the  proof. 

To  round  out  the  information  provided  by  Lemma  2,  we  make  three 
additional  remarks.  First  of  all,  if  Z  is  an  arbitrary  complex  symmetric 
nx  n  matrix  of  rank  r  <  4,  it  can  be  written  in  the  form 

Zti  =  Ci'Ci,i,j=h.^.n,  (38) 

where  Ci,  •  •  •  C„  are  four  vectors  which  span  a  linear  manifold  M  of  dimen- 
sion r.  This  follows  immediately  from  the  standard  theorem  of  algebra 
which  says  that,  if  Z  is  a  complex  symmetric  nx  n  matrix  of  rank  r,  there 
exists  a  non-singular  nx  n  matrix  S  such  that 
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where  the  one  in  the  upper  left  hand  corner  of  the  matrix  indicated  in  curly 
brackets  stands  for  the  r  x  r  unit  matrix^.  One  can  then  take  the  components 

as  Sji,  iSj2,  •  •  •  iS^j.  followed  by  4  -r  zeros.  Equation  (39)  then  reduces 
to  (3§).  At  most  r  of  these  vectors  can  be  linearly  independent  and,  in  fact, 
exactly  r  are  because  otherwise  Z  would  have  rank  less  than  r. 

Our  second  remark  is  that,  if  the  point  Ci .  .  .  Cn  +  '^n^  the 
tube  and  co^  =  0  =  co- Cj ,  j  =  I,  .  .  .  n,  then  co  and  C;  are  of  the  form 

CO  =  a(a>i+zft>2),  where  co^  and  cog  are  real  and 

col       0)1  =  -  1,  CUi'COg  =  0, 

Cj  =  Cj+  PjM,  where     * ft>i  =  0  -      '     ,  y  =  1 ,  .  . .  n , 

and      .  .  •  Cn  is  a  point  of  the  tube. 

To  prove  these  statements,  we  split  oj  into  its  real  and  imaginary  parts: 
(o^q  +  ir.  Then,  co^  =  0  implies  =  and  q-r^Q  so  that  q  and  r 
are  either  light-like  and  collinear  or  space-like  and  orthogonal.  The  first 
alternative  cannot  occur,  because  the  requirement  wC;  =  0  would  then 
force  q  and  r  to  be  orthogonal  to  a  time-like  vector,  and  the  first  half  of 
(40)  follows  if  we  choose  co^  and  cd^  as  q  and  r  normalized  to  length  minus 
one.  The  second  half  is  easily  seen  if  the  real  and  imaginary  parts  of 
are  expanded  in  terms  of  wi  and  co2  as  follows: 


1^  =  ^}^)ft>i+^^^)(W2+^^,  where  ly-Wi  =  0  =  ^y-cog.  y  =  1 ,  ...n, 
Tjj  =  a[^^coi+  a^^'^a)2+  rjj,  where  rjj- =  0  =  rj'^- CO2,  j  =  1,  .  .  .  n. 


(40) 


The  orthogonality  condition  (|^  -  irjj)  •  co  =  0  then  leads  directly  to  a[^^  =  ^^^^ 
and  a^J^  =  -  g[^\  and  therefore 

If  we  write      =  it  remains  to  verify  that  the  point  Cl,  .  .  .  i« 

in  the  tube.  Because  Ci+ai,  co,  .  .  .  Cn+'^n^  ^^^s  in  the  tube  by  assumption, 
the  squares  of  the  lengths  of  the  imaginary  parts  of  C;  +  co ,  /  =  1 ,  .  .  .  n  are 
positive : 

Wr(p>i+M'-v''-(P-r~(P'jr>o,  (41) 

where  (^^  +  a^)  a  =  +  i^'j  with  and  fi'/  real,  and  and  a  defined 
in  (40).  Clearly,  (41)  implies  r]j^>0.  Furthermore,  p'/  and  can  be  con- 
tinuously decreased  to  zero  without  (41)  losing  its  validity.  Consequently, 
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if  the  imaginary  part  of  Cj  +  <Xj(o  points  into  the  forward  cone,  so  must  that 
of    ,  so  that  the  point     ,  •  •  •      is  in  the  tube. 

Our  third  remark  is  that,  if  C^,  y  =  1,  .  .  .  n  and  co  have  the  properties 
CO  =  a  (coi  +  z 0^2),  with  co^  and  cog  real  and  (o\=  ~  1  =  (O2,  coi'(02  =  0,  * t^i  = 
0  =  ^^0)2  for  j  =  1,  .  .  .  n,  then  there  exists  a  one-parameter  family  of 
Lorentz  transformations  A(d),  0  <  0  <  00  with  the  properties  A(d)C]  ^ 
Cp  j  =  1,  .  .  .  n  and  A(d)co  =  e~^a).  The  transformation  A(d)  is  defined  as 
the  identity  on  vectors  orthogonal  to  coi  and  (02,  but 

A(B)(Oi  =  coi  cos  z0-ft>2  sin  id  1 
A(d)co2  =  Wi  sin  id  +  co2  cos  iO .  J 

With  its  definition  completed  by  linearity,  A(d)  is  a  Lorentz  transformation 
with  the  required  properties. 

Two  important  consequences  follow  immediately  from  these  remarks. 
The  first  is  that,  if  a  point  Ci  +  ajco ,  .  .  .  Cn  +  with  co^  =  0 ,  co  •  =  0 , 
j  =  1,  .  .  .  n  lies  in  the  extended  tube,  then  all  points  of  the  form  Ci+oc'iO), 
.  .  .  Cn  +  2X^0,  where     ,  .  .  .  ajj  are  arbitrary  complex  numbers.  Since 

+  a^co ,  .  .  .  Cn  +  is  i^  *i^^  extended  tube,  there  exists  a  complex  Lorentz 
transformation  A  such  that  ylCi  +  a^ylco,  .  .  .  +  ^n^*"  is  in  the  tube.  Using 
the  second  remark,  we  may  then  wiite  At,^  +  aj/lw  as  Al^'^  +  {fi^  +  aj)/l(w,  where 
/ICi ,  .  .  .  /ICn  is  a  point  of  the  tube,  and  Aoi  =  a  (co^  +  z  0)2) ,  col  =  -1  =  col  and 
Wi-cog  =  ACj'coi  =  -^C;*W2  =  0,  y  =  1,  .  .  .  71.  Using  the  third  remark,  we  ob- 
tain a  family  of  transformations  A(^d)  such  that 

A(d)  [ACi  +  ocjAco]  =  A^'j  +  e-\pj  +  a]) Am,  j  =  1,  ,  .  .  n. 

These  equations  say  that  the  point  ACi+XiAco,  .  .  .  ACn  + af^A(o  can  be 
brought  arbitrarily  near  to  the  point  AC'i,  .  .  .  ACn  (which  lies  in  the  tube) 
by  a  complex  Lorentz  transformation.  Therefore,  the  point  ACi  +  oc[Aco, 
.  .  .  ACi  +  oL^Acj  and,  consequently,  the  point  Ci  +  •  •  •  Cn  +  li©  in  the 
extended  tube. 

The  second  consequence  is  that  an  invariant  analytic  function  (satisfying 
the  hypotheses  of  Lemma  1)  is  necessarily  single- valued  on  2K„.  For  points 
of  where  the  rank  of  z^-z^  z,y  =  1,  ...  /i  is  three  or  min  (3,  n)  the  state- 
ment follows  immediately,  because  ({z^ ,  .  .  .  z„)  =  /"(Ci,  •  •  Cn)  is  a  con- 
sequence of  Zj  z^  =  (T^  Cy,  z,y  =  1,  .  .  .  n,  since,  by  Lemma  2  there  exists  a 
Ae^  such  that  Az^  =  C^,  y  =  1,  ...  n.  For  z<-Zy,  ij  =  1,  .  .  .  n,  of  rank  2, 
/i>2,  or  1,  22 >1,  we  know  by  Lemma  2  that  z<*Zy  =  Ci'C;  implies  ylz^  = 
Cj+  ocj  (o,  j  ^  1,  ...  Ji,  so  to  show  the  single  valuedness  of  f  at  such  points  of 
2R„  it  suffices  to  show  that 
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/•(Ci,  .  .  .  Cn)  =  f(Ci  +  oc^co,  .  .  .  Cn  +  an^)-  (43) 

Furthermore,  without  loss  of  generahty,  we  may  restrict  ourselves  to  the  case 
in  which  Cj  and  co  have  the  properties  co  =  a(o)i  +  10)2)  with  coi  and  0)2  real 
and  =  w|  =  -  1,  co^-cog  =  0,  and  Cj' ot^i  =  0  =  Cj' (O2,  j  =  1,  .  .  .  n.  By  in- 
troducing the  ^(0)  defined  in  our  third  remark  above,  we  get 

f(^i>  •  •  ■  Q-ZCCi  +  a^w,  .  .  .  Cn  +  a„co) 
=  f(A(d)C„  .  ..A(d)Cn)-f(A(e)Ci  +  oc,A(d)oj,  .  ..A(d)C,  +  oc,A(d)a>) 
=  ^(Ci,  .  .  .  Cn)-f(Ci  +  oc,e-'aj,  .  .  .  Cn  +  oc^e-'co). 

From  the  continuity  of  /  at  Ci,  .  •  .  ,  we  see  that  the  last  expression  vanishes 
in  the  limit  as  0  ^  00,  which  proves  (43). 

Now  we  turn  to  the  connection  between  the  topology  of  the  vectors 
Zi,  .  .  .  z„  and  the  topology  on  90?^. 

Lemma  3. 

Let  Z  be  an  71  X  n  complex  symmetric  matrix  of  rank  r,  1  <  r  <  4  and  co 
an  arbitrary  real  positive  number.  Then  there  exists  a  set  of  n  four  vectors 
Zi,  .  .  .  and  a  neighbourhood  of  them  consisting  of  the  four-vectors  +  v^, 
"  '-n  +  '^n  with 

\vjf\<co  7  =  1,  .  .  .  n;     =  0,  1,  2,  3  (44) 

such  that        =  Zi-Zj,  i,j  =  1,  .  .  .  n  and  the  matrices,  Z[^,  defined  by 

=  (^i  +  '^i)'(zj  +  vj),  i.j,  =  1  .  .  .  n.  (45) 

cover  a  neighbourhood  of  Z  in  the  set  of  complex  symmetric  matrices  of  rank 
<  4,  i.e.,  for  suitably  chosen  rj>0,  every  complex  symmetric  matrix  Z'  of 
rank  <  4  which  satisfies 

\^ij-'^ij\<V      ij  =  1,  .  .  .  ii 
is  of  the  form  (45)  with      satisfying  (44). 

Proof. 

The  direct  determination  of  the  vectors  v^,  z  =  1,  .  .  .  n  satisfying  (45) 
would  be  somewhat  involved,  so  we  make  a  series  of  transformations  to 
reduce  the  problem  to  a  simpler  one. 

We  know  from  the  first  remark  following  Lemma  2  that  the  matrix  Z 
may  be  written  as  a  matrix  of  scalar  products:  Z^^  =  z^ -z^,  z,y  =  1,  .  .  .  n. 
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where,  if  Z  has  rank  r,  the  vectors  Zj,j=l,...n  span  a  linear  manifold  of 
dimension  r.  That  being  the  case,  there  exists  an  r-element  linearly  independ- 
ent subset  of  the  n  vectors  which  may  as  well,  for  convenience,  be  taken 
as  Zi,  .  .  .  Zy.  A  new  set  of  z's,  which  we  denote  hy  Zj,  j  =  1,  .  .  .  n,  is  de- 
fined by  /  .  . 

=  Zj  J  =  l,...r 

r 

0  =  zj  =  zj-  ^  cc^j^Zj,,  j  =  r+l,...n. 

This  linear  transformation  from  z's  to  z"s  has  determinant  1  and  is  there- 
fore non-singular.  Subsequent  to  this  transformation,  we  carry  out  a  linear 
transformation  on  the  subspace  M  which  normalizes  and  orthogonalizes  the 
Zj,  j  =  1,  .  .  .  r.  The  product  of  these  two  transformations  is  given  by  a 
matrix  A  which  has  the  property 

Now,  since  A  is  non-singular,  it  maps  neighbourhoods  of  z^, . . .  z^  into  neigh- 

n  n 

bourhoods  of  ^  A^jZ^,  ...  ^  A^^z^  and  neighbourhoods  of  Z  into  neigh- 

;=i  }=\ 

bourhoods  of  AZA  in  an  invertible  manner.  Thus,  it  suffices  to  prove 
Lemma  3,  in  the  case  that  the  first  r  of  the  vectors  Zj  are  orthonormal 
and  the  rest  are  zero. 

This  first  simplification  of  the  problem  uses  a  transformation.  A,  which 
depends  only  on  the  z^ ,  but  not  on  which  point  in  the  neighbourhood  of  the 
Zj  is  under  consideration.  The  second  transformation  we  make  will  be 
different  for  each  Z',  and  makes  the  first  r  of  the  vectors  z^  +  orthogonal 
to  the  rest. 

Define  a  new  set  of      by  the  equations 

=       y  =  1,  .  .  .  r, 
r 

k  =  l 

where  the  numbers  P^j^,  j  =  r  +  1,  .  .  .  n,  k  =  1,  .  .  .  r,  are  determined  from 
the  condition 

v'f'(zj,  +  vj,)  =  0,  j  =  r+1,  .  .  .  n.  A:  =  1,  .  .  .  r.  (46) 
An  elementary  calculation  yields 
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where  the  indicated  matrix  inverse  means  the  inverse  of  the  rxr  matrix 
Zjj^,  j,  k  =  1,  .  .  .  r.  The  simpHfication  of  the  problem  achieved  in  the  pre- 
ceding paragraph  enables  us  to  write  Z'  =  Z+B  where  Zjj^  ^  djj^,  j\  k  =  1, . .  .r, 
Zj,^  =  0,  j,  k>r.  When  the  matrix  elements  of  B  satisfy  \Bjj^\<rj ,  j,k  =  l,...n 
and  r]  is  sufficiently  small,  the  estimates  \Zjj^\  <r];j  =  r+l,  .  .  .  n,  k  =  l,...r, 
and  \(Z'-\j-d„i  \<rj  (1-rrj)-^,  k,  I  =  1,  .  .  ,  r,  hold,  so  that  the  trans- 
formation from  the  v's  to  the  v"s  has  an  inverse  and  carries  small  neighbour- 
hoods of  the  origin  in  v  space  into  small  neighborhoods  in  v'  space,  and  vice 
versa.  Thus  the  problem  has  been  reduced  to  that  of  finding  v[,  .  .  . 
satisfying 

Xzj  +  v'j)'(zk  +  vi)\(zj  +  v'j)-u^\     /  1  I  0   .  ,  ,  „   ,  ^^^^ 


Bi 

0 

0 

B2 

v'rizk+v^)    I    v'rv^    j    \  0  I  0 

where  the  dividing  line  in  the  matrix  is  at  the  r^^  row  and  column  and 
{^i)}k  -  ^jk^    j,  k  =  1,  .  .  .  r,  while 


r 


I,  m  =  l 

When  \Bji^\<r],  j,  k  ^  r+l,  .  .  .  n  we  have  l(52)/fcl<^  (1  -i-vT^- 

The  simple  expedient  of  requiring  vjj.,  A-  =  1,  ...  r  to  have  vanishing 
components  beyond  the  r*''  and  v'^^,  k  =  r  +  1,  .  .  ,  n,  vanishing  components 
before  the  (r+  l)st  in  a  basis  in  which  the  vectors  Zj^ ,  k  =  1,  2,  .  .  .  r,  are 
the  first  r  coordinate  axes  guarantees  the  orthogonality  relations  (46).  The 
problem  of  satisfying  the  upper  left  hand  corner  of  the  relation  (47)  then 
reads  in  r  x  r  matrix  form 

where  1  +  ts'  is  the  r  x  r  matrix  whose  k^^  row  is  composed  of  the  components 
^k  +  '^k-  By  making  the  special  choice  of  the  components  of  v'^,  k  =1, 
2  .  .  .  r,  which  makes  1  +v'  symmetric,  we  are  led  to  the  solution 

l+v'=  [1+bJ, 

the  right  hand  side  being  defined  by  its  power  series  about  the  malrix  B^  =  0. 
This  series  converges  for  sufficiently  small  r]  and  leads  to  compo.  ents  of  v 
which  satisfy  |(v')/  \  <  V     -^^)~^  j  =  1,  .  .  .  r. 

To  be  sure  that  the  lower  right  hand  corner  problem  has  a  solution  in 
terms  of  vectors  with  only  4-r  components,  we  have  to  be  sure  that  the  rank 
of  Bg  is  <  4  -  r.  This  follows  immediately  by  an  argument  which  we  used 
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several  times  in  the  proof  of  Lemma  2.  The  right  hand  side  of  (47)  is  a 
matrix  of  rank  <  4.  The  r  x  r  matrix  1  +  fi^  is  of  rank  r,  therefore  B2  is  of 
rank  <  4-  r.  (Compute  the  determinant  of  all  principal  minors  of  the  right 
hand  side  of  (47),  which  have  1  +  in  their  upper  left  hand  corner.  They 
vanish  if  they  have  more  than  four  rows  and  columns.)  Then,  by  the  theorem 
quoted  in  (39),  we  know  v'j^,  k  =  r  +  1,  .  .  .  n,  exist  such  that  v'j^-v'i  =  {B^j^^, 
k,  I  =  r  +  1,  .  .  .  n.  Of  course,  there  is  a  variety  of  sets  of  vectors  v'j^,  k  = 
r+1,  .  .  .11  satisfying  this  last  relation.  We  have  to  be  sure  that  sets  can  be 
chosen  so  that  their  components  are  uniformly  small  when  the  matrix 
elements  of  small.  It  can  be  shown  that  the  v\  can  always  be  chosen 

so  that*  J  J 

,^^^,^82l<4-'-)-l][sup|(B2),.|]2.  (48) 
iJ 

Collecting  the  estimates  of  the  v'j^  and  \(B2)ij\  we  see  that,  when  r]  is  suf- 
ficiently small,  components  of  the  satisfying  (45)  can  always  be  chosen 
so  as  to  satisfy  (44). 

Lemmas  1  and  2  enabled  us  to  prove  that  an  invariant  analytic  function, 
f,  (satisfying  the  hypotheses  of  the  theorem)  is  necessarily  a  single-valued 
function  on  W^^.  The  continuity  of  f  on  9}?„  is  an  immediate  consequence 
of  Lemma  3,  because  it  demonstrates  that  small  neighbourhoods  of  any 
point,  P,  on  93?^  can  have  pre-images  in  the  space  of  vectors  which  are  small 
neighbourhoods  of  a  pre-image  of  P. 

We  now  turn  to  the  proof  of  the  analyticity  of  /  on  9JJ^. 


Lemma  4. 

If  f(zi,  .  .  .  Zjj)  is  a  function  of  the  vector  variables  z^,  .  .  .  analytic 
in  the  tube  (extended  tube)  and  invariant  under  transformations  of  , 
then  the  following  equations  are  satisfied  at  every  point  of  the  tube  (ex- 
tended tube).  n  ,       ^  .  . 

Proof. 

Let  A  (a),  -  cx)<a<oo,  be  any  one  parameter  subgroup  of  real  Lorentz 
transformations,  and  z^ ,  .  .  .  z„  a  point  of  the  tube  (extended  tube).  Dif- 
ferentiating the  identity 

*  The  inequality  (48)  can  be  proved  by  going  through  the  classical  induction  proof  of  (39) 
estimating  the  size  of  each  term.  We  are  indebted  to  V.  Bargmann  for  pointing  out  (48),  as  well 
as  showing  us  a  verilon  of  the  proof  of  this  tpmma  which  we  have  followed  rather  closely. 
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f(A(a)z„...A(a)zJ  =  f(,z„,..zJ 

with  respect  to  a,  we  obtain 

^        df  d(A(a)z,y 
da    ,4'idiA(a)z]y  da 


At  a  =  0,  we  have 

d(Aia)ziy 
da 


a  =  0 


where  X^^^  is  a  real  4x4  matrix  satisfying 

n=-A/,  (50) 
and  defining  the  one  parameter  subgroup.  Hence 

Now,  any  real  4x4  matrix  satisfying  (50)  generates  a  one  parameter  sub- 
group, so  we  may  take  X  to  have  zero  matrix  elements  except  for  a  fixed 
pair       and  A^^,  then  (51)  reduces  to  (49)  and  the  Lemma  is  proved. 
Considered  for  fixed  Zj^,  the  equations  (49)  are  a  set  of  linear  equations 
df 

m  the  4  n  unknowns  y  =  1,  .  .  .  /i,     =  0,  1,  2,  3.  There  are  at  most  6 

independent  equations.  The  derivatives  of  any  invariant  function  must 
satisfy  this  set  of  equations  at  each  point  of  the  tube  (extended  tube).  Of 
course,  the  coefficient  matrix  of  the  equations  varies  from  point  to  point. 


Lemma  5. 

If  at  a  point,  Zj,  .  .  .  z„ ,  of  the  extended  tube,  the  number  of  linearly 
independent  solutions  of  the  equations  (49)  is  g  and  this  q  dimensional  linear 
manifold  of  solutions  is  spanned  by  the  solutions  which  come  from  q  scalar 
products,  then  any  invariant  analytic  function,  f,  may  be  represented  in  a 
neighbourhood  of  z^,  .  .  .  z„  of  the  extended  tube  as  a  convergent  power 
series  in  the  q  scalar  products,  i.e.,  f  is  an  analytic  function  of  the  q  scalar 
products  at  Zj,  .  .  .  z„ . 


Proof. 

In  the  customary  nomenclature,  a  set  of  analytic  functions  f^*^  1  =  1, 
.  .  .  72?  <  4  /I  of  the  four- vector  variables  Zj,  .  .  .  z„  is  functionally  independent 
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df(*) 

at  the  point  Zj,  .  .  .     if  the  Jacobian  matrix         (i  =  1,  .  .  .  m  labels  rows; 

y  =  1,  .  .  .  n,  ytt  =  0,  1,  2,  3  label  columns)  has  rank  m  sd  z^,  .  .  .  z„.  In  other 
words,  the  m  rows  of  the  Jacobian  matrix  regarded  as  4  /i  component 
vectors  with  components  labeled  by  j  and  fj,  are  linearly  independent.  Since 
functional  independence  at  a  point  is  equivalent  to  the  requirement  that  the 
determinant  of  some  mx  m  minor  of  the  Jacobian  matrix  be  different  from 
zero,  functional  independence  at  a  point  implies  functional  independence 
in  some  neighbourhood  of  the  point. 

In  this  terminology,  the  hypothesis  of  the  Lemma  is  that  q  functionally 
independent  scalar  products  exist.  We  shall  denote  these  scalar  products 
by  /  =  1,  .  .  .  ^.  Since  the  Jacobian  matrix  has  rank  q,  there  exists  a  q 
element  subset,  T,  of  the  4  n  variables  z/,  y  =  1,  .  .  .  n,  =  0,  1,  2,  3,  such 
that  the  determinant  of  the  square  matrix 

dm 

is  non-zero.  ^ 

Then,  by  the  impUcit  function  theorem  for  several  complex  variables,* 
the  z/eT  are  analytic  functions  of  f^^^  z  =  1,  .  .  .  ^  in  a  neighbourhood  of 

(zi,  .  .  .  z  J  and 

where  g  is  analytic  in  the  variables  f^^\  i  =  1,  .  .  .  q  and  h^^\  j  =  1,  .  .  .  4  n-Q 
in  a  neighbourhood  of 

/<^)(z„  .  .  .  zj,  .  .  .  r^\z,,  .  .  .  zj,  h^'\z„  .  .  .  zj,  .  .  .  A<^»-^>(zi,  .  .  .  zj. 

The  variables  h^^^  are  the  z/  which  are  not  in  T.  The  variables 

i  =  1,  .  .  .Q  and  h^^\j  =  1,  .  .  .  4/i-^ 

are  obviously  functionally  independent  in  a  neighbourhood  of  z^,  .  .  .  z„ . 

The  derivatives  of  f  can  now  be  expressed  in  terms  of  the  derivatives 
of  g  as  follows:      ^      e  ^  dg 

However,  according  to  the  hypothesis  of  the  Lemma,  at  the  point  Zj,  .  .  .  z„ 
*  See  B  and  M,  p.  39,  theorem  9. 
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Tt  j  1  =  1  j 

ilGIlCC 

I  dg        \df(i)  dg  dh^^) 

dfd)  dh^i) 
But  regarded  as  vectors  with  in  components,  i  =  1,  •  •  •  ^  and       ^  , 

i  1,  .  .  .  4  n  -  Q  are  linearly  independent.  (That  is  what  the  functional 
independence  of  the  and  h^^^  means.)  Therefore,  their  coefficients  in  this 
equation  must  vanish.  In  particular, 

-  0,  i  =  1,  .  .  .  4  n-g, 


so  g  is  independent  of  the  h^^^  and  the  Lemma  is  proved. 


Lemma  6. 

Let  be  the  maximum  number  of  linearly  independent  vectors  con- 
tained in  the  set  of  4-vectors  z^,  .  .  .  r„ ,  then  the  set  of  six  linear  equations 

Z  (Zj^  X^,- zj,  X^.^)  =  0     ,  r  =  0,  1,  2,      3f,<v  (52) 

3  =  1 

for  the  4  n  quantities         y  =  1,  .  .  .  /i,     =  0,  1,  2,  3  has  the  rank 


1      i  2 

>  3 

rank 

3 

5 

6 

Proof. 

If  /?  is  a  non-singular  linear  transformation  of  four  dimensional  space, 
it  is  clear  that  the  set  of  equations  (52)  has  the  same  rank  as  the  set 

Z  [(Rz,)^  iRX,%-(Rzj)XIiXj)^]  =  0,    i,,v  =  0.  1,  2,  3 

3  =  1 

for  the  4  n  quantities  (RXj)^.  Then,  with  a  suitable  choice  of  R,  the  last 
(4~N)  components  of  vectors  Rzj,  j  =  1,  .  .  .  n  can  be  made  to  vanish. 
Having  reduced  the  problem  to  this  simplified  form,  we  drop  the  R  and 
assume  the  last  4  -     of  the  components  of  the  Zj  vanish. 

To  find  the  number  of  linearly  independent  equations  (52),  consider  a 
possible  linear  dependence  among  them 
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/J,<V 

for  all  Xi  jg,  i.e., 

3  3 

Z  af\^- Z  a^'-'zi^  =  0,  Z  =  1,  .  .  .  /I,     =  0,  1.  2,  3 

or 

Az^  =  0,  Z  =  1,  .  .  .  n, 

where  we  have  written 

-A^'f  =  A^^  =        f^<v,  A^^  =  0,  /ii,v  =  0,  1,  2,  3. 

Thus,  the  rank  of  the  equations  (52)  is  six  minus  the  number  of  linearly 
independent  skew  symmetric  matrices,  A  such  that  Az<  =  0,  z  =  1,  2,  ...  /i. 

The  most  general  A  has  the  form  |^  ^, j  where  A'  is  an  arbitrary  anti- 
symmetric (4  -  A^)  X  (4  -  N)  matrix.  The  numbers  tabulated  in  the  Lemma 
are  just  six  minus  the  number  of  linearly  independent  A'. 

Lemma  7. 

Let  Zi,  .  .  .  Zn  be  a  set  of  n  four-vectors  of  which  some  four-element 
subset  (or  n  element  subset  if  7i<  4)  is  linearly  independent.  Then,  the  num- 
ber of  linearly  independent  solutions  of  equations  (52)  which  arise  from 
scalar  products  f^*^  of  the  four  vectors  according  to 

X(o  - 

is  4  n- 6  if  71  >  3,  is  3  if  n  =  2.  and  1  if  /i  =  1. 


Proof. 

It  is  clear  that,  for  /i>3,  not  more  than  4n-Q  linearly  independent 
solutions  of  equations  (52)  can  be  obtained  from  scalar  products  because 
there  are  at  most  4/1-6  functionally  independent  scalar  products. 
This  follows  immediately  from  equation  (34),  which  expresses  z^^-z^,  k,  Z  >  5 
in  terms  of  z^-z^,  where  Z  =  1,  2,  .  .  .  n,  y  =  1,  2,  3,  4.  Of  these  4  Ji,  6,  namely 
z^'Zj,  i>j,  i  =  1,  2,  3,  4  are  expressible  in  terms  of  the  rest.  For  /i  =  3,  2,  1 
it  is  obvious  that  there  are  respectively  6,  3  and  1  independent  scalar  pro- 
ducts at  most  and  therefore  6,  3,  and  1  Hnearly  independent  solutions  of 
(52)  at  most. 
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To  show  that  these  upper  limits  on  the  number  of  solutions  are  actually 
realized  under  the  hypothesis  of  the  Lemma,  we  proceed  as  follows. 

Denote  a  vector  in  the  space  of  solutions  of  (52)  by  (Ci,  .  .  .  Cn)  where 
the       are  four-dimensional  vectors.  This  notation  is  chosen  so  that  an 

('  d  F         d  F  \  ^  F 

^  .  .  .  w~\  where  ^ 

dF 

stands  for  the  four-dimensional  vector  with  components,  In  this  nota- 
tion, the  solution  of  (52)  which  comes  from  the  scalar  product  z^  •  Zj^  is 

(0,  ...0,  zj,,  0,...0,  2^,0,...0),  (53) 


f'*  place 

 place 


and  from  z| 


(0,  .  .  .  0,  2z^,  0,  .  .  .  0),  (54) 

place 


By  convention,  we  will  accept  (54)  as  the  value  of  (53)  for  j  =  k. 

The  most  general  solution  of  (52)  arising  from  scalar  products  is  of  the 
form 

n 

(^1'  •  •  •  C«)  =  E        (0,  .  .  .  0,  z^,  0,  .  .  .  0,  z..  0,  .  .  .  0). 
Here,  evidently  ^ 

so  that  the  antisymmetric  part  of  the  matrix  Oij^  does  not  contribute  and 
Oyj.  may  as  well  be  chosen  symmetric. 

Now,  for  convenience,  let  the  first  four  (or  first  /i  if  /i<  4)  be  the  linearly 
independent  set  whose  existence  is  assumed  in  the  Lemma.  Then  we  can 
write  _ 

m 

^k=  Z  ^ki^i>  ^  =  1,  .  .  .  /I,  (55) 

where  m  =  min  (4,ii)  and  6  is  an  /i  x  /n  matrix  of  rank  m.  Substituting  (55) 
into  the  expression  for  the  solution  vector  we  see  that,  in  the  basis  for 
solution  vectors  provided  by  (z^^,  z^,.  .  .  .  z,„),  =  1,  .  .  .  yn,  y  =  1,  .  .  .  /i, 
the  most  general  solution  arising  from  scalar  products  is  of  the  form  of  an 
nxm  matrix  AB,  where  A  is  an  arbitrary  symmetric  nxn  matrix  and  B  is 
a  fixfed  nxm  matrix  of  rank  m. 

To  count  the  number  of  linearly  independent  AB  simply,  write  B  as  the 
product  of  a  non-singular  nxn  matrix  B'  and  the  nxm  matrix  whose  first 
m  rows  form  the  unit  matrix  and  whose  last  n-m  are  zero : 
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B  =  B' 


This  is  always  possible  because  B  is  of  rank  in.  The  number  of  Hnearly 
independent  matrices  AB  is  the  same  as  the  number  of  linearly  independent 
matrices  ^ 

i  e    the  same  as  the  number  of  linearly  independent  matrices  of  the  form 

where  Sg  is  an  arbitrary  (n-m)xm  matrix  and  is  an  arbitrary  symmetric 
in  X  717  matrix.  There  are  obviously  m(n-m)  +  l  m(m  +  l)  Hnearly  independ- 
ent of  these,  which  immediately  yields  the  statement  of  the  Lemma. 


Completion  of  the  proof. 

Lemmas  1  to  7  estabUsh  the  single  valuedness,  boundedness,  and  con- 
tinuity of  f  everywhere  on  90^„,  and  its  analyticity  on  at  every  non- 
exceptional  point,  i.e.,  every  point  where  the  matrix  z^,  z,;  =  1,  2  .  .  .  n, 
has  the  maximum  possible  rank,  min  (4,n).  To  complete  the  proof  of  the 
theorem,  we  want  to  show  that  in  those  cases  where  the  set  of  exceptional 
points  is  not  singular  in  the  sense  of  algebraic  geometry,  viz.  n  =  1,  2,  3,  4, 
f  is  also  analytic  there.  For  this  purpose,  we  use  a  standard  theorem  on 
removable  singularities  which  asserts*:  Let  /"be  a  function  which  is  analytic 
in  a  neighbourhood  of  a  point,  P,  with  the  possible  exception  of  a  variety 
passing  through  P,  the  variety  being  defined  as  the  set  of  zeros  of  a  function 
analytic  in  the  neighbourhood  of  P.  Suppose  that  f  is  continuous  or  merely 
bounded  throughout  the  neighbourhood  of  P.  Then  /  is  analytic  throughout 
the  neighbourhood  of  P.  In  our  case,  the  variety  is  obtained  by  setting  the 
analytic  function  det  (z^-z^)  =  0.  The  required  analyticity  and  continuity 
of  f  having  been  estabhshed  by  our  Lemmas  1-7,  the  proof  of  the  theorem 
is  complete. 

2.  The  varieties 

As  we  have  seen  in  Lemma  3,  every  rank  <  4  complex  symmetric  matrix 
is  a  matrix  of  scalar  products  of  four  vectors,  so  that  is  a  subset  of  the 
set  of  all  complex  symmetric  nxn  matrices  of  rank  <  4.  The  same  Lemma 

♦  B  and  M,  p.  173,  theorem  5. 
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shows  that  is  an  open  subset.  It  is  clearly  connected  because  it  is  the 
continuous  image  of  a  connected  set,  the  tube.  It  is  also  simply  connected 
by  virtue  of  Lemma  3,  although  we  shall  forgo  a  formal  proof.  (The  idea 
is,  given  a  closed  curve  on  which  has  to  be  shrunk  to  a  point,  to  construct 
a  closed  curve  of  vectors  in  the  tube  whose  image  in  is  the  given  curve. 
Then,  because  the  tube  is  simply  connected,  the  curve  of  vectors  can  be 
shrunk  to  a  point  which  implies  that  their  image  can  be  shrunk  to  a  point.) 
Not  every  rank  <  4  complex  symmetric  nxn  matrix,  Z,  is  in  for  example 
if  Z  has  real  positive  diagonal  elements  it  is  not  in  9K„.  We  shall  not  attempt 
a  quantitative  characterization  of  3K„  at  this  stage,  but  only  remark  that  it 
need  not  be  the  natural  domain  of  analyticity  for  the  analytic  functions 
which  occur  in  field  theory.  For  example,  the  first  named  author  showed  in 
his  thesis*  that  the  local  commutativity  conditions,  I  equation  (11),  always 
make  it  possible  to  extend  the  analytic  function  determined  by  the  three- 
fold vacuum  expectation  value  (^'o^'C^i)  9^  (^2)  9^  (^3)  "^o)  beyond  m^.  On  the 
other  hand,  it  is  clear  that  such  functions  cannot  in  general  be  extended  to 
all  complex  symmetric  rank  <  4,  nxn  matrices  because  they  must  have 
branch  lines  in  order  to  conform  with  physical  requirements.  (See,  for 
example,  the  discussion  of  F^^^z^z)  in  I,  Section  4.) 

The  restriction  to  nx  n  matrices  of  rank  <  4  is  of  course  no  restriction 
at  all  for  71  <  4  so  the  for  21  <  4  are  open  sets  in  Eucfidean  1/2  n(n  +  l) 
space.  For  /i  <  5  the  restriction  to  rank  <  4  on  an  n  x  71  matrix  Z..  can  be 


for  each  pair  of  five  element  subsets  z^,  .  .  .  Zg  and  j'l,  .  .  .j^  of  1,  2,  ...  /z. 
The  tangent  spaces  of  are  determined  by  taking  the  differential  of  the 
left  hand  side  of  (56).  The  result  is  a  set  of  linear  equations  for  the  dZ^^ 
whose  coefficients  are  determinants  of  4  x  4  minors  of  Z.  At  any  point  of 
9R„  where  all  determinants  of  4  x  4  principal  minors  of  Z  vanish,  these 
equations  are  satisfied  for  any  choice  of  dZ^j.  Consequently,  at  such  a  sin- 
gular point,  the  tangent  space  is  1/2  /i  (/i  +  1)  dimensional.  On  the  other  hand, 
as  we  learned  in  Lemma  7,  the  dimension  at  a  non-singular  point  is  4  /z  -  6. 

Now  we  want  to  study  the  relation  of  the  points  of  SK^  to  those  of  the  form 
^ij  =  ^i'^jy  real,  ij  =  1,  .  .  .  n.  We  will  refer  to  such  Z  as  physical  because 
the  arguments  of  the  physically  given  vacuum  expectation  values  are  real 
vectors.  We  remark  that  every  physical  point  Z  is  either  in  the  interior  of 
3Dl„  or  on  its  boundary,  because  is  the  limit  of  (ij- iVj)'(^k- ^Vk)  as 
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the  Tj's  approach  zero.  No  physical  point  Z  can  be  in  the  interior  of  if 
any  of  the  vectors  ,  7  =  1 ,  2 ,  .  .  . ,  /i  (of  which  Z  is  the  set  of  scalar  products) 
is  light-like  or  time-like.  To  see  this,  consider  a  general  point  ly-z>^, 
y  =  1,  2,  ...  n  of  the  tube.  The  corresponding  point  of       is  given  by 

If  Z'  is  to  be  real,  it  is  necessary  that  each  of  the  |J  be  space-like  since  it 
is  orthogonal  to  a  vector  inside  the  light  cone.  But  then  the  diagonal  elements 
of  Z\  =  1,  •  •  •      are  negative  so  that  Z'  can  be  a  physical  point 

Z,  Z*j,  =  l;-|;t»  y>  =  1'  •  •  •  ^  vectors      satisfy  if  =  I'f  -  On 

the  other  hand,  as  we  now  will  show,  some  physical  points  with  space-lik« 
do  lie  in  the  interior  of  Since  this  is  a  fact  of  considerable  physical 
significance,  and  the  geometrical  relationships  are  rather  involved,  it  is 
worth  introducing  some  notation  to  describe  the  situation.  We  denote  by 
the  set  of  all  physical  points,  Z,  which  arise  from  space  hke  vectors, 
i.e.  of  the  form  Z^;^  =  |^  1^,  7. A:  =  1.  .  .  .  n  with  real  and  space-like.  The 
subset  of  S„  which  arises  from  y  =  1,  .  .  .  n,  lying  in  a  space-like  three 
dimensional  linear  manifold,  we  will  denote  by  r„.  We  will  also  call 
the  equal  time-manifold  since  it  is  the  set  of  matrices  whose  elements  can 
be  taken  as  scalar  products  of  vectors  arising  from  vectors  |^  =  x^-x^  +  j, 
y  =  1,  ...  71,  where  the  Xj  have  equal  first  components. 

We  first  prove  that  a  subset  of  T„  lies  in  the  interior  of  9D^„,  and  then 
pass  to  neighbourhoods  of  that  subset.  Consider  the  vectors  ij-zr?;,  ;  =  1, 
.  .  .  /I ,  where  rjj  =  oc^rj ,  is  a  real  positive  number,  is  a  real  unit  vector 
in  the  direction  of  the  time  axis,  and  1^,  y  =  1.  .  .  .  n  are  real  vectors  with 
zero  component  in  the  time  direction  and  in  one  space  direction,  say  the 
direction  of  the  third  axis.  Then, 

where  1^  is  defined  as  I;  plus  a  vector  along  the  third  axis  with  component  . 
The  vectors  evidently  all  have  zero  time  components,  so  that  Z'  is 
in  T^.  Although  the  point  li,  .  .  .  does  not  lie  in  the  tube,  it  must,  by 
Lemmas  2  and  3,  lie  in  the  extended  tube.  Furthermqre,  by  suitable  choice 
of  the  components  of  1^,  y  =  1,  .  .  •  -n,  it  can  be  arranged  that  Z'  has  rank 
three.  By  Lemma  3,  it  then  follows  that  vectors  lying  in  neighbourhoods  of 
have  scalar  products  which  cover  full  neighbourhoods  of  Z'  in  Thus, 
the  fact  that  the  particular  points  Z'  chosen  above  lie  in  implies  that  the 
physical  points  which  arise  from  all  li,  .  .  .  In  lying  in  a  suitably  small 
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neighbourhood  of  the  chosen  l^, . . .  ^„  also  lie  in  W^.  This  shows  that  T^nm„. 
and  S„nm„  have  the  same  dimension  as       and  S^,  respectively. 

Not  all  of  5„  lies  in  m„,  but  we  will  not  attempt  to  prove  this  now  nor 
to  characterize  those  points  of  S„  which  lie  on  the  boundary  of  m„.  We 
content  ourselves  here  with  the  simplest  consequences  of  the  preceding 
results  on  r„  and  S^.  The  set  5„n3K^  has  been  shown  to  be  of  the  same 
dimension  as  and  to  contain,  for  suitably  chosen  e,  all  real  symmetric 
matrices  Z'  of  rank  <  4  satisfying  \Zj^- ^j^\<s.  This  set  is  a  real  environ- 
ment=^  for  an  analytic  function  defined  on  m^;  an  analytic  function  f  is 
uniquely  determined  all  over  if  its  values  are  given  on  this  set.  We  shall 
see  in  the  next  section  that  this  result  has  important  physical  consequences. 

The  points  of  are  always  of  rank  <  3  so  that  for  n  >  5,  n  9J?„  Hes 
in  the  singular  subset  of  where  the  ordinary  definition  of  analyticity 
fails.  The  set  n  is  of  (real)  dimension  nine  while  54  n  is  of  dimension 
ten  so  that  T^D^ffl^  is  not  a  real  environment.  On  the  other  hand,  TiHm^, 
T^nTlz  and  T^n^^  have  the  same  dimension  as  Sj^nm^,  82(^^2  and 
SgnaJJg,  so  that  they  form  real  environments  for  analytic  functions  on  m^, 
SD?2,  and  SO^g,  respectively. 


3.  Physical  Applications. 

Some  physical  applications  of  the  theorem  of  Section  1  were  already 
discussed  in  I  (See,  for  example,  the  formulation  of  local  commutativity 
given  in  I  equation  (11).)  They  arise,  Hke  those  to  be  discussed  below, 
when  the  theorem  is  apphed  to  the  invariant  analytic  function 

F'''\z,.Z2..,.z,_,) 

whose  boundary  value,  as  all  7?^->0,  y  =  1,  2,  .  .  .  /z,  is  the  vacuum  expect- 
ation value  ^  ^ 

Here,  in  a  notation  somewhat  different  from  I,  we  have  written 
=  and      =  x^-a:^^!  y=l,.../i-l. 

The  first  consequence  of  the  theorem  is  that  .  .  .  ^^_^)  is  an  ana- 

lytic function  of  the  real  variables  Z,^  =  i,y  =  1,  .  .  .  ^  i^  an  open 
subset  of  the  set  where  all  are  space-like,  i.e.  in  the  notation  of  the  preceding 
section,  as  long  as  Z  belongs  to  a  certain  open  subset  of        n2»„_i.  This  con- 

fi*  ^-^"^  definition  of  a  real  environment  in  Euclidean  space.  The 

rnSc^tanTeiS^^^^^^^  '  neighbourhood  of  a  non-singular  point  in       is  essentially 
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elusion  follows  immediately  from  the  analysis  which  showed  that  S„-i  0  2JJ„_i 
is  a  real  environment  in  Tl^-i-  (Recall  that  is  the  set  of  all  complex 
symmetric  matrices  of  the  form  -z^,  z,j  =  1,  2 ,  .  .  .  n,  with  z^  in  the  tube. 
Of  course,  on  3Jl^  for  Ji  >  5 ,  the  ordinary  definition  of  analyticity  has  no 
meaning  at  the  exceptional  points  where  the  rank  of  z^-z^  is  less  than  4.  See 
the  discussion  in  the  outhne  of  the  proof  in  Section  1. 
Furthermore,  the  vacuum  expectation  value 

is  uniquely  determined  from  its  values  for  space-like  separated  x^,  .  .  .x^.  It 
is  possible  to  regard  this  result  as  a  quantitative  formulation  of  the  intuitive 
feeling  that  in  a  Lorentz  invariant  theory  the  equivalence  of  descriptions  in 
different  Lorentz  frames  should  somehow  restrict  the  possible  correlations 
between  the  values  of  physical  quantities  at  different  points  in  space  time. 
For  and  F^^\^^,  Ig,  I3)  an  even  more  striking  result 

holds :  (1^^ ^  9^(^-2)  (^0.  y^C^i)  9^(^2)  9^(^3)  ^o)» 

and  (Wq  ,  (p  (x{)(p  (X2)  (p  (xg)  cp  (X4)  Wq) 

are  uniquely  determined  from  their  values  at  equal  times,  i.e.,  in  the  notation 
of  the  preceding  section  from  their  values  for       =  with  ZeT^,  Tz.T^, 

respectively.  We  want  to  emphasize  that  all  three  of  these  results  hold  in 
both  local  and  non-local  field  theory. 

The  most  important  application  of  the  preceding  remarks  we  know  of 
is  to  the  proof  of  the  following  theorems  which  are  extensions  of  results 
stated  by  R.  Haag^°. 

Theorem  (Generalized  Haag's  Theorem  First  Part). 

Let  two  theories  (distinguished  by  a  subscript  7  =  1,  2)  of  a  neutral 
scalar  field  be  given  whose  canonical  variables  are  related  at  time  /  by  a 
unitary  transformation,  V: 

U,  [a.  R]  9,     .  ')       .        =  V,  («x ,  t)    y  =  1 .  2  (57) 

U,{a,R)n,{x,t)ul-S,R)-'-n,{RS  +  a,t)    j=l,2.  (58) 

(Transformation  law  of  field  variable  and   canonical   conjugate  under 

Euclidean  transformation.) 

[^,{^,t).<p,(y,t)]^r^6{-^-T,)  y-1.2      I  ^^^^ 

[n^ix.  t).  n,[y.  /)]  =  0,  [v,{x.  l),  cp,[y.  ')J  =  0  ( 
(Commutation  Relations) 
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9P2  {x,  t)  =  V(pj^  {x,  t)  V-\       {x,  t)  =  Vtz^  [x,  t)  F"^ .  (60) 

Here      /?)  represents  the  Euclidean  transformation :  rotate  by  R  and  trans- 
late by  "a;  the  unitary  transformations,  U^{a,  r),  give  the  corresponding 
transformations  of  the  states  in  the  two  theories. 
Then  .  .    ,  _  , 

U^[a,  R)  =  VU^{a,  r)v-\  (61) 

If  each  of  the  theories  contains  a  unique  normahzable  state  ,  j  =  1,  2, 
invariant  under  Euclidean  transformation: 

where  c  is  a  constant  of  absolute  value  1. 
Proof. 

From  (57),  (58),  and  (60)  we  can  easily  derive  that  the  operators 

U^{a,  R)-'V-'U^{t  r)v  (62) 

commute  with  <p^{x,  t)  and  n^{x ,  t)  for  all  x.  Because  the  (p^  and  Jt^  form 
an  irreducible  set*  of  operators,  (62)  must  be  a  constant  multiple  of  the 
identity  operator:  co(?,  r)  1  and 

{t  R)  =  co  {a,  r)  VU^{a,  r)v-\  (63) 

From  (63),  it  follows  that  (a,  7?)  ->  (o{a,  r)  is  a  continuous  unitary  one 
dimensional  representation  of  the  EucHdean  group  and  therefore  co{a,  R)  =  1  .^^ 
This  completes  the  proof  of  the  first  half  of  the  theorem.  To  prove  the  second 
half,  note  that  Up,R]^,,  =  W,, 

and  (63)  imply  ' 

U,{a.R)v^,,  =  VW,,. 

Thus,  by  the  uniqueness  of  ^q^'  V^oi  is  a  multiple,  c,  of  ¥^02-  Since  V 
is  unitary,  \c  \  =  1 . 

*  That  (pi(^,t)  and  Jt^ix^,  t)  form  an  irreducible  set  is  what  we  mean  by  our  assumption 
that  the  theory  is  a  theory  of  the  scalar  field  (p^.  This  assumption  is  made  for  simplicity.  In  a 
theory  in  which  the  field  tpj^  interacted  with  a  spinor  field,  y>,  one  would  only  have  to  introduce 
the  hypothesis  that  (pi,  n^,  tp,  \p,  form  an  irreducible  set,  together  with  the  appropriate  exten- 
sion of  (57) . . .  (61),  to  obtain  an  analogous  theorem. 
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It  should  be  noticed  that  only  the  properties  of  the  fields  and  states 
under  Euclidean  transformation  at  time  t  have  been  used  in  the  proof  of 
the  theorem.  To  one  accustomed  to  the  formalism  of  non-relativistic  quantum 
mechanics,  the  conclusion  of  the  theorem  is  in  no  way  surprising;  V  always 
exists  in  such  theories.  Of  course,  there,  F  is  a  function  of  time,  and  physic- 
ally different  theories  will  give  a  different  time  dependence  for  V.  The  sur- 
prise comes  when,  following  Haag,  one  combines  the  preceding  assump- 
tions with  those  of  relativistic  invariance. 

Theorem  (Generalized  Haag's  Theorem  Part  II). 

Let  two  theories  of  a  neutral  scalar  field  be  given  satisfying  the  hypo- 
theses of  the  preceding  theorem.  Let  the  theories  be  invariant  under  inhomo- 
geneous  Lorentz  transformations  (a,  A)  and  suppose  the  fields  transform  as 

follows:        u^(^a,A)<p^(x)U^(a,A)-'  =  (Pi(Ax  +  a)      7  =  1.2.  (64) 

Suppose  further  that  the  states  are  invariant  under  inhomogeneous 
Lorentz  transformation 

Uj(a,A)Woj=Woj     y=1.2,  (65) 

and  that  no  states  of  negative  energy  exist. 

Then  the  first  four  vacuum  expectation  values  are  equal  in  the  two 
theories. 

(^oi>  <Pi(^i)  •  •  •  no  =  (^2.  <P2(^i)  •  •  •  <P2M  ^2)  (66) 

Proof. 

From  the  preceding  theorem  we  have  for  equal  times  xj  =  Xg  =  . .  =  x°  : 

=  (^2.  9^2  (^l)  •  •  •  9^2  (^n)  ^2)- 

Thus,  all  vacuum  expectation  values  are  equal  for  equal  times  in  the  two 
theories.  For  n  =1,  2,  3,  4,  equality  for  all  times  xj  =t=  x§  +  ...  =♦=  xj  fol- 
lows from  equality  for  equal  times  by  the  argument  presented  earlier  in 
this  section.  This  completes  the  proof.  The  hypotheses  about  the  absence 
of  negative  energy  states  and  the  existence  of  the  vacuum  are  necessary  in 
order  that  the  vacuum  expectation  values  be  boundary  values  of  analytic 
functions  to  which  our  previous  analysis  applies. 

It  should  be  noticed  that  we  have  not  made  the  assumption  that  the  two 
theories  transform  according  to  equivalent  representations  of  the  inhomo- 
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geneous  Lorentz  group;  our  hypotheses  do  not  exclude  a  priori  the  possi- 
bility that  the  two  theories  have  different  bound  states,  for  example.  Further, 
we  have  not  assumed  any  particular  transformation  law  for  the  operators  n 
under  Lorentz  transformations  and  time  translations.  Only  the  behaviour  of 
nix,  t)  for  one  particular  time  under  Euclidean  transformations  is  needed. 

The  uniqueness  of  the  vacuum  state  is  crucial  to  the  argument.  If  it 
were  possible  to  form  normahzable  states  of  zero  three-momentum  from 
states  of  mass  greater  than  zero,  the  hypothesis  of  a  unique  normahzable 
state  of  zero  three-momentum  would  be  unnatural  and  the  second  theorem 
physically  trivial.  V  could  then  carry  "P^^  into  a  superposition  of  and 
those  other  states  of  zero  three-momentum.  However,  Wigner's  analysis  of 
the  unitary  representations  of  the  inhomogeneous  Lorentz  group^^  shows 
that  states  can  never  be  normahzable  which  are  superpositions  of  states  of 
mass  greater  than  zero  and  have  zero  three-momentum,  and  Haag's  theorem 
is  very  far  from  physically  trivial. 

As  a  particular  case  one  can  take  the  field  cp^  to  be  a  free  field  satisfying 

(□ +  /?^')  9^1(0:)  =  0,  [cp^{x),  (Pi(y)]  =  r^A(x-y). 

Then  we  conclude:  no  theory  of  interaction  exists  in  which  the  ordinary 
representation  of  the  annihilation  and  creation  operators  is  used  and  the  first 
four  vacuum  expectation  values  differ  from  their  free  field  values.  If  relativistic 
theories  of  interaction  exist  with  vacuum  expectation  values,  F^''\  different 
from  the  free  field  values  for  n  =  1 ,  2 ,  3 ,  4 ,  either  they  must  use  other  repre- 
sentations of  the  canonical  commutation  relations  or  they  do  not  satisfy  the 
canonical  commutation  relations  at  all.  (This  is  essentially  Haag's  con- 
clusion^^.)  This  result  shows  that  the  situation  which  was  found  by  Wight- 
man  and  ScHWEBER^^  in  a  special  non-relativistic  example  is  typical  of 
relativistic  theories  of  interaction  which  satisfy  the  canonical  commutation 
relations  (if  such  exist  at  all) :  For  each  different  value  of  the  coupling  con- 
stant one  must  use  an  inequivalent  representation  of  the  commutation  rela- 
tions (assuming  that  different  values  of  the  coupUng  constant  will  give  rise 
to  some  difference  in  the  vacuum  expectation  values  for  n  =  1,2,  3,  4.) 
Of  course,  the  converse  is  not  true;  inequivalent  representations  of  the  com- 
mutation relations  need  not  always  give  rise  to  physically  distinct  theories. 

From  both  the  aesthetic  and  physical  point  of  view,  the  version  of  the 
generahzed  Haag's  theorem  proved  here  is  somewhat  deficient  because  it 
only  asserts  the  equality  of  the  first  four  vacuum  expectation  values.  It  seems 
physically  plausible  that  two  theories  in  which  the  two-particle  propagator, 
the  vertex  part,  and  the  two-particle  scattering  for  all  energies  are  identical 
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(as  they  must  be  if  the  first  four  vacuum  expectation  values  are  identical) 
should  be  completely  identical.  On  this  basis,  one  would  conjecture  the 
aesthetically  more  satisfpng  result  that  all  vacuum  expectation  values  coin- 
cide, which  would  (from  the  work  of  I  Section  5)  indeed  imply  the  physical 
equivalence  of  the  t^o  theories.  To  prove  this  result  along  the  lines  of  the 
present  paper  would  require  one  to  estabhsh  a  unique  analytic  continuation 
out  of  the  equal  time-manifold  into  9Jl^;  it  would  require  an  analysis 
going  essentially  beyond  what  we  have  presented  in  Section  1.  (In  fact*  it 
is  not  difficult  to  see  that  under  the  hypothesis  of  Section  1,  the  analytic 
continuation  is  not  unique  for  n  >  4.) 

A  second  matter  which  the  present  paper  leaves  untouched  is  the  question 
of  the  existence  of  theories  which  use  representations  of  the  commutation 
relations  different  from  those  of  a  free  field.  If  it  turns  out  that  no  such  repre- 
sentation gives  rise  to  a  relativistically  invariant  theory  which  is  physically 
interesting,  that  would  be  very  strong  evidence  of  the  incompatibility  of  the 
canonical  commutation  relations,  relati\dstic  invariance  and  interaction.  In 
fact,  it  would  show  that  the  fact  that  a  field  strength  renormaUzation  con- 
stant is  infinite  in  quantum  electro d\Tiamics  is  not  a  special  consequence 
of  the  Hamiltonian  of  the  theory,  but  a  general  result  arising  from  relativistic 
invariance. 
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11.  This  result  follows  from  a  determination  of  all  representations  of  the  EucUdean 
group  implicit  in  theorems  of  G.  Mackey,  Annals  of  Math.  66,  101  (1951).  It 
is  also  not  difficult  to  construct  a  simple  direct  proof. 

12.  E.  P.WiGNER,  Annals  of  Math.  40,  149  (1939). 

13.  A.  S.WiGHTMAN  and  S.  Schweber,  Phys.  Rev.  98,  812  (1955).  See  especially 
p.  824. 

14.  G.  Kall6n,  CERN/T/GK3,  report,  unpublished. 
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Summary.  —  A  causal  and  invariant  scalar  field  involving  a  stable  bound 
state  is  investigated.  A  formula  for  the  <S-matrix  is  derived  and  it  is 
shown  that  the  bound  state  can  be  described  by  a  local  and  invariant 
field  operator.  For  simplicity  only  the  case  of  spin  zero  particles  and 
boimd  states  is  considered;  however,  the  extension  to  other  cases  is 
possible. 


Introduction. 

For  a  relativlstic  quantum  mechanical  system  with  an  energy  momentum 
operator  the  one  particle  states  are  defined  as  eigen  states  of  —  with 
a  discrete  non-vanishing  rest  mass  i^-^).  In  general,  there  may  be  several  kinds 
of  particles,  each  characterized  by  a  certain  value  of  rest  mass,  spin,charge,  etc. 
Usually  a  division  is  made  between  elementary  and  composite  particles.  But 
it  seems  to  be  hard  to  define  this  distinction  in  a  convincing  manner.  In  the 
conventional  formulation  of  quantum  field  theory  each  of  the  elementary 


(*)  This  research  was  supported  in  part  by  the  United  States  Air  Force  under 
contract  no.  AF  49{638)-327  monitored  by  the  AF-Office  of  Scientific  Research  of  the 
Air  Research  and  Development  Command. 

(+)  On  leave  of  absence  from  the  Max-Planck  Institut  fiir  Physik,  Gottingen, 
Germany. 

(^)  For  a  discussion  of  the  particle  aspect  in  quantum  field  theory  compare  R.  Haag: 
Ban.  Mat.  Fys.  Medd.,  29,  12  (1955),  especially  chap.  I,  no.  1. 
{^)  We  exclude  the  case  of  particles  with  zero  rest  mass. 
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particles  is  described  by  a  basic  field  operator  whereas  the  composite  particles 
(like  the  denteron  in  the  ground  state,  etc.)  appear  as  the  stable  bound  states 
of  the  system.  But  this  definition  of  a  composite  particle  depends,  of  course^ 
on  the  formalism.  The  same  particle  which  is  regarded  as  an  elementary  par- 
ticle in  one  formalism  may  be  a  composite  particle  in  another  {^'*). 

In  this  paper  we  want  to  investigate  whether  the  principle  of  microscopic 
causality  sheds  any  new  light  on  this  question.  We  consider  a  model  of  a 
causal  and  invariant  scalar  field  A{x)  describing  just  two  kinds  of  particles, 
an  elementary  particle  of  mass  m  and  a  composite  particle  of  mass  M,  both 
of  spin  zero.  It  will  be  shown  that  it  is  possible  to  define  a  field  operator  B{x) 
for  the  composite  particle  (explicitly  expressed  in  terms  of  the  original  field 
A{x))  which  is  in  some  respect  analogous  to  the  field  operator  of  an  elementary 
particle.  The  invariant  operator  B{x)  satisfies  the  requirement  of  microscopic 
causality,  furthermore  the  /S-matrix  can  be  expressed  by  the  vacuum  r-func- 
tions  (5)  of  the  field  operator  A{x)  and  B{x)  exactly  in  the  same  way  as  in 
the  case  of  elementary  particles  only.  Therefore  the  principle  of  microscopic 
causality  olJers  no  possibility  of  distinguishing  between  elementary  and  com- 
posite particles.  With  respect  to  the  ^-matrix  the  elementary  particles  as 
well  as  the  composite  particles  of  the  model  are  described  by  invariant  field 
operators  which  satisfy  the  requirement  of  microscopic  causality  («•'). 

The  formalism  developed  in  this  paper  is  closely  related  to  other  recent 
investigations.  Starting  from  similar  requirements  one  can  derive  the  same 
results  by  applying  the  method  of  strong  operator  convergence  in  the  form 
developed  by  Haag  (^■^).  An  equivalent  formalism  was  also  obtained  from 
the  recursion  formulae  for  retarded  functions  recently  proposed  by  Nishijima 
as  an  axiomatic  formulation  of  quantum  field  theory  (^"-^i). 


(3)  Compare  E.  Fermi  and  C.  N.  Yang:  Phys.  Rev.,  76,  1739  (1949).  In  this  paper 
the  hypothesis  that  Tt-mesons  may  be  composite  particles  is  discussed. 

(*)  In  this  connection  an  interesting  example  is  Giirsey's  model  of  a  theory  of 
elementary  particles  (F.  Gitrset:  to  be  pubUshed).  There,  foUowing  a  suggestion  of 
Heisenberg,  aU  particles  appear  as  composite  and  no  elementary  particles  correspond 
to  the  basic  fields. 

(8)  The  vacuum  r-functions  are  defined  as  the  vacuum  expectation  values  of  mul- 
tiple, time  ordered,  operator  products. 

(«)  This  possibmty  was  first  mentioned  by  N.  Bogoljubov  :  unpubhshed  lecture  notes. 

(')  The  -S-matrix  of  the  model  considered  is  causal  according  to  the  definition  given 
in  H.  Lehmann,  K.  Symanzik  and  W.  Zimmermann:  Nuovo  Cimento,  6,  319  (1957). 

(8)  R.  Haag:  Proc.  of  the  Lille  Conference  on  Mathematical  problems  of  the  quantum 
theory  of  fields  (1957),  in  print. 

(9)  R.  Haag:  preprint,  to  be  published. 

(10)  K.  Nishijima:  Progr.  Theor.  Phys.,  17,  765  (1957). 

(11)  K.  Nishijima:  preprint,  to  be  published. 
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1.  -  General  conditions. 

We  consider  the  model  of  a  neutral  scalar  field  described  by  a  hermitiaa 
operator  A{x)  assumed  to  be  invariant  under  the  inhomogeneous  Lorentz  group. 
We  assume  that  the  principle  of  microscopic  causality 

(1)  [A{x),  A{y)]  =  0  for  {x  -y)^>0 

holds  and  that  no  negative  eigenvalues  appear  in  the  energy  and  rest  masa 
spectrum.  The  operators  A{x)  will  be  supposed  to  form  an  irreducible  ope- 
rator ring.  For  simplicity  we  assume  that  there  are  just  two  non-vanishing 
discrete  eigenvalues       and        of  —      and  that 

{Q,  A{x)0)^O       if    —  P^0  =  m2  0 

but 


(Q,  A{x)'P)  ^  0 
{Q,A{x)A{y)W)^0 


if    -PIW  =  M^W 


In  addition  we  suppose  that  the  states  0  and  W  have  spin  zero. 

This  situation  may  occur  for  example  in  the  case  of  J.*-coupling  if  there 
is  an  elementary  particle  of  mass  m  and  a  stable  two  particle  bound  state 
of  the  mass  M. 

In  order  to  describe  the  bound  states  we  introduce  the  operator  {'^^) 

(2)  B{x,^)  =  TA{x-\-^)A{x-^) 

and  define  (")  incoming  fields,  according  to  Wightman  (i^),  by 

AM     =A{x)  +\A^^{m,x  —  x')j{x')^x', 

(3)  \ 

BJx,  I)  =  B{x,  I)  + 1  AnA^,  X  -  x')j{x',  I)  dx' , 


(^^)  I  may  be  taken  as  spacelike  or  timelike  4-vector,  but  it  is  supposed  that  15,^0. 
(^^)  The  integral  expressions  in  eq.  (3)  are  to  be  understood  in  the  sense  of  weak 
operator  convergence  which  means  that 

{0,  A,Axm  =  {0,A{x)W)  ^jAn,Am,x-x'){0,j{x')W)dx', 


between  any  normalizable  state  vectors  O  and  W. 

(1*)  The  following  definition  of  the  asymptotic  fields  A^^ix),  Aor^dx)  was  first  sug- 
gested by  WiGHTMAN:  private  communication. 
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with  the  current  operators 
(3') 


□  =  y  -— 


The  outgoing  fields  {^),  ^out  i^j  ^)  are  correspondingly  defined  with  the 
help  of  the  advanced  functions  Aj^^^{m,x)  and  Aj,^^{M,  x).  The  general  con- 
ditions under  which  the  so  defined  operators  Aout{x)  exist  have  been  given  and 
investigated  in  details  by  Green  berg  and  can  easily  be  extended  to  the  case 
of  the  operators  5out(*', 

in 

Finally  we  demand  that  the  incoming  field  operators  A^^{x),  B^^{x,  ^)  to- 
gether form  an  irreducible  operator  ring  and  correspondingly  the  outgoing 
fields  A^^,{x),  B^^,{x,^). 

So  far  we  have  listed  the  general  requirements  which  we  need  in  the  work 
which  follows.  We  conclude  this  section  by  deriving  some  simple  properties 
of  the  operators  Aout{x),  Bout  (a?,  |).  As  a  consequence  of  definition  (3)  they  are 
solutions  of  the  Klein-Gordon  equations  for  the  masses  m  and  M,  respectively: 


(4) 


We  have  the  invariance  properties 

(5)  '°       =  -  t[P, ,  Aout  (x)]  ,  — ^-^^  =  -  i[P, ,  Bout  {X,  I)]  , 
dx^  dx^ 

Aout{Lx)  =  U{L)Aout{x)U{L)-\       Bont{Lx,  U)  =  U{L)Bo.t{x,  ^)V{Ly^ , 

in  In  In  in 

for  an  arbitrary  Lorentz  transformation  X .  (TJ{L)  denotes  the  unitary  operator 
transforming  A{x)  into  A{Lx).)  These  invariance  properties  are  easy  to  prove 
if  (3)  is  written  in  momentum  space. 

As  a  consequence  of  (4),  (5)  the  vacuum  expectation  values  of  the  incoming 
fields  vanish: 

(6)  (Q,  Ao.i{x)Q)  =  0  ,       (.Q,  Bout  (a;,         =  0  . 
For  example, 

M^(Q,  BJx,  i)D)  =  2  ^       BJx,  ^)Q)  =  0  , 


dxi 


because     Q  ^  0. 


(^^)  0.  W.  Greenberg  and  A.  S.  Wightman:  preprint,  to  be  published. 
{^^)  In  Sect.  2  we  will  use  somewhat  more  restrictive  conditions  than  Greenberg, 
for  details  see  reference  (2"). 
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Furthermore  Aout{x)  and  Bo^t{x,^)  satisfy  the  asymptotic  conditions 
Um  (0,Af{t)W)  ^{0,Ao^irW), 


(7) 
with 


t->±co 

lim  (0,  B,{t,  ^)W)  =  (0,  Bo..,{^)W)  , 


B,{t,  I)  =  -  ijdao^  \^B{x,  I)  ^F*{x)  -  F*  {X)      B{x,  |)| , 
(7') 

5out,(|)  =-iJd3^|Bout(a^,  ^)-^J*{x)-F*{x)  ^^Bo.t{x,  |)|, 


(correspondingly  the  definition  ot  Af  and  Aontf)  for  any  normalizable  solution 
f{x),  F{x)  of  the  Klein-Gordon  equation 

(U  —  M^)F{x)  =  Q  . 

Eq.  (7)  can  be  proved  by  forming  the  integral  expression  (7')  for  both  sides 
of  (3)  and  taking  the  limit  <  — >  i  oo. 


2.  -  Commutation  relations  for  the  asymptotic  fields. 

2*1.  Elementary  particles.  -  Our  first  aim  is  to  derive  commutation  re- 
lations for  the  incoming  (or  outgoing)  fields  defined  in  Sect.  1.  We  begin  with 
the  case  of  elementary  particles  and  prove  the  relation  (^') 

(8)  [AM,  A,M^  =  [^out(^),  ^o„t(2/)]  -  i  ^{m,  ^^-y) 

if  A{x)  is  normalized  in  the  following  manner.  Let  0^  be  a  one-particle  state 
with  energy  momentum  eigenvalue  Jc^^ 

{0icy0.-)=21c^d,{k-k'), 


(")  This  was  already  shown  by  Greenber  i,  reference  (^^)  under  the  assumption 
that  the  equal  time  commutator  [A{x)A(y)''^^^y^  is  a  c-number.  Here  we  use  a  different 
method  which  can  be  extended  to  the  case  of  bound  states. 
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Then  it  follows  from  translation  invariance  that 
with  the  constant 

c  =  {2nf(Q,A{^)0^)  . 

Now  A{x)  shall  be  normalized  by  the  condition  c  =  1. 

It  is  easy  to  determine  the  matrix  elements  of  A^^{x)  between  the  vacuum 
state  and  an  arbitrary  state  vector.   From  the  definition  (3)  it  follows  that 

(Q,  A^ix)^,)  =  (Q,  A(x)^,)  =  , 

for  the  one-particle  state  0k.  On  the  other  hand  if  0  is  an  eigenstate  of 
—      with  a  rest  mass      #      we  have 

(D,A,^{x)0)  =0 

because 

{m^-x%Q,  A,^{x)0)=^O 

follows  from  (4)  and  (5). 

With  this  result  we  can  calculate  the  vacuum  expectation  value  of  the 
commutator  (8).  We  see  that 

(Q,  A,^{x)A.Jy)Q)  =j^(D,AJx)0,)(0„AJy)Q)  =iA^{m,  x-y). 

Hence, 

(9)  (Q,  [.4out  {X)  Aon.  (2/)]  Q)=^iA  (m,  x-y). 

Now  we  turn  to  the  operator  form  (8)  and  using  the  conditions  of  Sect.  1 
we  shall  show  that 

(i)  the  commutators  of  the  incoming  and  the  outgoing  fields  coincide: 

(10)  (^),  ^out  (2/)]  =  VA.  (^),  A.  iy)^ 

and  that 

(ii)  the  commutators  of  the  incoming  field  is  a  c-number: 

(11)  [A,.  (^),  A,^  {y)-]  =  (Q,  [A,^  {X),  A,^  m  Q)  . 
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Eelation  (8)  is,  of  course,  a  consequence  of  the  statements  (i),  (ii)  and  Eq.  (9). 

In  order  to  prove  (i)  and  (ii)  it  is  convenient  to  expand  the  field  operators 
"With  respect  to  a  complete  orthonormal  system  {f^{oc)}  of  the  positive  frequency 
solutions  of  (□  —  m2)  f{x)  =  0: 

For  the  proof  of  statement  (i)  we  start  with  the  identity  (^^) 

(12)  jdxj dyfl (^)  My)KKTA{x)A{y)  =jdyjdxfl  {x)fp{y)K^  TA{x)A{y) , 

This  relation  is  not  self  evident  because  there  are  simple  examples  of  patho- 
logical fields  which  do  not  satisfy  eq.  (12).  But  using  the  fact  that  as  a  con- 
sequence of  causality  and  spectrum  conditions  the  vacuum  expectation  values 

(Q,  A{x,)  •  •  A(a?„)  T(A{x),  A{y))  A{y,)  "A{y^)  Q) 

are  boundary  values  of  Wightman's  analytical  functions  (")  a  more  detailed 
investigation  (2°)  justifies  the  interchanging  of  the  x-  and  ^-integration  in 

jdxjdy  n  {x)fp{y)K:K:{Q,  A{x,)     A{x„)T{A{x),  A{y))A{y,) ...  A{y^)Q)  . 

Then  relation  (12)  holds  for  every  matrix  element  of  TA{x)A{y)  because,  ac- 
cording to  the  irreducibility  of  the  operators  A{x),  any  state  vector  can  be 
written  as  a  linear  superposition  of  vectors  A{x„) ...  A{Xi)Q. 

Eearranging  the  integral  on  the  left  hand  side  with  the  help  of  Green's 
theorem  we  get 

-ijdyU{y)KTA{x)A{y)=-ijdyo-^Jd,yTA{x)A{^^  = 

=  A{x)Arnp  —  A'tpAix) , 


(^^)  In  the  sense  of  weak  operator  convergence  (compare  footnote  (^')),  correspond- 
ingly for  all  following  operator  expressions  containing  time  integration. 
(19)  A.  S.  Wightman:  Phys.  Rev.,  101,  860  (1956). 

{^^)  W.  ZiMMERMANN:  Order  of  integrations  in  reduction  formulne,  unpublished 
manuscript. 


135 


604  W.  ZIMMERMANN 

Carrying  out  the  integration  over  x  in  the  same  way,  we  obtain 
jdx j dyfl  {x)ffi  {y)K^K  TA{x)A{y)  =  A^^t^AL^  —A:„,pAL~ALaAr.p+ A^^AT^ . 
For  the  integral  on  the  right  hand  side  of  (12)  we  have,  correspondingly 
jdy j  dxfl  {x)f^{y)KK'^  TA{x)A{y)  =  J-ott.^o"«t^  —  At,,^Ar,p  — ^oT.t/j^L  +  Ai^^^L  • 
Inserting  these  expressions  into  (12),  we  get 


With  the  corresponding  relations  between  Aont^  and  Aott^  or  J.out^  and  Ao^ 
statement  (i)  follows: 


OUto 

in  P 


lA,^  {X),  A,^  (t/)]  =  [ [x),  A^^,  {y)] . 
The  second  statement  (ii)  may  be  derived  from  the  identity 
(13)  ^dx^dyn{x)jf,{y)KK':TA{x)A{y)A{z)  = 

=jAyjdxn{x)U{y)K7KTA(x)A{y)A{z) , 

which  can  again  be  rearranged  with  the  help  of  Green's  theorem.  The  final 
result  is 

A{z)[A.:^^A-^^]  =  [Al,^;,^]^(^) . 
Using  statement  (i),  we  get 

[[A.LA-,]A{z)]=^0, 

and  this  shows  that  [A^l^,  A'^]  is  a  c-number  because  we  have  assumed  that 
the  A{x)  form  an  irreducible  operator  ring.  With  the  corresponding  results 
for  A.;^],  [A;-^,,  Ar^p],  we  have  proved  the  statement  (ii). 

2-2.  Bound  states.  -  In  the  next  step  we  want  to  derive  commutation 
relations  for  the  field  operators  Bo^i{x,  |).  We  begin  with  the  proof  of  the  fol- 
lowing statements: 
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(i)  The  commutators  of  the  incoming  and  outgoing  fields  coincide: 

(14)  {X,  I)       {y,  f])]  =  [5.„  {CO,  i)      {y,  r}]  . 

(ii)  The  commutator  of  the  incoming  field  is  a  c-number: 

(15)  [B,Jx,  i)B,Jy,  rj)]  =  (Q,  [B.^x,  |)B,.(a^,  ^)]i3)  . 

We  expand  the  operators  B  and  Bout  with  respect  to  a  complete  orthonormal 
system  {F^{x)}  of  the  positive  frequency  solutions  of      —  M^)F{x)  =  (ii 

B{x,  I)     =2  F^{x)B:  {X,,  I)  +  2     {x)Bl  {X,,  I) , 

■^r   ^)  =  1  f^x)b:^^  (I)  +  2   {^)Bo^M . 

The  coefficients  are  determined  by  (") 

Bi{x,,  I)  =  T  ijda^r         |)  A  J5ij(^)  _  |)| , 

J':(^)=J^«(.^),JP;(a^)=J':(a?), 

(and  similarly  for  jBo|t^(|)). 

As  a  consequence  of  causality  and  spectrum  conditions  we  have  the  identity 

(16)  ^^x^^yFl{x)Ff,{y)K^K^TA{x-^^)A{x-^)A{y-^ri)A{y  = 

=  ldyjdxF*{x)Ff,{y)K!fK:fTA{x  +  i)A{x-i)A{y+r))A{y-r]). 

After  integration  over  x^  and  i/o,  this  relation  yields 

[Kt.(l),  B;^,p{rj)]-[B-Ji),  B-p{rj)]  =  0  , 
and  similarly  for  [-Bj^,t«(l)»  ^ott/i  (»?)]•   So  we  have  proved  that 
[      {X,  I),       {y,  rj)]=  [B,„  (0?,  I),      (y,  ^)]  . 


(2^)  If  I  is  spacelike  we  have 
Tliis  relation  is  no  longer  true  if  |  is  a  timelike  vector. 
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Statement  (ii)  may  be  derived  from 

(17)  jdwjdyFl{x)Fp{y)K^K^TA{x-{-^)A{x-i)A{y +r))A{y-rj)A{z)  = 

=jdyj dxFlix)Fp{y)K^EfTA{x  +  ^)A{x  -  i)A{y  +  r))A{y -  r))A{z) , 
whicli  yields 

or 

[[A:«(^)J5r,(^)]^(^)]  =  o. 

Therefore  the  commutator  [B^^{x^  ^)B^^{y,  ri)]\^  a  c-number  (statement  ii). 

Now  we  can  determine  the  commutator  (15)  by  calculating  the  vacuum 
expectation  value.  For  this  purpose  we  determine  first  the  matrix  elements 
of  B^^  {x,  I)  between  the  vacuum  state  and  an  arbitrary  state  vector. 

If  0k  is  an  eigenstate  of  belonging  to  the  eigenvalue  and  the  rest 
mass  —  /c^  =  ilf^  we  have 

(fl,  TA(x  +  i)A(x  -  m.)  =  ^-^^^  F^(^) . 

with 

(18)  F,{i)  =  {2nf(Q,  TA{^)A{-^)0k) 
and 

{U,  +  M^){Q,TA{x-^^)A{x-^)0k)  =0. 
From  this  and  the  definition  (3)  of  B,^  {x,  |)  it  follows  that 

(19)  (Q,  BUx,         =  (Q,  B{x,  1)0.)  =  ^^1^^-  FA^) . 

On  the  other  hand  if  0  is  an  eigenstate  belonging  to  the  eigenvalue  with 
the  rest  mass  —k^^M^  we  get  from  (5): 

{kl  +  M%Q,  B,^x,  1)0)  =  -(□.-  M%Q,  B,Sx,  |)0)  =  0 

hence 

{Q,  B.Jx,m)  =0. 

Therefore  we  have 

(Q,BUx,  i)B,Ay,  v)^)  =  j ^-(^'  ^)^*)  (^'^'  ^-^2/,  v)^)  = 

=  T^J^  iv)  exp  [ik{x  -  y)] , 

{27zyj  2k f 
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where  we  have  used  the  invariance  under  space  time  reflection  for 

(20)  (0*,  TA{r])A{-rj)Q)  =  (Q,  TA{r))A{-r])0,)  =  F,{rj)  . 
Introducing  the  Fourier  transform  B.^{k,  i),  we  have 

I)  =  ^  jd^Jc  exp  {i1cco]d{Jc^  +  M^)BUk,  , 

and  defining  creation  and  annihilation  operators 

At (fe,  I)  =  BUlc,  I) ,  for  Tco  =  +  \Vk'  +  M^  \ , 
BUk,  I)  =  BU-lc,  I) ,      for  ko  =  -\VW+W\, 

we  get  from  (19)  and  (15)  the  final  commutation  relations 

(21)  [5,t  (*:,  1)5-  (p,  rj)]  =  F,{^)FAr])2k:dAk  - p)  , 

(22)  [5rn(A:,l)S±(p,^)]  =  0. 

Finally  we  only  mention  that  the  same  methods  used  in  this  Section  to 
prove  the  commutation  relations  (8)  and  (21)  may  be  applied  in  order  to  derive 

(23)  [A,M,  B.Jy,  r})]  =  0. 

3.  -  Derivation  of  an  /S-matrix  formula. 

The  operators  B^t{x,  |)  depend  on  the  relative  co-ordinate  |  of  the  bound 
state.  For  the  ^S-matrix  we  are  only  interested  in  the  center  of  mass  motion 
of  the  bound  states  and  want  to  carry  out  the  limit  |  0.  Therefore  we 
define  operators  -Bout  (a?)  by 


(24) 


JBout  {x,  i) 

Fo{^)  =  {27t)i(Q,  TA{$)A{-i)0o)  , 


where  0^  is  the  bound  state  at  rest. 

In  order  to  prove  the  existence  of  the  limits  |  ->  0  in  (24)  we  divide  (21) 
by  ^fc(l)  and  get 


=  F,{rj)dAh-p) 
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Diiferentiation  with  respect  to  |  yields 


and  correspondingly  from  (22),  (23) 
_d_  BrAk,  I) 


_a_  K(fc,  I) 


=  0, 

=  0, 
=  0. 


Thus  (S/3|^)(-B.t(A;,  |)/(l^t(l))  commutes  with  all  operators  (a?)  and  5.„(i/,  t^). 
Since  we  have  assumed  that  the  operators  A^^^),  B^AVjV)  together  form  an 
irreducible  operator  ring  {djd^  )(B^^{k,  ^)IFAi))  is  a  c-number: 


_a_  K(fc,  I)     a  (D,BUk,^)Q) 

because  of  (6).    Therefore  the  expression 

J5.:(fc,  I) 


=  0, 


is  independent  of  |  and 
(25) 

does  exist  because 


F,{^)     F{k^,  |«) 


^o(f)      ^(0, 1^)  ' 
is  in  the  limit  independent  of  A;: 


lim^Ul 


1-0  (I) 


From  (21),  (22),  (23)  we  get: 


[B-{kh  BM]  =  2k;dAk-p) 
[B^Jk),  A,Jy)]  =  0. 
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Hence 

(26) 

(27) 

Further  we  have 
and 


(D  —  M^)  Bo.t{x) 
{Q,  Bo.t{x)0k) 


iA{M,  x  —  y), 
0. 

0 

exp  [ilex] 


if  0jt  is  the  bound  state  with  four  momentum  k^^.  B^t{x)  is  given  in  terms 
of  A{x)  by 

(28)  Bout{x)  =  lim         ^^TA{x  +  i)A{x  -  I)  +  f ^^'^^^  i^i  ^  -  ^')^ » 
J(a^,  I)  =  (a  -  Jf2)TJL(;r  +  ^)^(aj  -  I)  . 

According  to  (25)  Bf^{lc,  |)  is  a  multiple  of  5,„(A;).  From  this  fact  we  con- 
clude that  the  operators  A.^{x),  B^^{y)  together  already  form  an  irreducible 
operator  ring.  Therefore  the  whole  Hilbert  space  can  be  built  up  by  the 
creation  operators 

A^^ilc),  B[ni{k) 

of  incoming  or  outgoing  elementary  particles  or  bound  states  of  momentum  k. 

The  state  vectors 

(29)  0^'      =  A:M"-^-At^i)B-Ak,^,)...B-jK)Q 
as  well  as 

(30) 

(fc2  =  _  ^2    for    i  <Z ,  ^=—M^    for  i  >  0 

form  a  complete  orthonormal  system  of  The  /^-matrix  is  defined  as  the 
operator  transforming  the  incoming  into  the  outgoing  states: 

(31)  (0f' -^s  S0^r'')  =  (^rut  's  ^fn-'O  • 

Since  both  systems  (29)  and  (30)  form  a  complete  basis  of  the  Hilbert  space 
the  /S-matrix  is  unitary. 
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It  is  possible  to  express  the  /S-matrix  by  the  vacuum  expectation  values 
of  T-products  only.  To  show  this  we  derive  from  (7)  the  following  reduction 
formula  (22) 

(32)  [ST{oo, ...  X,),  AL]  =  ±ij ^n{z)K^ST{x, ...  x^z) , 

(33)  [8T{x, ...  x^),  5,T«(0]  =  ±  *J {z)Kf8T{x, ...  a?,,  ^  -  C,  ^  +  C) , 
with 

r(.....„,=TA(..)...^(.„,, 

If  we  now  insert  plane  waves  instead  of  the  wave  packets  f^{x)  we  get 

(34)  [ST{x, ...  X,),  Ar.  m  =  -  ^  j exp  \ikz]K7 8T{x, ...  x,z) , 

(35)  r/ST(a?x...aj*),-B*(A^)]  = 

ieik)  C 

=  -  ^27tm{C)  J  ^    ^'^^^  Kfm^x  ...x,,z-^,z  +  o. 


Since  the  state  vectors  (29)  form  a  complete  basis  8  can  be  expanded  with 
respect  to  the  incoming  fields: 


(36) 


n  W  +  m^)  n     +  ^tf'^)         ...  a,:,{K)BM  ...  -B»,(u  : , 

t-1  3-1 


where  the  coefficients  are 

=  e{K) ...  e{hrn)e{h) ...  £(?„)(i3,  [...  [8,  A^K)] ...  ^*n(A^«)]K(?i)]...  BtM^Q)  = 
^  (2^^-+">^,A)...-^^„(Cn) / "'  ^^""^^  ^'^^  2  h^^)]  • 


(22)  AH  reduction  formulae  in  H.  Lehmann,  K.  Stmanzik  and  W.  Zimmermann: 
Nuovo  Cimento,  1,  425  (1955),  Sect.  2  are  contained  in  the  single  formula  (32)  which 
was  given  by  K.  Symanzik:  unpublished. 
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The  last  line  of  (37)  follows  by  iterating  (34),  (35)  and  taking  the  vacuum 
expectation  value.   Transforming  (37)  into  co-ordinate  space  we  get  (") 


(38) 


•  (Q,  T{y^ ...  ym,    +  C,      ^«  +  C,  ^«  -  C,  ...     -  C)^) : 

:  A,^{y^)  ...  A,^{y,n)B,r,{z^) ...  B,^{Zn) !  . 


The  function  J^fc(C)  which  enters  in  the  expansions  (37)  and  (38)  can  easily 
be  expressed  by  vacuum  r-functions  (i.e.,  vacuum  expectation  values  of 
T-products)  if  we  take  the  vacuum  expectation  value  of  reduction  formula  (35) 
for    =  2,      =  I,  £i?2  =  —  I : 

(39)  J'.(|)^,(»?)  =-i|d2/exp[i%]Zf (i?,T^(|)A(-|)A(i/  +  7?)A(i/-i^)i?). 
Putting  I  =  >y  we  get 

(40)  F,{^Y  =  -ijdxex^  {ilcx]K^  {D,  TA{^)A{-  ^)A{x  +  i)A{x  -  i)Q)  . 

Inserting  (40)  in  (37)  or  (38)  the  >S^-matrix  is  completely  given  by  the  vacuum 
T-functions. 

4.  -  Local  field  operators  for  bound  states. 

In  this  section  we  want  to  take  the  limit  |  ->  0  of  the  operator 
B{x',^)^TA{x  +  ^)A{x-i) 
itself.   We  assume  the  existence  of 

TA{x  +  l)A(x  -  f)  -  {Q,  TAmi-  ^)Q) 

=  n  (2nnD,TAm(-m)  ' 


(23)  One  gets  corresponding  expansions  of  the  T-product  replacing  8  by  ST{x^ ...  ar^) 

and 

by 

T{Xj^,..X^,y^...ym,Zj_  +  Ci,  ..■,«„+  Cn,Zi  —  Ci,  ...,2„  — Cn)  » 

in  the  expansions  (37)  and  (38). 
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which  in  a  formal  sense  can  be  written  as  (") 

(42)  B{a;)  =  a-KMx)^-a-^b 

with  the  two  (probably  divergent)  renormalization  constants  a  and  b 

f  =  -  ijexp  [-  iMxo](Q,  TAiOyA{xyD)  dx^ , 


(43) 


(according  to  (40)) 

b  =  (Q,A{OyQ)  . 


The  operator  B{x)  is,  of  course,  invariant  under  the  inhomogeneous  liorentz 
group  and  commutes  with  B{y)  and  A{y)  if  {x  —  y)^>0.  Furthermore  we 
get  fiom  (7)  or  (28)  the  asymptotic  conditions 

(44)  ^lim^  (0,  BMW)  =  (0,  Bo^.W) 

with 

Br{t)=-ij d,xB{x)  A  F*{x) , 

for  any  normalizable  solution  of  (D^  —  M*)F{x)  =  0. 

Therefore  the  field  operators  A{x)  and  B{x)  together  satisfy  the  three  prin- 
ciples of  in  variance,  causality  and  asymptotic  conditions  exactly  in  the  same 
formulation  whicli  was  given  in  an  earlier  paper  for  elementary  particles 
only  (").  From  these  principles  we  get  in  the  usual  way  an  expansion  of  the 
/S'-matrix : 


(45) 


•(Q,  TAiy,)  ...  A{y^)B{z,) ...  B{z,)D)  :  A^     A.^yMnM  ...  j5.„(«„) :  , 


which  may  also  be  obtained  directly  from  (38)  taking  the  limit  C  ^  0. 

We  remark  that  there  remains  at  least  one  formal  difference  between  the 
case  of  two  independent  elementary  particles  and  the  case  of  one  elementary 
and  one  composite  particle.  If  B{x)  belongs  to  a  bound  state  composed  of 
elementary  particles  described  by  a  field  A{x),  it  is  possible  to  represent  B{x) 


(")  For  the  case  of  J^^-coupling  at  least  in  perturbation  theory  the  matrix  elements 
of  B{x)  can  be  made  finite  to  any  order  of  the  coupling  constant  if  a  and  b  are  deter- 
mined by  (43). 

(")  H.  Lehmann,  K.  Symanzik  and  W.  Zimmermann:  Nuovo  Cimento,  1,  425  (1956). 
Although  there  only  the  case  of  one  scalar  field  was  considered  the  generalization  to 
several  fields  is  obvious. 


144 


ON  THE  BOUND  STATE  PROBLEM  IN  QUANTUM  FIELD  THEORY  613 

— ^roughly  speaking — as  a  polynomial  in  A{x)  (in  our  model  Eq.  (42)).  We 
may  impose  this  relationship  as  an  additional  condition  beyond  the  principles 
of  invariance,  causality  and  the  asymptotic  condition  in  order  to  exclude  the 
case  of  two  elementary  particles. 

5.  -  Examples. 

In  this  Sectix)n  we  shall  give  simple  examples  for  the  expansions  of  the 
^*-matrix  which  we  have  derived  in  the  last  sections.  Instead  of  the  model 
of  one  scalar  field  we  consider  the  more  interesting  case  of  a  charged  scalar 
«  nucleon  »  field  y){oo)  interacting  with  a  neutral  scalar  « meson  »  field  A{x). 
We  assume  that  there  are  just  three  non-vanishing  discrete  eigenvalues  m*, 
yj  and  of  —  P^:  belongs  to  the  one  nucleon  states,  to  the  one  meson 
states  and  to  a  stable  bound  state  W  of  charge  two  and  spin  zero  («  deu- 
teron  »  state).  As  a  consequence  of  charge  conservation 

{Q,  y){x)W)  0 

vanishes  identically  for  a  deuteron  state  W.  Under  the  corresponding  assump- 
tions, as  formulated  in  Sect.  1  for  the  case  of  one  scalar  field,  we  can  apply 
the  methods  developed  in  the  last  sections.  As  an  example  for  the  /^-matrix 
expansions  (36),  (38)  and  (45)  we  consider  the  special  scattering  process  with 
one  deuteron  and  one  meson  of  momentum  resp  in  the  initial  state  and 
two  outgoing  nucleons  with  momentum      and      in  the  final  state: 

(36')  ^^'-'^  =  (2^^"(C)/ ^^^^^^y^^^l^        +  %  -  PiOOi  -  p,x,)] ' 

^3g,)  =       (27r)«Fo(C)  / ^       ^^^^^  +  %  -  Pi^i  -  P^^z)]  • 

^^g,^  =j doJida^ady  d«  exp  [i{qz  +  ky  —  p^x,  —  p,x,)]  • 

.KK:K^,Kf  (Q,  Tyi{x,)y>{xM{y)Bm)  , 
P\  =  P\=-m\     q^=  —  M^,     k^=^  —  x^. 
The  function  F„{C)  is  given  by 
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and  satisfies 

FAO'  =  -  t(27r)tjd«  exp  [iqz]Kf(Q,  Ty){C)y){-         +  0^-^)0) . 
The  deuteron  field  operator  B{z)  is  defined  by 

where  ^o(C)  belongs  to  the  deuteron  state  Wq  at  rest.  In  a  formal  sense  B{z) 
may  be  written  as 

B{z)  -  e-iy){zy 
with  the  renormalization  constant 

c  =  {27t)^(D,  y)(0)2!Fo)2  =  —  tjexp  [—  iMx^](D,  Ty){Oyy){x)^Q)  dx . 

Finally  we  remark  that  expressions  (36'),  (38')  and  (45')  hold  also  if  the 
model  contains  additional  stable  bound  states.  In  this  case  the  incoming 
nucleon,  meson  and  deuteron  fields  are,  of  course,  not  irreducible  in  the  whole 
Hilbert  space,  and  the  /S'-matrix  expansions  contain  in  addition  the  incoming 
fields  belonging  to  the  higher  bound  states.  But  if  the  state  vectors  0J« 
and  0o„V"^'  contain  only  nucleon,  meson  and  deuteron  states,  expressions  for 
the  /^-matrix  elements  (0^^t^S  can  be  derived  from  the  asymptotic 

properties  of  J.out,  Wo^t  and  J5out  in  a  similar  way  as  in  Sect.  3. 


I  would  like  to  thank  Professor  Oppenheimer  for  the  kind  hospitality  of 
the  Institute  for  Advanced  Study,  and  I  am  grateful  to  the  International 
Co-operation  Administration,  Washington,  for  a  grant.  I  am  indebted  to  many 
physicists  in  Gottingen,  Princeton  and  Berkeley  for  helpful  discussions. 
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Proof  of  Dispersion  Relations  in  Quantized  Field  Theories* 

H.  J.  BREMERMANN.t  R.  OeHME,  AND  J.  G.  TaYLOr| 

Institute  for  Advanced  Study,  Princeton,  New  Jersey 
(Received  October  15,  1957) 

The  problem  of  deriving  dispersion  formulas  is  reduced  to  that  of  the  analytic  continuation  of  all  functions 
which  are  regular  in  certain  domains  in  the  space  of  several  complex  variables.  The  dispersion  relations 
for  pion-nucleon  scattering  are  proven  for  momentum  transfers  in  the  center-of-mass  system  which  are 
smaller  than  l^M-^.  This  limit  can  be  improved  by  further  analytic  continuation.  By  using  causaUty  and 
spectral  conditions  the  dispersion  formulas  for  forward  nucleon-nucleon  scattering  could  be  derived  only 
under  the  unphysical  condition  (v2— l)Af^'.  We  cannot  exclude  the  possibility  that  this  restriction  is 
weakened  by  taking  into  account  all  symmetry  properties  of  the  complete  four-body  Green's  function. 
The  situation  is  similar  for  the  representation  of  the  meson-nucleon  vertex  function  taken  on  the  mass 
shell  of  the  nucleons.  In  this  case  an  example  of  R.  Jost  shows  that  the  validity  of  the  dispersion  formula 
cannot  be  guaranteed  on  the  basis  of  causality,  spectrum,  and  symmetry  properties. 


1.  INTRODUCTION 

THE  purpose  of  the  present  article  is  to  derive 
some  analytic  properties  of  scattering  amplitudes 
on  the  basis  of  general  assumptions  underlying  local 
relativistic  quantum  field  theories.  Most  of  these 
analytic  properties  are  usually  expressed  in  terms  of 
Hilbert  relations,  which  have  come  to  be  called  disper- 
sion relations.  Such  equations  have  been  obtained  for 
various  physical  processes,  and  their  importance  lies  in 
the  fact  that  in  several  cases  they  can  be  directly 
tested  by  experiments.^  In  other  cases  it  is  at  least 
possible  to  extract  approximate  relations  between 
observable  quantities.  Hence  the  dispersion  formulas 
make  it  possible  to  test  experimentally  some  aspects  of 
the  basic  "axioms"  mentioned  earlier. 

We  shall  not  give  here  a  detailed  discussion  of  these 
axioms,  since  it  may  be  found  elsewhere.^  They  consist 
essentially  of  the  following  assumptions, 

(a)  The  existence  of  linear  field  operators  in  Hilbert 
space, 

(b)  the  transformation  laws  of  these  fields  under  the 
transformations  of  the  inhomogeneous  Lorentz  group, 

(c)  the  asymptotic  condition,  and 

(d)  the  so-called  causality  condition,  which  implies 
that  the  commutators  (or  anticommutators)  of  two 
field  operators  shall  vanish  if  these  fields  are  taken  at 
points  which  have  a  finite  space-like  separation. 


*  A  brief  report  of  our  results  appears  in  the  Proceedings  of 
the  "Colloque  sur  les  Problemes  Math^matiques  de  la  Thiorie 
Quantique  des  Champs,"  Lille,  France,  Jime,  1957. 

tNow  at  the  Department  of  Mathematics,  University  of 
Washington,  Seattle,  Washington. 

JOn  leave  of  absence  from  Christ's  College,  Cambridge, 
England. 

*For  references  see,  for  instance,  Goldberger,  Nambu,  and 
Oehme,  Ann.  phys.  2,  226  (1957). 

2  R.  Haag,  Kgl.  Danske  Videnskab.  Selskab,  Mat.-fys.  Medd., 
29,  No.  12  (1955);  Lehmann,  Symanzik,  and  Zimmermann, 
Nuovo  cimento  1,  205  (1955);  Bogoliubov,  Medvedev,  and 
Polivanov,  lecture  notes,  translated  at  the  Institute  for  Advanced 
Study,  Princeton,  1957  (unpubUshed);  A.  S.  Wightman,  preprint 
of  Lille  Conference  talk,  June,  1957  (this  paper  contains  further 
references). 


For  the  derivation  of  dispersion  relations  we  need  a 
few  additional  assumptions  about  the  existence  of 
Fourier  transforms  and  some  known  properties  of  the 
spectrum  of  intermediate  states  for  the  system  in 
question.  These  will  be  discussed  later. 

On  the  basis  of  the  axioms  (a),  •  •  •,  (d),  one  can 
derive  representations  for  the  elements  of  the  scattering 
matrix,  and  we  shall  be  especially  concerned  with  the 
amplitude  for  the  elastic  scattering  of  particles  with 
finite  rest  mass.  Let  k  and  k'  (p  and  p')  be  the  four- 
momenta  of  the  projectile  (target)  before  and  after 
scattering.  In  a  special  Lorentz  frame^  where  p+p'=0, 
we  consider  the  scattering  amplitude  J"  as  a  function 
of  the  projectile  energy  a)=  ^o=  W  for  fixed  finite  values 
of  A  =  ||k'— k|  (2 A  is  the  amount  of  the  momentum 
transfer;  we  disregard  here  possible  charge  and  spin 
variables).  We  are  interested  in  the  analytic  properties 
of  T(o3,A^)  as  a  function  of  w,  but  the  representation 
obtained  from  the  axioms  is  valid  only  for  real  co  with 
a)^>w^+A^,  where  m  is  the  rest  mass  of  the  projectile. 
(Throughout  this  paper  we  set  h=c=l.)  In  order  to 
continue  the  scattering  amplitude  into  the  complex  oj 
plane,  we  must  consider  it  as  a  function  of  w  and  other 
variables  simultaneously.  Thus  we  are  led  to  use  the 
tools  of  the  theory  of  functions  of  several  complex 
variables. 

For  the  case  of  pion-nucleon  scattering  a  mathemati- 
cally rigorous  proof  of  dispersion  relations  for  non- 
forward  scattering  has  been  given  by  Bogoliubov.'  His 
proof  is  valid  for  values  of  A^  which  are  smaller  than 
Amax^=  (m/m+fi)fi%  where  m  is  the  pion  and  m  is  the 
nucleon  mass.  Bogoliubov  avoids  the  explicit  use  of  the 
theory  of  functions  of  several'  complex  variables  by 
emplo)dng  parametrizations  and  using  distribution 
methods.  This  makes  the  proof  very  involved,  and  it 
seems  difficult  to  generalize  it  to  other  processes  with 
qualitatively  different  properties  of  the  spectrum. 
Because  of  these  difficulties  we  think  that  it  may  be 


'  N.  N.  BogoUubov  (private  communication,  February  1957). 
We  would  like  to  thank  Professor  Bogoliubov  for  informing  us 
about  the  details  of  his  proof. 
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worthwhile  to  present  a  different  approach  in  which 
the  essential  part  of  the  proof  of  dispersion  formulas  is 
reduced  to  the  problem  of  finding  the  envelope  of 
holomorphy  of  a  certain  type  of  domain  in  the  space  of 
several  complex  variables.*-^  The  envelope  of  holomorphy 
E{D)  of  a  domain  D  is  the  intersection  of  the  domains 
of  holomorphy  of  all  fimctions  which  are  regular  (holo- 
morphic)  in  D.  The  domain  of  holomorphy  Z>/  of  a 
function  /,  which  is  analytic  in  D,  is  the  largest  domain 
into  which  /  may  be  continued.  In  the  case  of  one 
complex  variable  there  exists  for  every  domain  D  a 
function  f{z)  such  that  D=Df,  and  hence  we  have 
E{D)  =  D.  But  in  the  space  of  two  or  more  complex 
variables  the  situation  is  different  and  we  have  the 
remarkable  fact  that  there  exist  domains  D  such  that 
all  functions  which  are  analytic  in  D  may  be  continued 
simultaneously  into  a  larger  domain.  The  largest 
domain  into  which  all  these  functions  can  be  continued 
is  the  envelope  of  holomorphy  of  D. 

For  special  domains  D,  which  possess  certain  sym- 
metry properties,  the  corresponding  E{D)  is  known.* 
There  are  also  methods  for  the  construction  of  E{D)  for 
an  arbitrary  DJ  The  domain  D  which  appears  in  the 
proof  of  dispersion  formulas  has  certain  invariance 
properties  and  we  hope  that  future  mathematical  work 
will  make  it  possible  to  find  the  corresponding  envelope 
E{D).  In  the  present  paper  we  consider  only  a  suitable 
subdomain  Ds  which  is  a  generalized  semitube.  For 
this  semitube  we  can  construct  the  envelope  of  holo- 
morphy and  obtain  thus  a  proof  of  certain  dispersion 
relations  for  restricted  values  of  A^.  In  the  case  of 
pion-nucleon  scattering  we  have  for  instance  A^<2fi^. 
The  semitube  method  is  not  sufficient  to  prove  dis- 
persion relations  for  nucleon-nucleon  scattering;  it 
would  only  suffice  if  the  mass  ratio  n/m  where  larger 
than  (\^— 1).  However,  this  limit  is  due  to  such  points 
on  the  surface  of  E(Ds)  which  can  be  shown  to  be  also 
surface  points  of  E(D).  Hence  we  cannot  hope  to 
continue  further  on  the  basis  of  local  commutativity 
and  the  support  properties  derived  from  the  spectral 
conditions.  But  there  are  certain  symmetry  properties 
of  the  four-body  Green's  function  which  we  have  not 
used,  and  we  cannot  exclude  the  possibility  that  these 
permit  a  continuation  beyond  E(D)  in  the  relevant 
region.* 

The  situation  is  very  similar  in  the  case  of  the  meson- 
nucleon  vertex  function  Fl(k-py,  k^,  /^]=<^li(0)  |  p). 
We  can  assure  the  existence  of  the  representation 


*  H.  Behnke  and  P.  Thullen,  Theorit  der  Funktionen  tnekrerer 
komplexer  Verdnderlichen,  Ergebnisse  der  Mathematische  Wissen- 
schaften  (Verlag  Julius  Springer,  Berlin  and  Chelsea  Publishing 
Company,  New  York,  1934),  Vol.  3,  No.  3. 

•S.  Bochner  and  W.  T.  Martin,  Several  Complex  Variables 
(Princeton  University  Press,  Princeton,  1948). 

«  Hans  J.  Bremermann,  Math.  Ann.  127,  406  (1954). 

'Hans  J.  Bremermann,  "Construction  of  the  Envelopes  of 
Holomorphy  of  Arbitrary  Domains"  (to  be  published). 

*  We  would  like  to  thank  Professor  R.  Jost  and  Professor  H. 
Lehmann  for  enlightening  discussions  concerning  this  point. 


[k''<{m+^)\f<{m+^,Y^ 

FLz,J^,f:i  =  -  I  ^    da^  +  E  C„(^,/^)z" 

only  for  F-f^<  (w+At)^-  In  order  to  reach  the  mass 
shell  k^=p^=m^,  we  would  have  to  require m>  ("V^—  l)m. 

See  Sec.  4  for  more  detailed  discussions  of  the  re- 
strictions in  mass  ratios  and  momentum  transfer. 

2.  CONSTRUCTION  OF  DISPERSION  FORMULAS 

As  an  example  we  consider  the  elastic  scattering  of 
neutral  scalar  bosons  of  equal  mass.  If  S{k',p',k,p) 
describes  the  relevant  ^'-matrix  elemeni.  for  this  process, 
we  introduce  the  usual  causal  amplitude  Mr  by  the 
relation 

s{k\p\k,p) = {k'  I  k){p'  I  p)+i{2iryb  {k'+p'-k-p) 

X  {\(>k,'k,p,'p,)-Wr{k+k' ;  p',  p),  (2.1) 

where  k,  p  and  k',  p'  denote  the  momenta  of  the 
particles  before  and  after  scattering.  Then,  by  standard 
methods,^  we  obtain  for  Mr  the  representations 

Mr{k+k';  p\  p)  =  2(poPoyiJd'x  ei'^*^*') -7,(0:0) 

Xip'imx),  j(~hx)2\p)+P(k-\-k';  p',  p),  (2.2) 

where  j{x)  may  be  defined  in  terms  of  the  Heisenberg 
fields  <i>{x)  by  j{x)=  {n-\-m^)<t>{x)  and  where  P  is  a 
real  polynomial  in  the  components  of  k-\-k'  with  arbi- 
trary coefficients  depending  on  p'  and  p.  In  addition 
to  Mr  we  introduce  the  corresponding  advanced 
amplitude  Ma  by 

Ma{k+k\  p\  p)  =  -2(poPo')Hjd*x  ei'f^*')-77(-^o) 

X<j>'\mx),  j(-ix):\\p)+P(k+k';p\  p).  (2.3) 

Then  the  dispersive  and  absorptive  parts  of  Mr  may 
be  expressed  in  the  form 

1 

D=\{Mr-\-Ma),   A=-(Mr-Ma);-  (2.4) 
2i 

and  are  real  functions  of  k-\-k',  p'  and  p.  It  is  convenient 
for  our  further  discussion  to  go  into  the  special  system 
in  which 

|(^+*')  =  ^,  («'-£a=')M;  P'=^P^,  P=P-a, 

where 

^a={£a,A};    A.e  =  0;   £a=  (w'-f-A^)*;  |e|=l. 
In  this  system  the  amplitudes  Mr  and  Ma  can  be 

•See,  for  example,  Lehmann  et  al.  and  BogoUubov  et  al., 
reference  2. 
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written  as 

Mr.aio^A^)  =  D(co,A^)±iA  (a>,A2) 

=  db  lEAtJd^x  explio3Xo  -  i  (co^  -  £^2)  ig .  x] 
Xv(±Xo){pA\lj{hx),  j(-hx)l\p-A) 

+  e'c„(A2)c.2".  (2.5) 

n=0 

One  can  easily  prove  that  for  fixed  the  dispersive 
part  is  an  even  function  and  the  absorptive  part  an 
odd  function  of  co. 

We  assume  that  the  matrix  element  of  the  commu- 
tator is  a  tempered  distribution  in  x,  but  only  deriva- 
tives of  finite  order  of  the  5  functions  shall  appear.  As 
far  as  the  singularities  on  the  light  cone  are  concerned, 
the  latter  property  is  already  guaranteed  by  the 
causality  condition,  which  implies  that  the  commutator 
vanishes  for  x^=xo^—x^<0.  The  real  polynomial  in 
has  its  origin  essentially  in  the  possible  appearance  of 
e{xo)  times  8'-"'>(x^)  in  the  integrand  of  the  dispersive 
part,  which  is  then  not  defined  for  x=0.  This  fact 
introduces  a  certain  arbitrariness  in  the  Fourier  trans- 
form, which  is  just  expressed  by  the  polynomial  with 
arbitrary  coefficients. 

From  the  assumptions  we  have  made  about  the 
matrix  element  in  Eq.  (2.5)  it  is  clear  that  these 
representations  of  Mr  and  Ma  are  defined  only  for 
w^>£a^.  Following  Bogoliubov,^"  we  consider  therefore 
the  amplitudes  as  functions  of  an  additional  variable  jS 
such  that  we  have,  for  w*>/3, 

Mr.  a(a),/S,A2)  =  _i.  2Ed^d*x  expCiwiCo- * (6)2-|8)*e  •  x] 

X'n{±xo){pA\\j{\x),  j{-hx)-]\p.A) 

+  EC„(^,A2)a,2n.  (2.6) 

We  note  that  the  appearance  of  exp[i(w^— /3)*e  x]  in 
Eq.  (2.6)  causes  no  branch  points  for  Mr,  a  as  functions 
of  /8,  since  the  symmetry  properties  of  the  amplitudes 
allow  its  replacement  by  cos[(to2— j8)*e  x]. 

Before  discussing  the  analytic  properties  of  Mr,  a  let 
us  explore  the  absorptive  part  A(<a,^,A^).  For  )8<0  the 
representation 

Aiw,0,A')  =  2EA(^)  J  d*xexplio,xo-i((^-0)^e-x2 

X{pA\U(hx),j(-hx)-]\P-^)  (2.7) 
is  defined  for  all  «.  We  assume  the  existence  of  a 


w  Bogoliubov  et  al.,  reference  2. 


complete  set  of  eigenstates  of  the  energy-momentum 
operator  corresponding  to  non-negative  values  of  the 
energy.  Then  we  may  decompose  the  matrix  element 
in  Eq.  (2.7)  with 'respect  to  these  states.  Using  trans- 
lation invariance  we  find  a  spectral  representation  of 
the  form 


d(r^p(a\  i8-A2,  A2)[5(<r2-£A2_^ 


-2£Aaj)-5((r2-£A'-i8-t-2£ACo)],  (2.8) 

where 

p(a\^-A%  A2) 

=  e[cc.^2(<T)-)8]*,  «)(2/>„o)K2MKPn 

=  eM(a)-fiy,  n\j{0)\p.A)(2E^)i8(Pr.^-a'),  (2.9) 

and 

<^M=  (l/2£A)(<r2-£A='-/S).  (2.10) 

Here  <t  denotes  the  "mass"  of  the  system  described  by 
\pn,n),  i.e.,  the  total  energy  in  its  own  rest  frame.  The 
summation  extends  over  all  possible  intermediate  states. 
We  have  a  continuum  of  intermediate  states  with 
a'>2m  and  a  discrete  one  meson  state  at  <T=m.  For 
reasons  of  simplicity  let  us  assume  here  that  there  are 
no  other  discrete  states  (e.g.,  bound  states)  or  continua 
for  <r<2m.  More  general  cases  will  be  discussed  in 
Sec.  3.  Under  these  assumptions  about  the  spectrum, 
we  find  that  p(a^,  fi—A^,  A^)  may  be  written  in  the  form 

p(<r2,  |9-A2,  A2)  =  TwV(/8-A2)6(<r2-w2) 

+  @(a^,fi-A\A^\  (2.11) 

where  ®(a^,fi-A\  A^)=0  for  <r<2w.  On  the  basis  of 
Lorentz  invariance  it  is  easily  seen  from  Eq.  (2.9)  that 
p  must  be  a  real,  non-negative  quantity.  Furthermore, 
one  finds  that  the  function  g^{fi—A^),  appearing  in  the 
contribution  from  the  one-meson  state,  can  only  depend 
on/3-A2. 

We  see  from  Eq.  (2.6)  that  for  /3<0  and  fixed  A*  the 
amplitudes  M,  and  Ma  are  analytic  functions  of  w  for 
lmw>0  and  Imw  <0,  respectively.  This  is  a  consequence 
of  the  causality  condition.  The  amplitudes  Mr  and  Ma 
for  real  a;=Wr  are  obtained  by  the  improper  limits 

lim  Mr.  a(0}r±ie,  i8,  A2)  =  Mr.  a(«r,jS,A2). 
«-»0+ 

If  we  take  /S<  —  A^,  we  always  have  a  finite  gap  on  the 
real  o)  axis  where  A(o:,fi,A^)=0.  Then  Mr  and  Ma  are 
anal)rtic  continuations  of  each  other  and  we  have  one 
anal)rtic  function  M(o},^,A^),  which  is  regular  in  the 
cut  o)  plane  except  for  a  pair  of  poles  at  co=±w0(w). 
The  cuts  nm  from  ±cou(2f»)  to  ±  w .  From  the  assump- 
tions we  have  made  about  the  matrix  element  of  the 
commutator  it  follows  that  for  oj-^oo  (lma?^0), 
M(u^,A^)  does  not  increase  stronger  than  a  certain 
polynomial.  Suppose  it  vanishes  in  that  limit  like  l/u>. 
Then  we  have  for  fi<—A\  Imw5^0,  using  the  Cauchy 
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theorem  and  Eqs.  (2.4),  (2.8),  and  (2.11), 

1  A{<.'M 
=  -  I  do}   

1 

=-  )  do,'  0(2£aw'+£aS  |S-A2,  A2) 

x[— 1  ^— ^1 

U'-a;-i9/2£A    a)'+co-/3/2£A  I 

/r(^,A2) 

-hgH^-A')  ,  (2.12) 

where  h(M  =  -niK0-\-A')/('iE^').  Note  that  the 
lower  limit  of  the  integral  is  independent  of  0.  In  the 
general  case  we  have  to  supply  sufficient  powers  of  a>' 
in  the  denominator,  which  leads  to  the  appearance  of 
an  additional  polynomial  in  Eq.  (2.12).  Since  these 
complications  do  not  cause  any  principal  difficulties  in 
the  proof  of  dispersion  formulas,  we  shall  not  consider 
them  in  detail. 

We  now  wish  to  continue  both  sides  of  Eq.  (2.12) 
from  (S<-A2  to  /3=£a^  To  do  this  we  must  know  the 
analytic  properties  of  @(a^,  A^)  as  a  function  of 

jS.  In  Sec.  3  we  will  prove  that  there  exists  a  5>0  such 
that  for  all  (r'>(2my  and  A2<A^,ax^  @(<t^,  0-A\  A^) 
is  an  analytic  function  of  /3  for  0eS  (by  the  notation 
OiA  we  mean  that  the  point  a  belongs  to  the  set  A), 
where  5  is  the  strip 

S=[p:  |Im/3|  <8,  -R<Reff<E^^-\-82;  (2.13) 

(by  "[a:  •  •  •]"  we  denote  "the  set  of  all  a  which  satisfy 
the  condition  -  ■  •"),  R  is  any  positive  number,  and  8 
may  go  to  zero  as  R-^oo  ;  for  all  0eS  we  have  0=0 
for  a^<{2my.  We  know  that  0  is  a  real  fvmction  of  /3 
for  real  ^=^r<0.  Since  0  is  analytic  in  /3  for  ^eS,  it 
must  then  also  be  real  for  real  i8  =  /9r<£A^  A^<A^^:^^. 
The  limitation  on  A^  will  be  discussed  in  the  next 
section.  In  the  following  we  assume  only  that  Amai^  « 
finite. 

Using  these  properties  of  0,  we  proceed  to  show  that 
the  function  g^{^-A^)  must  be  analytic  for  /ScS.  Let  us 
denote  the  integral  in  Eq,  (2.12)  by  I{(j}^,A^).  If  we 
write  Eq.  (2.12)  in  the  form 

Wim)  -«2][M(„^^A2)  -/(a,,)8,A2)] 

=  g^{^-A^)hi^A'),  (2.14) 

then  the  left-hand  side  is  an  analytic  fvmction  of  the 
two  complex  variables  w  and  /3  for  (w,^)eZ)i  with 

^i=[("^):  |Imw|>|Im(a;2-/3)i|, 

2£AlIm«|>|Imj8|,   fieS'].  (2.15) 

The  domain  D\  is  the  intersection  of  regions  in  which 
M(u^,A^)  and  I{u^,A^)  are  analytic  functions  of  w 


and  /8.  First  we  prove  that  g^{^-A^)  is  analytic  for 
Im;3?^0,  /SeS",  by  constructing  for  each  of  these  points 
/3  an  CO  such  that  {(j>,0)^i-  We  write  a)=a.v+toi, 
/8=/3.+j/S.-,  and  take  w.?^0,  |(o.|  >  |/8.|/2£a,  and 
>a}ifir/^i-\-^i/4o}i,  which  is  evidently  always  possible 
and  guarantees  that  {<j}fi)eDi  for  18.5^  0,  /SeS.  Hence 
g^ifi-A^)  is  analytic  for  /3e5  except  for  a  possible  cu.  on 
the  real  ^  axis.  In  order  to  show  that  there  is  actually 
no  such  cut,  we  prove  that 

lim[g2(^,+ie-A2)-g2(/3,-ie-A2)]  =  0  (2.16) 

for  j8r±te=(8±fcS.  Let  us  define  c<j±  by  aj±=Wr±ie/£A. 
Then  (o}±,^±)eDi  provided  we  choose  a>r>  (5/4)£a 
+8/Ea  and  e>0  and  sufficiently  small.  But  for  {o}^)eDi 
we  may  use  the  representation  (2.6)  for  M{(io^,A^) 
and  find,  recalling  Eq.  (2.4), 

lim  [M(a;+,/3+,A2)-M(co_,jS_,A2)] 

e->0+ 

=  2i^(a,„/3.,A2);  (2.17) 
in  addition  it  follows  from  Eq.  (2.12)  that 
lim  [/(a)+,^+,A2)-7(a,_,|8_,A2)] 

fr-*0+ 

=  2j[0(2£Aa;,+£A''+i8„  /S^-A^,  A^) 

- e(-2£Aa;.+£A2+/3„  ^,-A\  A^)].  (2.18) 

Evidently  Eqs.  (2.14),  (2.17),  and  (2.18)  imply  Eq. 
(2.16).  We  conclude  that  g^(^-A^)  may  be  continued 
analytically  onto  the  domain  S.  Since  we  know  from 
Eq.  (2.9)  that  g^{fi-A^)  is  real  for  /3=,8,<0,  the  same 
must  be  trae  for  all  ^eS  with  lm^=0. 

If  we  relax  the  assimiption  about  the  behavior  of  M 
for  co-^oo ,  we  will  have  on  the  right-hand  side  of  Eq. 
(2.14)  in  addition  to  the  g^  term  a  polynomial  of  the 
form 

ECn(^,A2)co2». 

»i=0 

The  proof  that  the  coefficients  C„  are  analytic  functions 
of  /3  for  fitS  is  completely  equivalent  to  the  proof  of 
the  corresponding  properties  for  g^(^—A^). 

For  the  application  of  dispersion  relations  it  is 
important  to  show  that  g^im)  is  non-negative.  In  order 
to  prove  this  we  consider  the  invariant  matrix  element 

{2komj(0)\p)(2po)i=mTl{p-ky2, 

(^=^=^2),  (2.19) 

in  a  system  where  p=0.  From  the  representation 

r[2m(w-*o)]=-t^— ^  J d*xexp(ik-x)v(xo) 

X<0 1  U(x)jm  1 0,m)+  L  a-*o-,  (2.20) 
and  our  assumptions  about  the  spectrum  one  can  easily 
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see,  using  the  methods  described  earlier  by  one  of  us 
(R.  0.),"  that  r  is  an  analytic  function  of\=2m(m— ko) 
in  the  cut  X  plane,  the  cut  runs  from  (2my  to  +qo. 
Then  the  function  r(X)  is  real  for  X,=  0,  Xr<  (2my,  since 
it  is  for  Xr<0.  Evidently  T^(\)  has  the  same  properties; 
in  addition  it  is  non-negative  for  X  =  \r<(2my.  We 
see  from  Eqs.  (2.9),  (2.10),  and  (2.11)  that  ^"(^-a^) 
=  P(X)  with  X=)S— Hence  we  have  shown  that 
g^{m)>0.  We  could  have  used  the  properties  of  r(X) 
mentioned  above  in  order  to  demonstrate  that  g^i^—A^) 
is  analytic  for  fieS.  However,  the  method  described 
earlier  is  still  useful  in  order  to  prove  the  analyticity 
of  the  coefficients  Cn(^,A^)  of  the  polynomial.  Let  us 
now  go  back  to  Eq.  (2.12).  Since  0  and  are  analytic 
functions  of  /9  for  fieS  we  realize  that  the  right-hand 
side  of  this  equation  is  analytic  in  w,  /3  for  (aj,^)eZ>2, 
where 

D2=  IM) :  2£a  I  Imoj I  >  I  Im^ I ,  ^eSj  (2.21) 

Hence  we  can  continue  M(o},l3,A^)  into  the  domain  D2 
so  as  to  equal  I(o},M+gK0-^^M^,A%o}$'(fn) 
— a)2]-i.  But  any  (a),/3)  with  |S= Imco?^0  is  contained 
in  Z>2  and  hence  we  obtain  from  Eq.  (2.12)  the  Hilbert 
relation 


1  r^A 

M(co,£A^A2)  =  -  I      ^^a)'0(2£Aco'+2£A^  m\  A^) 


Leo'— CO    a)'-\-o}J    irJ  Et^  w'^ 


f{nP)m'r      1  1  -1 

+    +   ,  (2.22) 

2Ea    \-o){m)—(j}  co(m)H-a)J 

where  lmco?^0,  o>{a)=(j}p{a)  for  /8=£a^  and  A{w,A^) 
=A{b)',E^^,A^).  For  the  M  thus  continued,  it  remains 
to  be  proved  that  the  improper  limits 

lim  ir(co,±i€,  £aS  A2)  =  Mr.  o(a)r,A2) 

«-K)+ 

hold,  provided  Wt>E£,.  For  each  u,^>Eii^-{-t^  and 
fi=Ei^-\-2iae,  we  can  always  find  an  a  such  that 
Wr—  {o)r^—E£,^y<a<EA.  But  then  we  have,  for  e  small 
enough,  (c»r±te,  E^^±2iai)d)icDi  and  consequently 

lim  M(«,±i€,  £A^  A')  =  lim  M (co,±te,  £A'±t2ae,  A^) 

e-»0+  e-»0+ 


:M,,a(a,„A2), 


(2.23) 


because  for  (w,/8)eDi  the  Fourier  representations  (2.6) 
for  Mr  and  Ma  are  valid.  (By  B-:>  A  or  AcB  we 
denote  the  fact  that  all  points  of  A  belong  also  to  B.) 

Equation  (2.22)  represents  the  desired  dispersion  for- 
mula for  M{u,A^).  The  function  0(2£Aw'+2£A^  w^,  A^) 
appearing  on  the  first  integral  is  the  proper  extension 
of  the  absorptive  part  on  the  unphysical  region. 


with 


3.  ANALYTIC  CONTINUATION 

In  this  section  we  wish  to  prove  that  for  every  fixed 
(72>  {2my  and  A2<A„,ax'  the  quantity  ^-A\  A^) 

is  an  analytic  function  in  /?  for  ^eS,  where  5  is  the 
region  defined  by  Eq.  (2.13).  Since  <7^>(2my  it  is 
sufficient  to  show  that 

(<T^-m')@(a\  13- A%  A')=  (a'-m^)p(a^,  ^-A\  A^) 

has  the  required  properties.  The  quantity  p  is  related 
to^(a),|S,A2)  by 

A  (o,M  =  A  MA')  -  A(-cM,  (3.1) 
AicoM  =  p(2E^o>-\-E^^+^,  ^-A\  A2). 
Let  us  define  a  function  A  {piPipzpi)  by  the  equation 
A(PiP2pzpi)  =  A(k-\-k',  p',  p),  (3.2) 

where  pi=p',  p2=—p,  pz=k',  pi=—k.  For  reasons  of 
simplicity  we  have  not  introduced  a  new  symbol  in 
Eq.  (3.2).  By  standard  methods^"  we  have  then  the 
representation 

(2Ty8(pi+p2+pz+pM  (pipipzpi) 
—  hj  dxidx2idx3dx^exp[i{piXi-\-p2X2 

-\-p3X3-\-p4X4)2F(XiX2X3Xi) , 

where 

F{xiX2X3X4)  =  ^0 


(3.3) 


8<l>(xi)8<l>(x2^ 


)  I  ' 


+ degenerate  terms.  (3.4) 

The  operator  8/8<j>(x)  is  that  of  a  functional  derivation 
with  respect  to  the  boson  field  at  the  point  where 
this  field  is  regarded  as  a  classical  one  while  the  deri- 
vation is  being  performed.  We  use  it  here  only  as  a 
convenient  shorthand  and  the  expectation  value  F  may 
be  easily  written  out  in  terms  of  commutators  and 
step  functions.  The  "degenerate  terms"  in  Eq.  (3.4) 
contain  equal  time  commutators ;  they  do  not  alter  the 
properties  of  A{pi-  ■  -pi)  in  which  we  are  interested, 
and  therefore  we  do  not  need  to  consider  them  ex- 
plicitly. 

Carrying  out  the  functional  derivations  in  Eq.  (3.4), 
we  obtain 

F(XiX2X3Xi)  =  P(XiX2XzXi)  —  F(XiX2XiX3), 

and  correspondingly 

A  {pip2pzpi)  =  A  (pip2pzp4)  -  A  (pip2pipz), 
^jixa)  djixi)- 


where 


F(xiX2XzXi)  =  (  0   ,   0  > 


"  Reinhard  Oehme,  Nuovo  cimento  10,  1316  (1956). 


-(0|[y(^3): 


5V(^4) 


S<t,(xi)8<l>(x2) 


]|o).  (3 


5) 
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The  condition  on  the  spectrum,  which  we  have  dis- 
cussed in  Sec.  2,  implies  that  the  Fourier  transform  of 
(0 1  U(xz),d^j(xi)/8<f,(xi)8<t>(x,)-]  1 0)  is  zero  for  <  {2my. 
Since  we  are  only  concerned  with  the  region  <  {2mY, 
p4^<(2mY  throughout  this  paper,  we  may,  without 
error,  take  as  zero  the  second  term  on  the  right-hand 
side  of  Eq.  (3.5). 

An  expression  for  j{x),  equivalent  to  that  used  in  the 
last  section,  is 

8S 

j{x)  =  i-—S+. 
84>{x) 

The  causality  condition  may  now  be  written  as 

8j(x)/8ij>(y)  =  -iv(yo-xo)U(y)J(x)l=0 

for    (yo-a;o)<|y-x|.  (3.6) 

From  the  causality  condition  it  follows  that  F(xi-  •  -Xi) 
is  retarded  in  the  variables  (xi—xz)  and  (xi—xt),  and 
so  will  be  denoted  by  Frrixi-  --Xa).  The  four  fimctions 
which  are  obtamed  from  Frr{xi-  •  -xt)  by  interchange 
of  the  variables  xi  and  x»,  Xi  and  xk  any  nimiber  of 
times  will  be  denoted  ky  Fij{xxx^^i)^  with  t,  y=r,  a. 
The  subscripts  t,  j  correspond  to  the  advanced  or 
retarded  property  in  the  variables  {^x\—x^,  {x^—xk), 
respectively.  For  example,  we  have 

\  |L&A(a;3)a*(a:2)J|  / 
By  the  use  of  the  relation 
hj{x)  8j(y) 

——  —=iUix)J(y)l, 

b<t>{y)  8<t>ix) 
and  the  condition  on  the  spectrum,  we  obtain 

for   Pi'<i2my,   ^3'<(2m)«  ^^^^ 

Air(Pl-"P*)-Aia(pl---p4)='0 

for   P2^<(2my,  p^<{2my. 

Also,  by  the  same  condition, 

L(Pi-i-pzy-fn'lAij(p,---p,)  =  0  (3.8) 

for  (pi-{-p3Y<(2my  or  />io+/>3o<2w,  and  all  i,  jj=r,  a. 

We  consider  from  now  on  only  the  function  Bij,  Gii 
which  are  defined  by  the  expressions 

Sijipv  '  •p<)  =  L(pi-\-pzy-ni'2Aij(p,- ■  -p,),  (3.9) 

(jij(Xi"-X4) 

=  [-  C— +— )  -iApijixi- •  -xO.  (3.10) 

L  Vdxi  dx,/  J 

The  analjrticity  property  of  0((r*,  /3— A*,  A*)  which  we 
desire  is  then  proved  by  Theorem  1*  (for  An^^—m^). 
Theorem  1. — ^We  are  given  four  generalized  functions 
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of  the  four-vector  variables  xi,  •  •  xa, 

fijixiX2X3Xi),    i=r,a,  j=r,a. 

The  /,-,•  are  assumed  to  be  tempered  distributions, 
multiplied  by  certain  step  fimctions,  so  that  their 
Fourier  transforms  are  defined  to  within  certain  arbi- 
trary polynomials.  The  quantities  fa  are  assiuned 
invariant  imder  the  transformations  of  the  inhomo- 
geneous,  orthochronous  Lorentz  group,  and  are  retarded 
or  advanced  in  (xi—xs),  (x2— X4)  as  denoted  by  the 
subscripts  t,  j.  The  Fourier  transforms  of  the  /,/, 
defined  by  the  expressions 

i2iryMpip2p3p*)8(pi+p2+p3+pi) 

=  J  dxidx2dx3dx4exp[i(PiXi+p2X2 

+  ^3X3+/>4X4)]/,7(XlXsXsX4), 

are  assiuned  to  have  the  properties : 

frj- /ay^O  for  pi^<  (2m)^  and  (2m)«, 

and  j=r  or  a; 
fir-fia^O  for  p2^<{2m)\  and  p^<  {2m)\ 

and»=rora; 
/.y=0  for  {pL+p3Y<{2my  or  (^lo+Z'so) <0, 

i=r  or  a,    j=r  or  a. 

Then  we  wish  to  prove  that  there  is  a  function 
x(zi,Zi,2s,Z4,26;  Ze)  of  the  complex  variables  2i,  •  •  •,  «§ 
and  the  real  variable  ze,  which  is  in  general  a  tempered 
distribution  in  ze  and  which  has  the  following  properties : 
(1)  For  each  real  ze,  x(zi,  -  •  -  .ze)  is  analytic  in  zi, 
in  the  region  D, 

Z?=Czi,  •  •    zi:  |zi-m*|  <«,  |2j-m«|  <S, 

Iz,-tI  <5,  |Z4-7|  <S,  |z»+4A'|  <«:,  (3.12) 
where  —R<yMm\  for  any  positive  number  R,  and 
where  S  is  some  small  positive  number,  which  may 
become  zero  as  R-^  » .  We  require  also  A*<fn'.  (2)  For 
Pi,  ■  ■,Pi  real,  Pi-\-pi+p3-\-p4=0,  Pu-\-pzo>0,  Zx=Px\ 
zt=pi\  z,=  M  24= M  26=  (px-¥pt)\  and  z,=  (^i+^»)S 
with  (zi,  •  •  -jzOtD^  we  have  the  representation 

fiiiPiPtpip^ = X  (zi,zs,z,,Z4,Z6 ;  Ze) . 
(3)  x=0forze<(2m)*. 

Proof. — For  convenience  we  introduce  the  inde- 
pendent four  vectors  qi,  qt,  and  ^3,  by 

^i=gi+98,  pi=-qi-qt,  pi=-qi-\-qt,  pi=qt-qt- 

Then,  writing  gii(qiqiqt)  =  fij'(piptPipi),  where  for  j=r 
then  j'=a,  and  for  j=a  then  /=r,  we  have 

gii(qiqiq»)  =  J dyidy^y,  expli(qiyi 

-\-qiyi+q»yz)llii(yiyty»),  (3.13) 

where 

(xixsxixO = laiyiyiyi) 
at  yi=xi—xt,  yt=  —  (xj— X4),  y«=  (xi— «i+x»— *0- 


I 


2184 


BREMERMANN,   OEHME,   AND  TAYLOR 


From  Eq.  (3.13)  and  the  retarded  and  advanced 
character  of  the  gij  we  see  that  the  functions  g,/  are 
analytic  in  certain  regions.  If  we  take  these  functions 
as  one  function  g(qiq2qt),  then  g  (51^293)  is  analytic  in 
the  region  {qi,qi)€WXW  for  each  real  qs,  where 

W={iq:  !lmgo|>[Iniq|,  |Re9o|<«,  |Req|<oo]. 

P^ote  that  q»=h(Pi-{-p3)  is  always  real.] 

Let  5  be  a  set  in  the  four-dimensional  real  space  R4, 
which  is  defined  by 

5=C9:Img=0,  {Req+qzy<i2m)\  {Req-qzy<(2my2 

for  each  qz.  Then  the  equality  properties  between  the 
various  ga  for  real  ^i,  q^,  and  qi,  or  92  in  S,  which 
correspond  to  Eq.  (3.11)  for  the  fa,  may  be  immediately 
extended  to  equalities  satisfied  for  qi  in.  S  and  92  in 
WuRi  or  vice  verea.  (By  AuB  we  denote  the  imion 
of  the  sets  A  and  B.)  Explicitly,  we  have 

irjiqiq2q»)-gui(qiq2q3)  =0 

for   qiiS  and  qicWuR^, 
giriqiq7qz)-gia(qiq2qz)=0 

for   q2eS   and   qitWKJRt,    ^  '  ^ 
giiiqiqiqi)=0   for  qz^<m\ 

(qx,q2h(W<jR,)X(WKjR4). 

We  thus  see,  that,  for  fixed  qz,  the  function  g{qiq2qz) 
satisfies  the  conditions  of  the  edge  of  the  wedge  theorem, 
which  we  have  formulated  in  the  Appendix.  Hence  by 
this  theorem,  we  may  continue  ^(^1^293)  in  (91,92)  to 
be  analytic  m  the  region  (Wu N)X  (W\J N)^  where  N 
is  some  neighborhood  of  the  set  S. 

Since  qz^>m%  we  may  now,  without  loss  of  generality, 
choose  a  frame  of  reference  in  which  q3=0  and  write 
980=  t'  Then,  for  a  given  g  is  a  fimction  of  910, 920,  and 
the  two  3-vectors  qi,  q2.  With  respect  to  qi  and  q2  it 
is  invariant  imder  the  transformations  of  the  orthogonal 
group  and  analytic  in  a  region  which  is  also  invariant. 
One  can  prove  that  g  depends  only  upon  the  inner 
products  qi*,  qj',  qi-q2,  and  of  course  upon  910  and  920. 
It  will  be  analytic  in  th^e  variables  in  the  domain 
corresponding  to  (qi,q2)iiW\J N)X(Wkj N).  The  proof 
in  question  makes  use  of  the  compactness  of  the 
orthogonal  group  and  invariance  of  the  Haar  measure." 
Instead  of  the  variables  910, 920,  qA  qi  •  q2  we  choose 
to  consider  the  variables  «i,  Z2,  2i,  Z4,  25,  which  £ire 
defined  by  the  equations 

«i=(9i+9»)*.  2«=(g«+^»)',  2»=(9x-98)',  24=(9»~?»)'» 
H=  (9i-9»)',  26=49,«  (9M=/,  q«=0), 

and  are  related  to  the  above-mentioned  variables  by 
a  simple  analytic  transformation.  We  write  g 
^xC^ij •  •  •,»«;  26),  where  x  is  anal3rtic  in  zi,  •  •  Zt,  for 
each  fixed,  real  z«,  in  the  domain  corresponding  to 
{WsjN)X(WuN). 

"  We  are  indebted  to  Professor  L.  Ehrenpreb  for  discussions 
mQcetning  this  proof. 


We  are  interested  in  the  behavior  of  x  near  the  points 

Zi=m^,  22=      z»=y,  24=7,  Zi=~AA\  26=4/^  (3.15) 

where  —R<y<m^  and  t>m.  At  these  values  of 
2i,  •  •  •,  26  we  have  ' 

910=920=  (»»«-7)/4/, 

qi=p(^,7)ei+Ae2,  (3.16) 

q2=p(/,7)ei-Ae2, 

where  d  •  62= 0  and  p^it,y)  =  (m^-y)/AtJ-EA\  We 
wish  to  show  that  for  y<m\  for  each  t>m  and  A*<>»^ 
the  values  of  (91,92)  lie  in  the  region  of  analyticity  of 
g  (919293).  This  will  show  that  the  corresponding  value 
of  Zi,  •  •  26  lies  in  the  region  of  analyticity  of 
x(2i,- • -,26;  25).  Let  us  first  take  a  small  S>0  and 
assume  that  A*<5^.  Then  we  see  from  Eq^  (3.16)  that 
for  y<m\  t>tn  the  inequalities  llmq,]  <5,  (Re9<odb/)' 
—  q»^<»»^  hold  with  1=  1,  2,  and  if  5  is  sufficiently  small 
(5<5)  the  4-vectors  91  and  92  both  lie  in  N.  We  see 
that  the  edge  of  the  wedge  theorem  is  sufficient  to 
prove  the  theorem  for  0<A^<8'^  and  hence  the  disper- 
sion relations  for  forward  and  near-forward  scattering 
(derivative  amplitudes)." 

For  general  A*  it  is  true  that  all  relevant,  correspond- 
ing values  of  (91,92)  lie  in  N  for  each  t>E^;  but  this  is 
no  longer  the  case  for  KE^.  Hence  we  need  to  extend 
the  region  of  analyticity  of  g.  To  consider  this  in  more 
detail  we  have  drawn  in  Fig.  1  the  curve  (HE)  for 


Fig.  1.  This  figure  is  drawn  for  A*^«*.  The  r^on  of  interest 
is  given  by  t>m,  y<mK  The  corresponding  values  of  lie 
in  the  region  of  analytidty  given  bv  tne  semitube  method  (shaded 
r^on)  or  the  edge  of  the  wedge  theorem  (unshaded  r^on). 

"  K.  Synuumk,  Phys.  Rev.  105, 743  (1957).  Ilis  paper  contains 
further  references. 
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p'(^»7)  =  0.  In  the  region  defined  by  p^{t,y)  >  —  5*,  which 
is  given  by 

we  alwa)^  have  the  corresponding  values  of  q\,  qs  Ijdng 
in  N,  while  for  other  values  of  /,  y  this  is  not  true.  This 
latter  region  is  completely  contained  within  the  region 
m<t<E^,  y<m^. 

The  ideal  solution  of  the  problem  would  be  to 
obtain  the  envelope  of  holomorphy  of  the  domain 
\Wu D{t,A^)XWKj Dit,A^)2,  where 

Z>(/,A')  =  [g:  lmg=0,  (Re^o+/)'-  {Req)^<Am^, 

{Reqo-ty-  (Req)'<4m»,  mKlKE^J 

There  are  several  methods  of  obtaining  this  region  of 
holomorphy,  for  example  by  means  of  the  continuity 
theorem,"  or  by  the  general  method  of  Bremermann^; 
we  shall  not  attempt  to  solve  here  the  general  problem. 

For  A^<3m'  the  region  D(t,A^)  is  as  in  Fig.  2,  while 
for  A^>3m^  we  also  have  the  other  topological  possi- 
bility for  D(t,A^),  as  shown  in  Fig.  3.  We  shall  restrict 
ourselves  here  to  A'<3fn^.  Then,  for  in<t<E^,  we  have 

P(/,A')3Z)'=[g:Im9=0,  [Regol  <ri{i),  |Req|  <«], 

where  ii{t)=  {2m— t).  For  this  case  we  apply  lemma  3 
of  the  Appendix  to  g(qi,qi,qz),  where  E  of  that  theorem 
is  now  the  subspace  of  ^4.  Then  the  lemma  shows 
that  g{qi,qi,q3)  is  analytic  if  (91,^2) €(PFu  N')X(Wkj  N') 
for  each  93'=/',  and  m<t<EA,  where  iV'  is  a  semitube 
neighborhood  of  I/. 

We  now  write  (WuN')  to  exhibit  its  property  of 
being  a  semitube, 

WKJN'-=lq:qo€B,  \lmq\  <v(q,),  |Reql  <«], 

where  B=  [go-plane]—  C?o :  Imgo=  0,  |  Reqo |  >ri{t)'2 

V  (qo)  =  sup[  I  Imgo  |  ,v*  (qo)2 

and  V*  (qo)  =  jZv  (/)  —  I  Re^o  |  ],  according  to  Lemma  3  of 
the  Appendix. 


Fig.  2.  He  set 
D(tA*)  for  A«<3««. 


"  See  reference  4,  p.  49,  Sate  17;  also  rrference  6. 


Re?. 


One  can  prove  on  the  basis  of  the  continuity  theorem 
that  the  envelope  of  holomorphy  of  this  semitube  will  be 

E(WyjN')  =  lq:qo^,  iImqi<F(?o),  |Req|<oo], 

where  V(qo)  is  the  smallest  superharmonic  majorant 
ofrC^o).* 

We  now  prove  that  V(qo)=V{qo),  where  V(qo)  is 
defined  to  be  the  function  Im[go*— »7'(0II*-  For  V(qo) 
is  harmonic  in  B,  and  it  may  be  seen  by  a  steaight- 
forward  calculation  that  V{qo)>v{q(i).  Hence  F(go)  is 
a  superharmonic  majorant  of  v(qo),  and  so 

Vigo)>V(qo). 

To  obtain  the  reverse  inequality,  we  note  that  Viqo) 
satisfies  the  same  boundary  conditions  on  the  cut  and 
asymptotically  for  qa-^oo  as  does  v{qo),  and  we  have 
V{qo)'>v(qo).  Since  the  Dirichlet  problem  for  such  a 
"boimdaiy"  has  a  imique  solution,  then  this  is  V(qo), 
and  hence  by  the  definition  of  superharmonic  functions" 
Viqo)>V(qo)  ioTaMqotB. 

The  envelope  of  holomorphy  of  {W\J  N')XiWu N') 
is  then  E(Wu N')XEiWu N'),  which  we  shaU  denote 
by  H.  At  the  points  of  interest  [Eq.  (3.16)2  we  have 
^10,  ?jotB,  provided 

(m«-7)/4i<i,(0.  (3.17) 

The  curve  of  equality  in  (3.17)  is  drawn  in  Fig.  1,  the 
required  region  being  inside  the  parabola  I. 

Then  the  points  of  interest  lie  in  H  if  \Jmqi\ 
<  I Im(g<o*-i7'(0)* I ,  (»=  1,  2),  which  impUes 

|Imp(/,7)l<jlm[(^^)-i»»(/)]*|.  (3.18) 

The  curve  of  equality  of  (3.18)  is  also  drawn  in  Fig.  1, 
the  required  region  being  outside  the  parabola  IE. 

In  the  region  t>m,  7<m'  we  see  from  these  curves 
that  for  A'<m*  the  part  of  this  region  not  covered  by 
the  edge  of  the  wedge  theorem  [the  part  for  which 
p(t,y)  is  p\ire  imaginary^]  is  now  contained  in  the  r^on 
inside  I  and  outside  n.  Hence  the  corresponding  points 
qi,  qt  lie  inside  H. 

This  proves  our  Theorem  1. 

i(  For  the  definition  and  discassion  of  sopeiiianDonic  functions 
see  F.  Riesz,  Acta  Math.  48,  329  (1926);  also  references  4  and  6. 
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4.  EXTENSION  TO  OTHER  CASES 

Our  discussion  in  the  previous  two  sections  has  given 
a  proof  of  the  dispersion  relations  for  the  scattering  of 
bosons  with  equal  mass,  provided  A^<m^.  We  know 
that  this  specific  restriction  is  merely  due  to  oiu: 
limited  analytic  continuation,  because,  by  employing 
the  semitube  method,  we  have  not  made  sufficient  use 
of  those  regions  of  the  domain  E,  which  are  important 
for  larger  values  of  A^.  By  the  methods  of  Bremer- 
mann^'"  it  is  possible  to  make  better  use  of  E,  and 
further  calculations  show  that  we  can  obtain  Amax= 2w2. 

Let  us  now  discuss  how  the  proof  may  be  extended 
to  other  cases  of  more  physical  interest.  One  can  easily 
see  that  the  essential  changes  are  due  to  different 
spectral  conditions.  Therefore  it  is  useful  to  formulate 
the  assumptions  of  Theorem  1  in  a  more  general  form 
using  adjustable  parameters. 

Instead  of  the  conditions  (3.11),  we  now  require 
that  the  Fourier  transforms  fij{pi,p2,p3,pi)  satisfy  the 
following  relations : 

/r~/«/=0  for  pi'Ka^  and  p3^<b\  j=r,a', 
fir-fia=0  for  pi'Ka^  and  ^4^<6^  i=r,a; 


fii=0  for  (pi-\-p3y<K^  or  />io+/>3o<0, 
i=r  a;   j=r,  a. 


(4.1) 


Then  there  is  a  function  x(2i,Z2,Z3,Z4,Z6;  ze)  with  the 
properties  (1),  (2),  and  (3)  of  Theorem  1,  except  that 
we  are  now  interested  in  values  of  7,  with  —  i2<7 
^Tphys-  These  values  of  7  give  values  of  qi,  which 
are  in  the  region  of  analyticity  given  by  the  semitube 
method,  provided  A2<Amax^.  Furthermore,  we  have  in 
(3)x=0forz6<<c2. 

First  we  consider  the  dispersion  relations  for  pion- 
nucleon  scattering.  The  discussions  of  Sees.  2  and  3  can 
be  readily  applied  to  this  case,  and  from  the  spectral 
conditions  we  find 

a=m-\-n,    b=3n,   k^=  {m-\-fi)\ 

The  physical  value  for  7  is  yphy»=n^,  and  by  means  of 
the  edge  of  the  wedge  and  the  semitube  theorems  we 
find  Amax^=2yLi2.  Since  there  are  no  other  restrictions  on 
A*  than  those  connected  with  the  analytic  continuation  in 
the  proof  of  Theorem  1,  we  have  given  a  derivation  of 
the  pion-nucleon  dispersion  formulas  for  A^<2iJ,^.  As 
we  have  discussed  in  the  equal-mass  case,  this  limit 
may  be  removed  by  further  analytic  continuation.! 

"  Hans  J.  Bremennann,  Trans.  Am.  Math.  Soc.  82,  17  (1956). 

^Noie  added  in  proof.— W&  have  constructed  examples"  of 
functions  x(«i-  •  ze),  which  have  the  properties  described  in 
the  text  and  are  such  that  for  2i=zj=»t»,  zt=Zi=y,  25=— 4A', 
Zt=Afi  they  have  singularities  for  A*>G(/,->';  afi),  where  a>b  and 


Ga7;a,*)  =  [(/*+M-^y 


\  2 


We  turn  now  to  the  problem  of  deriving  dispersion 
relations  for  nttcleon-nucleon  scattering.  Again  the  con- 
siderations of  Sees.  2  and  3  go  through  straight- 
forwardly and  a  brief  discussion  corresponding  to  those 
of  Sec.  1  has  been  given  by  Goldberger,  Nambu,  and 
one  of  us  (R.  0.).^  For  the  parameters  in  Theorem  1, 
we  have 

One  finds,  that  even  for  A^=0  the  points  (51,92)  with 
(7,/)  values 

y=m\  ^{(m+ti)-l{m-ny-2fjL^2^}  <t 

<Hi»^+f^)+L(fn-ny-2^^y}  (4.2) 

Iqi,  q2  are  given  in  forms  of  7,  /  by  Eq.  (3.16)],  do  not 
lie  in  the  region  of  analytic  continuation  of  the  absorp- 
tive part.  Since  the  function  x  becomes  zero  only  for 
t<^K=M,  "we  cannot  assure  the  validity  of  the  nucleon- 
nucleon  relations.  The  troublesome  region  of  t  given  in 
Eq.  (4.2)  vanishes  only  for 


iu>(\^-l)w, 


(4.3) 


which  is  much  larger  than  the  experimental  mass  ratio. 
The  limitation  (4.3)  is  not  due  to  our  use  of  the  semitube 
method,  because  one  can  easily  give  examples  of 
functions  g(gi,92,g3)=x(zi,Z2,23,Z4,Z5;  ze)  which  are  ana- 
lytic in  zi,  Z6  in  the  region  corresponding  to 
(qi,q2)elWuDit,0)2XlWKJD(t,0)2,  but  have  smgu- 
larities  at  the  points  Zi=Z2=m^,  Z3=Zi=y  and  Zb=0 
if  y=2{m-\-n-ty+2t^-m\  For  y=m^  this  gives 
t=^{(fn-^fi)±l(m-ny—2fi^y},  which  is  in  the  range 
t>fi.  The  functions" 


Pit) 


lc^-q,'yio?-qn'' 


(4.4) 


In  the  equal  mass  case  we  have  a=b=2m,  y  =  m',  i>m  and  find 
Gmin=2m«  for  t='\/3tn/V2.  Hence  our  limit  Am„«=2m*  cannot  be 


with  p(/)  =  0  for  t<ti,  p{t)>Q  for  t>ti,  n>l  and 
=  (m+n—ty  have  such  properties.  For  the  corre- 

improved.  For  pion-nucleon  scattering  the  parameters  are  a = wi -}-/*, 
b=3fi,  y=iJ?,  t>\{m-\-fi).  Tht  minimum  of  G  is  at  t=\{m-\-ix) 
[>/«= experimental  mass  ratio],  and  we  obtain  GmiiiW  =  Aniax' 
=  (8mV3)  (2»i+/i/2«—;i),  In  order  to  prove  that  the  points  zi-  •  -zs 
given  above  are  contained  in  the  region  of  holomorphy  for  all 
t>\im-\-n)  and  2/i»<A*<Gmm(7r),  we  go  back  to  the  vectors  qi,  gt 
(see  Sec.  3)  and  use  a  general  representation  for  fimctions  which 
are  anal)^c  in  W  KJN,  where  N  is  some  complex  neighborhood  of 
the  real  set  5=  [g:  (?o+/)»-q*<o»,  (?o-/)*-q*<6*].  [A  proof  for 
such  representations  has  been  given  by  F.  J.  Dyson,  Phys.  Rev. 
(to  be  pubUshed);  see  also  reference  17  and  L.  Carding  and  A. 
Wightman  (to  be  published).]  Wfi  find  that  we  have  analyticity 
for  A*<G(t,y;  afi),  where  G  is  the  same  quantity  we  obtain  from 
our  examples.  Hence  the  dispersion  relations  for  pion-nucleon 
scattering  can  be  proved  for  momentum  transfers  2A  in  the  center-of- 
mass  system,  which  are  smaller  than  ^(f)*[(2m-|-M)/(2«— ii)]*. 
At  present  it  is  not  known  whether  a  discussion  of  the  complete 
envelope  of  holomorphy  of  the  four-body  Green's  function  (a 
function  of  six  complex  variables)  will  lead  to  an  improvement  of 
our  limit.  Results  corresponding  to  those  described  above  have 
been  obtained  also  by  H.  Lehmann  (private  commimication). 

"  These  examples  were  inspired  by  the  paper  of  R.  Jost  and 
H.  Lehmann,  Nuovo  dmento  10,  1598  (1957).  We  are  indebted 
to  Professor  Lehmann  for  bringing  this  paper  to  our  attention. 
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spending  x(zx,  •  •  • ;  ze)  we  find,  using  Eq.  (3,16) 
x(zi,---,26;4/2) 


p(0 


[2^-2(m+M)<+(w+M)2~|(zi+Z3)]"[2^2-2(w+/x)<+(w+/x)'-Kz2+Z4)]" 


(4.5) 


These  examples  show  that  those  points  Zi,  •  •  • ,  Zs,  which 
give  rise  to  the  limitation  (4.3),  lie  on  the  envelope  of 
holomorphy.  Using  only  causality  and  spectral  condi- 
tions we  cannot  hope  to  continue  beyond  these  points. 
But  there  are  certain  symmetry  properties  of  the  four- 
body  Green's  function  which  we  have  not  explored. 
We  cannot  exclude  the  possibility  that  these  permit  a 
further  continuation  in  the  relevant  region. 

The  problem  of  proving  a  dispersion  formula  for 
the  meson-micleon  vertex  function  F[_{k—py,  k^, 
=  l/')(4*o^o)*,  is  intimately  related  to  the  prob- 

lem of  deriving  nucleon-nucleon  dispersion  relations. 
In  essence  we  need  only  disregard  the  second  four- 
vector  variable  qz  in  the  discussions  of  Sec.  3.  Then 
we    can   prove    the   representation  £k^<{ni+ny, 

F(z,k\f)=—  I     da^  -I-  E  Cn(k\f)z''  (4.6) 

for  k'^-\-p'^<{m-\-nY,  and  the  requirement  k^=p'^=in'^ 
leads  again  to  the  condition  n>  (V2—  l)w.  In  Eq.  (4.5) 
we  have  omitted  spin  and  isotopic  spin  variables,  which 
are  unimportant  for  the  analytic  properties  of  the 
vertex.  The  lower  limit  of  the  <r^  integral  corresponds 
to  the  case  of  pseudoscalar  mesons;  for  scalar  mesons 
it  is  {2nY.  An  example  corresponding  to  Eq.  (4.4)  shows 
that  we  cannot  improve  this  limit.  However,  in  view 
of  the  symmetry  conditions,  an  extension  of  the  region 
of  analyticity  of  F{z\,Zi,Zz)  at  the  relevant  points 
cannot  be  excluded.  In  any  case,  Jost^'  has  given  an 
example  for  F(zi,Z2,Z3),  which  satisfies  spectral  and 
causality  conditions  and  is  completely  symmetric  in 
all  three  variables.  This  example  shows  that,  even  in- 
cluding the  symmetry  conditions,  one  cannot  derive  the 
representation  (4.6)  for  F{z,m^,  m^)  \i  n<{2/y/Z-\)m. 
This  value  is  above  the  experimental  mass  ratio.  At 

"  R.  Jost  (private  communication).  Professor  Jost  was  so  kind 
to  permit  us  to  quote  his  example.  We  write  it  in  the  form 

Fj{zi^2;zt)=f{zi;iit^t)-\-f*{zi*fit*^i*), 

where 

/(z,,z,,z,)= [(1  -|-a»-zim-»)»-f-  (1  -ha^-z^m"*)* 

+  (l-|-o»-Zi«-»)»-J-*cJ-S    (a>0,  6>0,  c>0). 
The  conditions  on  the  parameters  are 

b>2a,  H-a»-(6-|-c)«>0. 

Since  we  may  take  c  as  small  as  we  please,  these  two  inequalities 
imply  c*<i.  Taking  fn{).+a*)*—m+n,  we  have  to  require 
>t>  (2/-v5  —  !)»»  in  order  to  avoid  a  contradiction  with  a  dispersion 
relation  of  the  form  (4.6)  for  zi=2j  =  w*.  The  condition  l-|-a* 
—  {b-\-cy>0  is  sufficient  to  assume  that  Fj  is  analytic  in  the 
domain  obtained  on  the  basis  of  causality,  spectrum  and  sym- 
metry. For  the  proof  the  region  of  analyticity  obtained  by  G. 
K^6n  and  A.  S.  Wightman  is  very  useful  [^Proceedings  of  the 
Seventh  Annual  Rochester  Conference  on  High-Energy  Nuclear 
Physics  (Intersdence  Publishers,  Inc.,  New  York,  1957)]. 


present  it  is  not  clear,  what  further  conditions  one  has 
to  impose  in  order  to  assure  the  validity  of  the  dispersion 
formula  (4.6)  for  the  pion-nucleon  vertex.  It  has  been 
shown  by  Nambu^^  that  this  relation  holds  in  perturba- 
tion theory  in  every  finite  order. 

Finally  we  would  like  to  mention  that  our  methods 
may  also  be  applied  to  the  case  of  dispersion  relations 
for  K-meson-nucleon  scattering.  Here  we  have  again  an 
unphysical  continuum  due  to  states  of  one  A  particle 
and  one  or  more  pions.  The  parameters  of  Theorem  1  are 

a=MK-\r2n,    h=m-\-n,    c=Mx-\-n,  yphyB=fn^, 

and  for  7= there  is  a  small  region  near  t=^(Mir{-n), 
for  which  the  corresponding  points  (91,92)  are  not  in- 
cluded in  the  envelope  of  holomorphy. 
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APPENDIX 

In  this  Appendix  we  prove  the  "edge  of  the  wedge" 
theorem,  which  has  been  extensively  used  in  Sec.  3. 
It  is  convenient  to  prove  first  Lemma  1. 

Lemma  1. — ^Let  the  fimction  /(zo,Zi)  of  two  complex 
variables  (zo,Zi)  be  given  as  the  Fourier  transform  of 
two  tempered  distributions  fr  and  /„  such  that  it  is 
analytic  in  the  "wedge"  W, 

W=\_{z,,zx):  |yi|<|yoI,  |a;o|<«,  \xx\<^~\. 

For  a  given  domain  E  in  the  {x^^x-^  plane,  we  say  that 
a  sequence  of  pairs  of  complex  nimibers  (zon,zin)  is  an 
"jE-limiting  sequence"  if  it  satisfies  the  following 
conditions, 

(1)  lim„3;on=lini„3>in=0, 

(2)  limn(a:on,a:in)e£, 

(3)  there  is  a  number  c>  1,  and  independent  of  n,  so 
that  for  all  n  |yon|>c|yin|.  Then  we  assume  that 
fizo,zi)  has  the  limiting  property  that  for  any  ^-limiting 
sequence  the  limit  lim„/(zon,Zin)  exists  and  is  inde- 
pendent of  the  particular  sequence,  only  depending  on 
the  lunit  point. 

We  wish  to  prove  that  /(zo,Zi)  is  also  analytic  in  some 
neighborhood  N  of  the  set 

S=  C(2o,zi) :  yo=yi=0,  {xo,x{)eE2. 


"  Y.  Nambu,  Nuovo  dmento  (to  be  published). 
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To  achieve  this,  we  shall  prove  analyticity  in  a 
neighborhood  of  each  point  of  S.  Since  the  origin  of  the 
real  coordinates  (xo,Xi)  has  not  been  fixed,  we  may  take 
this  origin  to  be  at  the  particular  point  of  E  that  we 
are  considering.  Thus  we  wish  to  prove  analyticity  at 
zo=2i=0,  where  (0,0)  tE. 

If  we  suppose  that  /(zo,zi)  is  analytic  in  some 
neighborhood  of  zo==Zi=0,  then  for  some  r  and  |zo|  <r, 
\zi\<r,  /(zo,Zi)  has  the  uniformly  convergent  power 
series  expansion 


inequality 


/(Zo,Zi)  =    E  amnZo"^l*. 


(Al) 


On  the  analytic  plane  Ha:  Zo=aoX,  Zi=aiX,  with  ao,  ai 
real  and  |ai/ao|  <1,  then 

/(zo,Zi)=  E  a„nao'"ai"X'"+» 


=  L       L  «P-n.  ndo" 


LcpX^  (A2) 

P-O 


where  the  rearrangement  from  the  second  to  the  thurd 
expression  in  Eq.  (A2)  is  permitted  since  the  power 
series  is  absolutely  and  uniformly  convergent.  The 
coefficients  Cp  are  obtained  in  terms  of  the  coefficients 

«mn  as 


Cp=  E  ap 


.nOio'^Vx". 


(A3) 


The  method  we  shall  use  here  is  to  reverse  this 
procedure  and  determine  the  anm  from  the  Cp  for 
different  Ua.  We  may  take  ao=l  without  loss  of 
generality,  and  write  a  in  place  of  ax.  Any  analytic 
plane  Ua  with  real  a  satisfying  |a|  <1  lies  completely 
inside  W,  except  for  ImX=0.  Hence,  by  our  initial 
assumption,  /(zo,Zi)  is  analytic  in  Ua  except  possibly 
on  the  real  X  axis.  The  limiting  property  assumed  for 
/(zo,Zi)  is  equivalent  to  requiring  that  /(zo,Zi)  has  the 
same  limit  as  we  approach  the  real  axis  in  Ua  either 
from  above  or  below,  and  similarly  for  the  partial 
derivatives  of  /(zo,Zi),  provided  (X,aX)e£.  Since  (0,0)  dS, 
|a|  <1,  and  E  is  open,  then  (X,aX)eE  for  a  small  open 
interval  of  X  near  X=0.  Thus  /(zo,Zi)  is  analytic  in  a 
small  neighborhood  of  the  origin  in  Ua.  Then  there  is 
some  small  positive  number  d  so  that  we  may  expand 
/(zo,Zi)  as  in  Eq.  (A2)  for  {zo,Zi)eUa  and  |X|  <J.  We 
note  that  d  may  be  chosen  to  be  independent  of  a  for 
|a|<l.  _ 

It  is  immediate  that  /(zo,Zi)  is  bounded  on  any 
boimded  subset  of  W  which  has  a  positive  distance 
from  the  boundary  of  W.  In  addition,  one  can  show  by 
distribution  methods  using  the  Fourier  representation 
that  there  is  a  positive  number  M,  depending  only  on 
c  and  d,  such  that 

\f(zo,z^)\<Mic,d) 
for  (zo,Zi)ena,  |a|  <c<l,  \\\<d.  Then  by  Cauchy's 


\cp\<M(c,d)/do. 


(A4) 


For  |a|  <c,  the  coefficients  Cp(a)  are  polynomials  in 
a  of  order  p, 


Cp(cd=  E  ap-n.na' 

n-O 


(A5) 


In  order  to  verify  this  statement,  we  have  to  show 
that  d'^^Cp(a)/da'^^=0  for  p=l,  2,  •  •  •.  The  equation 
for  p=0  is  evident,  since 

Co(af)  =  lim[/(zo,Zi)]*,  -x.  «i  -aX 

is  independent  of  a.  For  p=  1,  we  have  then 

dci(a) 


ra/(zo,zi)-i 

Imi  «o-x.»i. 

da      ^-^L    dzi  J 


(A6) 


which  again  is  independent  of  a.  This  follows  from  the 
Fourier  representation  and  the  i£-limiting  property  of 
/(zo,Zi).  The  proof  for  higher  p  proceeds  by  induction 
on  p. 

Equation  (AS)  may  now  be  solved  for  the  a^n  in 
terms  of  the  Cp(a)  and  a.  This  requires  the  use  of  a 
number  of  different  anal)rtic  planes.  The  first  few 
equations  of  (AS)  are 

Co  =  aoo,    Ci  =  aio+ Cz  =  a20+  ana+ « oja*. 

To  determine  aio  and  aoi,  we  also  have 

ci(aO  =  «io+aoia', 

and  so 

aoi=  [ci(a')-Ci(a)]/(a'-a) 

^10=  Ca'ci(a)  -aci  (a')]/ (a'-a), 

provided  a'r^a.  Evidently  such  a'  and  a  can  be  chosen 
to  satisfy  aVa,  |a'|  <c  and  |a|  <c.  In  general  we  may 
determine  the  quantities  <Zno,  a^-i, i,  •  •  •,  an-r. r,  •  •  •,  «oin 
in  terms  of  Cn(a)  for  n  analytic  planes  Hoi,  •  •  •,  Han, 
provided  that  the  corresponding  determinant . 

n  (cci-a,)9^0. 
«>  «■>  j>  1 

Such  ai  •  •  an  can  evidently  be  chosen  in  the  interval 
(— c,+c)  for  any  n. 

Equation  (A4),  written  in  terms  of  the  a«n,  now 
becomes 

M(c,d) 

E  flp-n.  na'  ■ 


d" 


(A7) 


for  p=0,  1,  2,  •  •  •.  We  wish  to  obtain  bounds  on  the 
coefficients  flmn  so  that  on  replacing  the  Cp  in  Eq.  (A2) 
by  their  expression  in  terms  of  the  amn  as  given  in 
Eq.  (AS)  the  resulting  series  of  Eq.  (A2)  may  be  shown 
to  be  absolutely  convergent  for  small  enough  |zo|, 
|zi|,  and  so  rearranged  to  give  the  expansion  of 
Eq.  (Al). 
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Let  us  consider  the  polynomial 

n-0 

and  we  assume  that  for  real  x  satisfying  |  a;  |  <  c,  then 
\Pix)\<M. 

We  wish  to  determine  boimds  on  the  coefficients  6„. 
The  Cauchy  inequalities  cannot  be  used  here,  since 
though  we  may  immediately  extend  P{x)  to  P{z)  for 
complex  2  the  bound  on  P{x)  may  not  extend  to  the 
inside  of  the  circle  \z\=c. 
We  define^o 

f(z)  =  P(z)i:z-hi{c'-z')i-]-^. 

Then  /(z)  is  a  bounded  analytic  fimction  in  the  whole 
complex  2  plane,  including  infinity,  with  a  cut  from 
—  c  to  +c  along  the  real  axis.  By  the  maximum  modulus 
theorem, 

\f{z)\<M^x\f{x)\<M/c^. 

l'\<c 


The  Cauchy  inequality  for  i„  is  thus 


^T\»flM\~B  2' 


M  M 

Taking  R=c,  we  obtain 

\hr.\<MZ^/c-, 


hence  we  have 


Then 


\  <M{c,d)Z'/d'c\ 


E  20"  L  fl/^n.  n2l"20" 


<£  i2ok3/(c,i)-i 


(A8) 


If  |2o|  <K  |zi|  <\cd,  the  right-hand  side  of  Eq.  (A8) 
is  less  than 


and  so  is  finite  provided  d<\  (which  is  assumed). 
Hence  the  series  (Xp-o"  zo"  2Z»-o"  ap-n,n«i"zo'~")  is 
absolutely  and  imiformly  convergent  in   |2oi  <i(f. 


» Compare  M.  Riesz,  Acta  Math.  40,  43  (1916).  During  a 
series  of  lectures  wlucli  one  of  us  (R.  O.)  gave  at  the  University 
of  Maryland  in  July  1957,  Professor  Marcel  Riesz  kindly  pointed 
out  that  he  had  done  similar  calculations  in  1916. 


|zi|  <\dc,  and  so  may  be  rearranged  inside  this  region 
to  give  Em,  n-o"  a„„zo'"2i". 

So  it  has  been  shown  that  the  power  series  expansions 
on  the  analytic  planes  Ha  can  be  joined  together  to 
give  a  power  series  expansion,  convergent  for  |2o|  <\d, 
\zi  \  <\cd,  which  equals  these  separate  expansions  on 
the  various  planes,  and  so  equals  /(zo,Zi)  from  which  we 
started. 

Hence  we  have  proved  analyticity  of  /(zo,2i)  in  a 
small  neighborhood  of  zo=2i=0. 

We  now  consider  a  ftmction  /  of  four  complex  vari- 
ables 2=  (2o,z)=  (zo,Zi,Z2,Z3)  and  prove  Lemma  2. 

Lemma  2. — Let  the  function  /(z)  be  analytic  in  the 
four  complex  variables  Zo,  z  in  the  wedge  W  in  four 
dimensions, 

^^'=[(zo,z):  |yo|>|y|,  koI<«,  |x|<oe], 

where  it  is  the  Fourier  transform  of  two  tempered 
distributions.  We  assume  that  /(z)  has  the  limiting 
property  of  Lemma  1,  extended  by  replacing  2i  by  z. 
Then  we  can  find  a  neighborhood  N  of  the  set 

^=[z:yo=0,  y=0,  xtE], 

so  that  f{z)  can  be  continued  analytically  throughout 
W\jN. 

The  proof  of  this  lemma  is  obtained  by  simple 
extension  of  the  proof  of  Lemma  1. 

We  now  prove  the  "edge  of  the  wedge"  theorem. 

''Edge  of  the  Wedge"  Theorem. — ^Let  }{z,z')  be  a 
fimction  of  8  complex  variables, 

2  =  (2o,Zi,Z2,Z3)  =  (Zo,  z) ,     z' =  (Zo',  zQ . 

We  suppose  that  /(z,20  is  analytic  in  the  double  wedge 
WXW, 

W=Lz:  iyo|>|y|,  |^o|<oo,  |xi<co], 

where  it  is  the  Fotuier  transform^  of  tempered  distri- 
butions. We  further  assume  that  /(2,20  has  the  limiting 
property  that  for  any  ^-limiting  sequence  of  complex 
numbers  z„=  (zon,z„),  then 

limn[/(2n,z')  ]  I  t'.wuR*   and   lim„[/ (z,z'n)  ]  |  s«pru  R* 


exist,  and  are  independent  of  the  particular  sequence, 
only  depending  on  the  limit  point. 

We  wish  to  prove  that  there  is  some  neighborhood  N 
of  the  set 

^=[z:y=0,  xeE2, 

so  that  /(2,zO  may  be  analytically  continued  to 
(WkjN)X(WuN). 

Proof. — We  may  prove  the  theorem  by  applying  the 
method  used  in  the  proof  of  Lemma  1  to  the  variables 
z  and  z'  simultaneously.  In  order  to  avoid  repetition. 


"  As  an  equivalent  assumption  we  could  require  that  /(z^)  is 
bounded  by  a  pol>-nominal  for  {z^')eWXW,  with  (x,x'),  restricted 
to  any  compact  KtRs.  Compare  L.  Schwartz,  Meddelanden  fran 
Lunds  Universitets,  Supplementband,  p.  196  (1952). 
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we  give  only  a  brief  sketch  of  the  generalization.  We 
may  consider  z  and  z'  as  two- vectors,  since  the  extension 
to  foiir- vectors  is  straightforward. 

Consider  a  point  in  S,  say  (0,0),  and  the  analytic 
planes  Via?  which  are  given  by  2o=X,  2i=q!X;  2o'=X', 
2/=)8X' with  a,  j8  real  and  |a|,  |iS|  <c  <1.  As  in  Lemma 
1,  we  have 

L  c,M^)\''^\  (2,2')en„^,  |X|,|V|<(f; 

and 

p  ' 

Cp,(a,/3)=  E    L  ^/^n.ni^-ni.ma"^"'.  (A9) 

Equation  (A8)  follows  from  the  ^-limiting  properties 
of  /(z,z') ;  it  can  be  solved  for  the  A  r,  „; „  by  using  a 
sequence  of  different  planes  Ilais-  As  in  Lemma  1,  we 
obtain  \j{z,z')\<M{j:,S)  for  {z,z'){Ran\  |Xl,  \\'\<d 
and  find  |^p_„,  „;,_^„|  <lf  (c,03'^V(f'^<'c"+".  Con- 
sider now  the  series  Ern,  ivArn,  «mZo'"Zi"zo''2i''";  it  is  con- 
vergent for  \zo\,  \zQ\<^d,  \zi\,  \zi\  <jcd  and  equal 
to  fizyz')  on  an  infinite  sequence  of  planes  Ilais.  Hence 
the  series  represents  a  continuation  of  f{z,z').  Per- 
forming the  corresponding  construction  for  all  {z,z')eS 
we  obtain  a  continuation  to  (PTu  N)X{W\J  N). 

In  the  "edge  of  the  wedge  theorem"  we  proved  that 
we  have  analyticity  of  / (2,2')  at  each  point  of  (PFu  N) 
X  {W\J  N),  for  some  neighborhood  .V  of  the  set  S.  The 
neighborhood  N  is  the  imion  of  all  N{X)  with  XtE, 
where  N{X)  is  some  neighborhood  of  the  point  z=X. 
The  dependence  of  N  upon  X  is  as  yet  arbitrary,  except 
that  N{X)  vanishes  as  X  tends  to  the  boundary  of  E. 
In  Sec.  3  we  find  it  useful  to  take  for  E  the  set 
E=lx:  \x,\<rj{t),  |x|<oo]. 

We  must  construct  a  semitube  from  PFu  N  in  order 
to  apply  the  semitube  method.  Since  W  is  already  a 
tube,  then  it  is  necessary  to  construct  a  semitube  E 
contained  in  N.  Because  x  is  arbitrary  while  a:o  is 
restricted,  in  E,  then  we  expect  H  to  be  a  semitube  of 
the  form 

H=lz:  |x|<oo,  |y|<i>(2o),  \x,\<i){t),  \y,\<e'] 

for  some  small  c.  The  quantity  v{zq)  will  tend  to  zero 
as  |a;o|  tends  to  i]{t).  We  have  HcN  only  if  N{X)  is 
independent  of  X.  This  independence  does  not  occur  for 
any  function  analytic  in  6",  as  is  easy  to  show  by  simple 
examples.  We  cannot  conclude  that  there  exists  a 
semitube  HcN  without  using  analyticity  in  W. 

We  wish  to  show  that  /  is  analytic  in  some  semitube 
neighborhood  H  of  the  set  S.  It  is  evident  from  what 
we  have  said  above  that,  to  do  this,  we  will  have  to 
continue  /  from  W\J  N  to  W\jH.  We  achieve  this 
continuation  by  the  direct  method  developed  by  one  of 
us(K.  J.B.).7 


For  sunplicity  we  replace  the  three-vector  by  the 
complex  number  21.  By  a  simple  extension  our  result 
in  terms  of  21  may  be  immediately  generalized  to  the 
case  z  instead  of  zx. 

We  take  the  analytic  plane  21=  Xi.  In  the  zo  plane 
the  domain  of  analyticity  of  our  function  is  the  cut 
plane,  with  cuts  running  from  rj{t)  to  +«,  and  —r){t) 
to  —  « .  In  the  cut  plane  we  take  any  point  x^,  with 
\xq  \  <r]{t).  Furthermore  we  take  the  circle  c(xo)  in  that 
plane,  with  center  xo  and  radius  r  less  than  r](t)—  \  xo\. 
We  may  assimie  A^(Xi)  to  be  the  region 

A(Xi)  =  [(2o,2i)::ti=Xi,  1 1  <  6, 

\yi\<e,  \xo\<v(t)-8{^,Xi):\, 

where  5(e,Xi)-»0  as  e-^.  Then  we  have  that  N  is  the 
union  of  the  iV(Xi)  for  all  Xi.  We  define  D=WuN, 
with  iV=UiV(Xi),  where  iV(Xi)  is  given  above.  The 
circle  c(xo)  is  completely  in  D.  The  Euclidean  distance 
8r)(zo)  of  any  point  z  on  c{xo)  from  the  boundary  of  D 
is  then  8d{zo)=  {yol/^+Oie).  We  evaluate  h(i) 
=  (l/2T)fo''log8D{re'')dd  and  find  h(e)=(r/2^ 
+0(e).  Now  the  theorem  of  reference  7  allows  us  to 
analytically  continue  /(2o,2i)  into  the  sphere  |!2— Z|| 
<h{e)  about  the  point  Z  with  Zo=0,  Zi=Xi.  Since  e 
is  arbitrarily  small  and  r  is  as  close  to  C'J  (0  ~  I  ^0  H  as 
we  please,  we  may  continue  to  the  sphere  II2— Zl| 
<(1/2VJ)[77(/)— |a:o|].  In  particular,  we  have  ana- 
l>'ticity  in  the  set 

H{X{)  =  Lz:x,=  Xx,  |:yi|<i(77W-|:^o|), 

\yo\<i{ri{t)-M),  \xo\<vm, 

and  hence 

5=u5(xo=[2:  M<^,  M<im-\xo\), 

l:yo|<i(^W-|^o|),  M<r,m. 

H  is  now  a  semitube. 

Lemma  3. — Let  /(2,20  be  a  function  satisfying  the 
conditions  of  the  "edge  of  the  wedge"  theorem.  Then 
we  can  find  a  neighborhood  H  of  the  set  5=  [2:  y^=0, 
\xo  \  <v{i),  |x|  <<x>2  which  is  of  the  form 

5=[2:|x|<«>,  \y\<im-\xo\), 

l)'o|<i(77(0-|^o!),  ko|<^(/)], 

and  such  that  f{z,z')  may  be  analytically  continued 
into  {WuH)X{WuE). 

To  prove  this  lemma,  we  use  the  above  process  to 
continue /(2,20,  as  a  function  of  2,  to  W\JH.  We  can 
show  that  fiz,z')  is  an  analytic  function  of  (2,2')  to- 
gether in  (W\J  H)  X  (}V\J  S) .  We  continue  on  2'  now  to 
WyjH,  and  again  we  have  that  f{z,z')  is  an  analytic 
function  of  (2,2')  together  in  {W\J  E)X{Wkj  H).  This 
proves  the  lemma. 
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Summary.  The  structure  of  the  commutator  of  field  operators 
will  be  investigated.  An  integral  representation  will  be  given 
for  the  matrix  element  between  elgenstates  of  the  momentimi 
operator.  For  this  we  consider  microscopic  causality  and  the 
spectrum  of  the  momentum  operator. 

1.  PROPERTIES  OF  A  CAUSAL  COMMUTATOR 

As  is  known,  causality  in  field  theory  is  expressed  by  the  vanishing  of  the 
commutator  (or  anticommutator)  of  appropriately  chosen  field  quantities 
for  space-like  intervals.  In  the  following,  we  want  to  treat  some  mathematical 
methods  which  might  be  of  interest  in  the  investigation  of  the  formulation  of 
the  causality  condition. 

For  the  sake  of  simplicity,  we  shall  discuss  scalar  field  quantities  A(x), 
B(x).  Then  we  have: 


also  vanishes.  The  states  |  P,  «>  and  |  Q,i3>  should  be,  in  this  case,  elgen- 
states of  the  energy -momentum  vector  for  the  elgenstates  P  and  Q.  a  and  j3 
are  additive  constants  which  uniquely  specify  the  states. 

Obviously  we  have  Pg  >  0,  P^  <  0  and  >  0,  ^  0;  that  is,  P  and  Q  He 
in  the  future  light-cone. 

By  using  translational  invariance,  we  obtain  for  the  matrix  element  (1.2) 


[A{x),  B{x')]  =  0    falls    {x  —  j;')'  =  (x—x')'  —  {x^  —  x^)'>0. 
From  this  the  matrix  element 


(1.1) 


(P,  cc\[Aix),  B{x')]\Q,  fiy  =0, 


for  {x  —  x')'  >  0. 


(1.2) 


<P,a|[^(a^),  B{x')]\Q,fiy  = 


X  -i-  x' 
2 


(1.3) 


=  exp  i{Q  -  P) 


<P,a|[A(|/2),B(-^/2)]|g,^>. 


Here  we  set  |  =  x  ~  x' . 
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According  to  this,  it  is  enough  to  discuss  the  function 

=i<P,a|[^(|/2),  Bi-^l2)]\Q,^y  (1.4) 

In  addition  to  causality,  the  structure  of  the  eigenvalue  spectrum  of  the 
energy-momentum  vector  gives  an  important  condition  for  F(0.  By  summing 
over  intermediate  states,  we  obtain 


GAk) 


—  exp 


'(''-''i-p^=  (1.5) 

Here  the  functions  Gi(k)  and  GgCk)  are  different  from  zero  only  when  k  be- 
longs to  the  spectrum  of  the  energy -momentum  vector;  that  is,  only  when  k 
lies  in  the  future  light-cone. 

The  function  F(4)  has  thus  the  following  significant  properties: 

a)  F(4)  disappears  outside  the  light-cone. 

b)  The  Fourier -transform  F(q)  =  J  d*|  exp  [-iq|]F(|)  vanishes  outside 
the  region  in  the  future  light-cone  with  the  vertex  at  -  f"^  t  ^1  and  In  the 
past  light-cone  with  the  vertex  at  \       ^  ) 


2 


The  attempt  to  obtain,  as  general  as  possible,  a  class  of  functions  with  the 
properties  (a)  and  (b)  by  means  of  a  representation,  formed  the  motive  for  the 
present  investigation.  However,  in  the  following,  we  will  generalize  the  state- 
ment of  the  problem.  The  corresponding  results  seem  to  be  useful. 

We  also  notice  that  obviously  no  essential  restriction  is  meant  by  setting 

2  ^)  "      ^'  ^*  +  Q)2  =  0  which  is  thus  excluded  will  not  be 

of  great  significance. 


2.  THE  MATHEMATICAL  STATEMENT  OF  THE  PROBLEM 

We  consider  the  following  as  a  useful  generalization  and  definition  of  the 
question  raised  in  Section  1. 

Let  F(|)  =  Fj^(l)  -  F^d)  where  Fj^(|)  and  F^(|)  are  distributions ^  which 
vanish  outside  the  future  and  past  light-cones  respectively.  Furthermore,  it 
should  be  known  that  F(q)  =  Jd^l  exp  [-iq|]F(|)  should  vanish  in  the  double 
cone  ko  I  +  |q  I  <  1.  We  are  looking  for  a  representation  for  F(q). 

The  connection  between  the  old  and  the  new  representation  is  that  the  com- 
plement of  the  region  of  the  future  light-cone  starting  from  (-1,  0,  0,  0)  and  of 
the  past  light-cone  starting  from  (1,  0,  0,  0),  that  Is,  the  region  In  which  F(q), 
in  Section  1,  vanishes,  can  be  represented  as  the  combination  of  the  two 
cones  |q^|  +  |q-a|<|a|-l. 


161 


R.  JOST  and  H.  LEHMANN 


It  should  of  cx)urse  be  stated  here  that  we  shall  not  treat  the  above-formu- 
lated mathematical  problem  rigorously.  Our  Investigation  makes  modest 
mathematical  claims,  but  should  be  sufficient  for  the  purposes  of  physics. 

From  the  fact  that  the  double  cone  |  q^,  |  +  |  q  |  <  1  is  symmetric  to  the 
plane  q^  =  0,  it  follows  that  we  can  decompose  F(|(„|)  into  a  symmetric  part 
i[F(lo.4)  +  F(-|o,l)]  and  an  antisymmetric  tpart  i[F(|o,l)  -  F(-|o,  1)1  both 
of  which  satisfy  the  original  assumptions  (including  the  divisibility  into  re- 
tarded advanced  distributions). 

Further,  it  becomes  clear  that  the  symmetric  part  can  be  written  as  a 
derivative  of  Ig      3-^  antisymmetric  distribution  which  again  satisfies  all 
the  assumptions.  (See  Appendix.) 

Thus,  it  is  enough  to  give  a  representation  for  the  antisymmetric  F(|). 
This  we  can  give  without  restriction  as  follows: 

Fiio,     =  ^^(lo,    -  F^{-  ^0,  ^) .  (2.1) 

Now  we  proceed  from  the  assertion  that  an  invariant  in  |  relative  to  the 
orthochronous  Lorentz  group  and  an  antisymmetric  distribution  in  Iq  van- 
ishes outside  the  light-cone.  The  same  is  true  for  its  Fourier -transform. 
Thus  L(^;rj)  should  be  such  a  distribution  in  ^,  and  in  77,  L(|;t])  should  be  in- 
finitely differentiable  and  every  derivative  should  be  bounded  by  a  suitable 
polynomial  in  T].^  Now 

i^do,^)  =i^(eo,?;?)  (2.2) 

should  be  a  fully  sufficient  class  of  antisymmetric  distributions  which  vanish 
outside  the  light- cone. 

By  means  of  a  Fourier -transformation,  we  obtain  from  (2) 

F{qo,q)  ^  jd'ii  L.qo,  q-u;  u),  (2.3) 

where 

L{q;  u)  =  (2:r)-»Jd*|  Jd»^  exp  [- -  iur)]        t))  (2.4) 

is  odd  in  qg,  an  orthochronous  Lorentz  invariant  distribution  in  q,  and  a 
strongly  decreasing  distribution  in  u.^ 

Equations  (2.2)  and  (2.3)  are  completely  equivalent,  so  that  we  can  under- 
stand (2.3)  as  the  condition  for  the  vanishing  of  F(|o,{)  outside  the  light-cone. 
It  is  now  a  matter  of  choosing  L(q;u)  in  such  a  way  that  F(qo,q)  vanishes  in 
the  double  cone  I  qo  I  +  I  q  I  <  1. 

3.  THE  VANISHING  OF  F(qo,q)  IN  THE  DOUBLE  CONE 
We  now  let 

L{q;u)  =E{q,)0{ql-q',u)  (3.1) 
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where  $  vanishes  when  the  first  argument  is  negative.^ 

$(«:^,u)  should  be  a  distribution  in  k^.  We  restrict  ourselves  to  distribu- 
tions L  which  can  be  represented  as  in  (3.1). 

Our  goal  is  to  prove  the  following  theorem: 

Theorem  1;  Necessary  and  sufficient  conditions  for  F(q(j,q)  (2.3)  in 
I  qj,  I  +  I  q  I  <  1  to  vanish  are  that  l>(/f2,u)  in  /c^  +     <  1  also  should  vanish. 
Proof; 

a)  The  condition  is  sufficient:  if  we  substitute  (3.1)  in  (2.3),  we  obtain 

F{qo,  q)  =  e(?o)  j d'u  S{ql  -  {q  -  u)«,  u)  .  (3.2) 

Thus,  $(/c2,u)  will  be  integrated  over  the  cone  /c^  +  (u  -  q)^  =  q§ .  This  cone  is 
completely  contained  in  the  cone      +     <  (|  q^  |  +  |  q       The  assertion  fol- 
lows from  this. 

b)  The  condition  is  necessary:  we  show  this  first  for  continuous  ${k^,vl). 
Thus,  we  have  to  show  that  from  the  vanishing  of 

Fiiqlq)  =jd'uj^*d{ql-x'-{q-u)*)S{x*,u)  (3.3) 

in  I  qo  I  +  I  qj  <  1,  it  follows  that  ${K^,vi)  =0  for      +     <1  and  indeed  for 
continuous 

It  seems  more  convenient  to  perform  a  transformation  of  variables: 


Vo  = 


l—x*—u* 

1  +  x«  +  tt* ' 

2u 

1  +  x«  +  u«  ' 


(3.4) 


1  +»7o 


Obviously  we  have 


,  (l-x«-u«)«  +  4tt«^^ 


(3.5) 


Thus  we  have  to  concern  ourselves  in  7]-space  only  with  the  interior  of  the 
unit  cone. 

Further  it  results  from  the  vanishing  of  Fj  in  the  double  cone 

jd*ri  Wit))  d(yorio  +  Y»I  "     =  0  ,  (3.6) 

where  we  set 


Q  = 


9*+l 


y/iql-q'+iy-^^q' 

1  +  q*  -  g^ 

>/(3o*-g*+l)*+4g« 


Y  = 


2q 


(3.6') 
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and 

nv)  =  {l-hVo)-*k>c\u),  (3.7) 

^(T?)  is  to  be  set  to  zero  for  i7§  +  7?^  >  1.  Naturally  (3.6)  is  vaUd  only  in  the 
form  of  the  double  cone  resulting  from  (3.6'),  that  is,  for 

>'2  +  Y'  =  l,    yo>0,   --J=>1.  (3.8) 
VI  — y; 

Clearly  (3.6)  and  (3.8)  means  that  the  integral  of  ^(tj)  over  every  plane  which 
does  not  meet  the  cylinder  -l^Vo  ^  0,  rj^  <1  vanishes.  It  then  remains  to  be 
shown  that  from  this  follows  the  vanishing  of  ^(17)  for  -q^  >  0.  This,  according 
to  (3.7)  and  (3.4),  is  equivalent  to  the  statement  of  Theorem  1. 

This  proof  is  based  on  the  following  auxiliary  theorem. 

Auxiliary  theorem;  The  continuous  function  xiv)  should  vanish  outside  a 
certain  region.  It  should  also  have  the  property  that  its  integral  over  every 
plane  which  does  not  meet  a  given  finite  (closed)  convex  region  ©  should 
vanish.  Then  xiv)  vanishes  outside  ». 

In  our  case  the  region     is  the  previously  mentioned  cylinder. 

We  postpone  the  proof  of  the  auxiliary  theorem.  The  general  case  of  the 
theorem  is  related  to  the  one  we  just  treated,  inasmuch  as  we  substitute  the 
distributions  Fi(qJ,q)  and  $(/c^u)  with  smooth  functions.  There  should,  per- 
haps, be  an  a(/c^),  an  infinitely  differ entiable  continuous  function,  which 
strongly  decreases  just  as  ^{vl).  Then  let  us  define 

fxiql  q)  =j d««  j A>c*FMl  -      iq  -  «*))  oc{x*)fi{u) .  (3.9) 

Clearly  we  have 

^i(9o,,q)  =  fd^u0{ql-{q-u)\u)  (3.10) 

with 

0ix\u)  =  jd»vjd?.'0{yJ-X^  u-v)ocmp{v)  .  (3.11) 

We  can  now  easily  find  a  sequence  ofj^,  jS^  such  that 
^)  ^ik      Fi,  ^  —  I  for  k-*-  00. 

b)         vanishes  in  "shrunken"  double  cone  |qol  +  |q|<l-e. 

On  the  basis  of  what  was  already  proven,  ^  vanishes  in  /c^  +     -  (1  -  e)^. 
Since  e  >  0  is  here  arbitrary  $  thus  vanishes  in      +vi^  <  1, 
There  remains  still  the: 

Proof  of  the  Auxiliary  Theorem:^  For  the  sake  of  clarity,  we  refer  next  to 
the  2 -dimensional  case  and  we  form  a  coordinate  system  as  indicated  in  Fig.  1. 
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The  essential  thing  here  is  that  the  half-plane 
r]Q^O  has  a  non-vanishing  interval  from  95. 
Clearly  we  have 


jdrjo  jdrji 


f{vo)xiv)  =  0 


(3.12) 


for  every  continuous  f(97o).  We  choose  firj^)  =  t/q, 
and  thus  write 


Fig.  1.  Choice  of  the 
coordinate  system  in  the 
proof  of  the  Auxiliary 
Theorem. 


jdrjo  jdrjiVoXiv)  =  0  • 

0 

Now  we  rotate  the  coordinate  system  by  an  angle  6: 
v'o  —     Vo  cos  d     rji  sin  d 
r)[  =  —  r/o  sin  d  -\-  rii  cos  d  , 


(3.13) 


(3.14) 


Provided  that  6  is  small  enough,  then  ?7o  -  0  still  has  a  non-vanishing  interval 
from  99.  Thus  we  have 

jdr)ijdr)[r)',x'{v')  =  0,  (3.15) 

0 

where  we  have  to  set  x'iv' )  =  Xi'n)'  old  variables 

jdriojdrji{rioC06d-\-r)iSmd)x{r))  =  ^i         cos  <5  +     sin  (5  >  0  .  (3.16) 

Now  the  region  of  integration  tiq  cos  6  +  -q^  sin  6  >  0  is  divided  into  7]^  >  0, 
repon  I:  t7i  <  0  and  -r]itg  6  >  tjq  >  0,  and  region  II:  tji  >  0  and  0  >  t?o  >  -7?itg6. 
/TMs  due  to  (13) 


(3.17) 


sin  d  j drjoj drji  rjaiv)  ^  +  Vi      ^)  Xiv)  + 

0  <i> 

+  jdr)of dfjiirjo  cos  6  -\- rj^  sin  d)  x(rj)  =  0  . 

(ID 

Let  x(i?)  =  0  for  7]§  +  r]f  ^R^  and  |  x(i7)|  <  A,  then  we  can  easily  find  the  estimate 


jdrjo  jdrjiirjo 


cos  d  -{-rji  sin  d)  xiv)  <  ^R'Ad  sin  d  . 


(3.18) 


A  corresponding  relation  is  true  for  the  integral  over  II.  Now  we  divide 
(3.17)  by  6  and  we  let  6-^-0.  It  follows  that 


00 

jdr)o  jdrjiTji 


(3.19) 
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Since  the  coordinate  system  (excluding  the  mentioned  restriction)  was 
arbitrary,  it  follows  that  with  xiv)  also  l(7?)x(r?),  where  l{r])  is  an  arbitrary 
linear  polynomial,  has  the  property  to  yield  zero  upon  integration  over 
every  half -plane  which  does  not  contain  93.  Due  to  the  continuity  of 
Hv)xiv)  we  can  integrate  over  every  straight  line  which  does  not  meet 
58  and  obtain  zero.  l{ri)x{rj)  therefore  fulfills  the  same  assumptions  as 
x(7?).  Making  use  of  induction  we  then  obtain 


oo 

j d7/o  j P(»yo,  Tji) Xiv)  =  0  ,  (3 .20) 


where  P(7?o,t7i)  is  an  arbitrary  polynomial.  (3.20)  is  valid  in  every  half- 
plane  which  does  not  contain  SB.  Due  to  the  completeness  of  the  poly- 
nomial, xiv)  vanishes  in  every  such  half-plane.  Since  95  is  convex, 
Xiv)  =  0  for  r]  €  93 . 

The  proof  for  the  n-dimensional  case  clearly  is  obtained  in  the  same 
fashion.  In  place  of  the  single  transformation  (3.14)  we  have  to  consider 
(n  -  1): 


fc  =  l,  2, n  —  1 

(3.21) 


=     rj^coBd  -\-  Tjt  sin  d 
>?i  =  —  >/o  sin  (5  -f     cos  6 

v'l  =     Vi  l^k,  1^0 

(3.18)  changes  in  an  unimportant  way.  In  place  of  (3.19)  we  have 


CO 


Xiv)  =  0  (3.22) 


0 


and  in  place  of  (3.20)  a  n-fold  integral  which  contains  an  arbitrary  poly- 
nomial P(t]o,t]i,  r^n-i). 

As  an  application  of  Theorem  1  we  shall  determine  the  functions  i»(K^,u), 
which  belongs  to  the  problem  as  presented  in  Section  1.  As  mentioned  in 
Section  2,  the  corresponding  F(qo,  q)  disappears  for  all  double  cones 
qol+|q-a|<|a|-l.  Therefore,  l»(/c^  u)  disappears  in  all  cones  + 
I  u  -  a  P  <  ( I  a  I  -  1)2,  I  a  I  >  1.  #(/c2,  u)  is  different  from  zero  at  most  in 
the  cylinder  |  u  |  <  1.  As  a  conclusion,  from  this  we  obtain  that  L(4;  r]), 
according  to  (3.1)  and  (2.4),  is  a  regular  analytic  function  in  -q.  With  this 
the  Ansatz  (2.2)  is  quite  adequately  justified. 

Furthermore,  we  note  that  it  is  readily  possible  to  extend  Theorm  1  to 
general  regions,  since  the  Auxiliary  Theorem  used  in  the  proof  is  formu- 
lated for  arbitrary  finite  convex  regions. 

In  regard  to  applications  we  give  the  following  theorem  which  can  be 
obtained  from  elementary  considerations:^ 

Theorem  2;  Necessary  and  sufficient  conditions  for  F(qo,  q)  to  vanish 
outside 

(|«o|  +  a)«>g«  +  6«  {a,b>0) 
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are  that  u)  be  different  from  zero  only  in 

|»I<a 

and 

x>Max{0;  b  —  Va*  —  u*} 

where  (k  =  +  Vk^). 

4.  THE  FUNCTION  Fj^(ko,  k) 

In  case  ${k^,  u)  in  (3.2)  diminishes  strongly  enough  as  —  <»,  then 
there  exists 


with 


—  00 

for  Im[kQ]  >  0  and  represents  for  Im[kQ]  =  +0  the  Fourier -transform  of 
Substitution  of  (3.2)  yields 

F^iK  k)=j i»w  S^ilcl  -{k-  M)S  u)  (4 .2) 

0 

/--^^(/c^,  u)  is  regularly  analytic  in      complex  plane  which  is  cut  along 
the  positive  real  axis  from  0  to  «.  From  this  follows  that  FR(ko,  k)  is 
regularly  analytic  if  Im[k]  lies  in  the  future  cone.  This  property  is  char- 
acteristic for  the  Fourier -transform  of  a  retarded  distribution. 
Now  from  (4.3)  follows 

^.(«  ,  u)  -      2^ .     j  _^  ^^^^^3  _      +  3*„-,{x  )  ,  (4 .4) 

0 

where  9lin-i('^^)  represents  a  polynomial  of  degree  (m  -  1)  with  coeffi- 
cients which  are  functions  of  u.  Now,  for  a  given  distribution  we  can 
always  choose  an  m  such  that  (4.4)  is  meaningful.  If  Fj^(ko,  k)  exists  at 
all,  it  must  necessarily  be  of  the  form 

where  9t2(m-i)(^)»  ^)  represents  a  polynomial  of  degree  2(m  -  1)  in 
kfl,  ki,  kg,  kg . 
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It  F(qo,,q)  vanishes  in  the  double  cone,  and  so  ^  is  zero  in      +     <  1,  we 
readily  obtain  from  (4.5)  regular  regions  of  F^{h^,  h).  The  following,  for  in- 
stance, is  true: 

Theorem  3;  If  F(q)  vanishes  in  |     |  +  |  q  |  <  1  and  if  FR(k)  exists,  then 

for 

Ai*<Max[0;  (l-ig|«-gj]  (4.6) 

it  is  regularly  analytic.  Here     =  Im[k]  and  q  =:Re[k]. 

Conclusion;^  Fj^(k)  is  regular  in  |k^|  <  i(V3~-  1). 

Proof:  According  to  (4.5),  FR(ko,  k)  is  regular  so  long  as  kj  -  - 
(k  -  u)2  does  not  vanish  for      +     >  l.  if  one  separates  real  and  imaginary 
parts,  then  we  must  have 

gl-\-fi*<X'+{q-u)*  (4.7) 
as  soon  as      +     >  1  and        -  ^(q  -  u)  =  0. 

Now,  however,  for  a  fixed  q  the  minimum  of     +  {q  -  u)^  is  equal  to 
{1  -  |q|)2.  Due  to  this,  FR(k)  is  regular  for  /i^  <  (1  -  |  q  |)2  _  qj.  otherwise, 
FR(k)  Js  trivially  regular  for      <  0.  Naturally,  the  theorem  is  vaUd  also  for 
even  F(q),  as  follows  from  Section  2.  (Appendix) 

For  the  derivation  of  the  conclusion  we  write  k^  =  p^exp[i(^^];  then  (4.6) 
means 

a  s 

2  el  8in« (p^  +  qI  co8« (Po<[1-{2qI  cos* <p,)*y  +  qI  8in«9>, ,  (4 .8) 

or 

i    <  i  +  m  -  (i  qI  co8«  <p,)iy  +  2qI  8in«y,  .  (4.9) 

0  1 

If  we  want  an  idea  of  the  kind  of  conclusion  obtained,  we  set  pu  ^  p  and 
<Pp  =  0.  The  resulting  quadratic  inequality  leads  to  the  conclusion. 


APPENDIX 

Let 

^(^0,  5)  =  F,i^„  §)  +  F,{-     1) .  (A.l) 

The  existence  of 

0{^o^  5)  =  Qni$o.  5)  -  Om{-  ^0,  %)  (A.2) 

is  asserted  in  such  a  way  that  F(|)  =  (a/a^o)GK^).  We  would  like  an  additional 
relation,  so  we  set 

^■-(f)  =  ^'  (A.3) 
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(A  .3)  means' 

=-«.(!).  (A.4) 

OO 

whereby  Gj^(^)  is  defined  for  all  ip  for  which  J ipd^Q  =  0.  Now  let  ado)  ^  ^^^o 

-oo 

vanish  in  Iq  >  -1  and  satisfy  jQ!(lo)d^o  =  ^' 
An  arbitrary  ip  will  now  be  represented  in 

5)  =  z(fo,  %)  4-  a(|«)  jip{r,%)dr  .  (A.5) 


Here 


a 


Z(^)dlo  =  0 


is 


9^(1.,  5)=  Jx(T,5)dTe-8.  (A. 6) 


Now  we  define 


0^{y>)=-Fj,{ip)  (A. 7) 

and  G{^o»  I)  by  (A.2) 

/-(^  (isappears  outside  the  future  cone.  Indeed,  if  ip  has  some  support  out- 
side the  future  cone  then  the  same  is  valid  for  x  since  it  follows  from  ado)* 
But  the  statement  is  valid  also  for  (p,  since  every  plane  {  =  a  constant  has 
only  one  half -plane  in  common  with  the  future  cone. 
Thus  QRijP)  =0. 

Finally,  F(q)  and  G<q)  have  the  same  support,  then  we  have 

F{<p)=-mp,<p),  (A. 8) 

whereby  G(ip)  is  defined  for  odd  ip.  But  for  even  ip  we  have  G{ip)  =  0. 
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for  every  test  function  <p{^)  g  S^.  L.  Schwartz,  I.e.,  p.  99. 

4.  L.  Schwartz:  I.e.,  p.  100. 

5 .  Similarly  if  we  write 

i(|;Tl)  =  £(fo)^(fo-?'tl)» 

then  we  have  formally 

where  Jg  is  the  Bessel  function  of  order  zero. 

A(x«.  x*-jr«)  =  ^  ^  e(x«)Jo(HV»»-*«) 

is  the  known  invariant  function. 

6.  We  are  indebted  for  this  proof  to  Mr.  F.  J.  Dyson  to  whom  we  also  wish 
to  express  our  thanks  here.  He  replaces  the  original,  not  the  elementary 
proof  of  the  authors. 
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N.  N.  Bogoliubov  at  the  International  Congress  on  Theoretical  Physics 

in  Seattle  (September  1956).  We  would  like  to  thank  Mr.  N.  N.  BogoUubov 
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An  integral  representation  is  found  for  the  matrix  element,  between  given  states,  of  the  commutator  of  two 
field  operators.  The  representation  makes  use  of  the  information  derivable  from  the  local  commutativity  of 
the  operators  and  from  the  mass  spectrum  of  the  fields.  The  representation  was  discovered  by  Jost  and 
Lehmann  and  proved  by  them  for  the  case  of  two  fields  of  equal  mass.  It  is  here  extended  to  the  case  of 
unequal  masses. 

The  mathematical  basis  of  this  work  is  the  fact  that  every  function  f(q)  of  a  four-vector  q,  with  a  Fourier 
transform  f{x)  which  vanishes  for  space  like  x,  has  a  unique  extension  which  is  a  solution  of  the  wave 
equation  in  six  dimensions. 


I.  STATEMENT  OF  THE  PROBLEM 

JOST  and  Lehmann^  have  introduced  an  integral 
representatian  for  matrix  elements  of  causal  commu- 
tators. Theifrepresentation  is  a  powerful  tool  for  in- 
vestigating the  analytic  behavior  of  scattering  ampli- 
tudes as  a  function  of  all  relevant  momentum  and 
energy  variables.  In. particular,  Lehmann^  was  able  to 
obtain  a  proof  of  dispersion  relations,  shorter  and 
simpler  than  the  original  proof  of  Bogolyubov.^  Un- 
fortunately, the  Jost-Lehmann  analysis  applied  only  to 
the  commutator  of  two  fields  of  equal  mass.  The 
Lehmann  proof  of  dispersion  relations  was  restricted  to 
the  scattering  of  equal-mass  particles,  and  for  this 
reason  remained  unpublished.  In  this  paper  we  extend 
the  integral  representation  to  the  case  of  unequal  masses. 

A  more  important  task  for  the  future  is  to  explore 
systematically  the  analytic  consequences  of  causality, 
not  restricting  attention  to  the  special  type  of  informa- 
tion which  can  be  embodied  in  dispersion  relations. 
Progress  in  this  direction  has  already  been  made  by 
Kallen  and  Wightman,*  using  only  the  causality  condi- 

1  R.  Jost  and  H.  Lehmann,  Nuovo  cimento  5,  1598  (1957). 

2  H.  Lehmann  (private  communication).  Note  added  in  proof. — 
Lehmann  has  used  the  results  of  this  paper  to  prove  that  certain 
scattering  amplitudes  are  analytic  functions  of  the  momentum 
transfer  (to  be  pubUshed  in  Nuovo  cimento). 

*  Bogolyubov,  Medvedev,  and  Polivanov,  Uspekhi  Math.  Nauk 
(to  be  published). 

*  G.  Kal'^n  and  A.  S.  Wightman  (private  communication  to  W. 
Pauli).  See  report  by  G.  Kalian  in  Proceedings  of  Seventh  Annual 
Rochester  Conference  on  High-Energy  Nuclear  Physics,  1957  (Inter- 
science  Publishers,  New  York,  1957,  Session  IV,  p.  17. 


tion  and  assuming  nothing  about  particle  masses.  We 
hope  that  the  integral  representations  here  established 
may  make  it  possible  to  extend  the  Kallen- Wightman 
analysis  so  as  to  include  detailed  information  about  the 
mass  spectrum. 

We  are  concerned  with  two  fields  A{x)  and  B{x), 
obeying  the  causality  principle 

lA{x),B{x')']  =  0   for    {x-x'f<Q.  (1) 

Here  x  and  x'  are  4-vectors,  and  the  scalar  product  is 
defined  by 

X'y=X(iyQ—\-y= x^y^ —Xiyi—X2y2—Xzy^.  (2) 

The  problem  is  to  determine  the  analytic  form  of  the 
function 

Kx)=i{P,oL\lA{\x),  B{-\x)-]\Q,^),  (3) 
or  of  its  Fourier  transform 

M=7~:  fdaexp(-iq-x)f(x).  (4) 
(ztt)*  •/ 

Here  |  P,a)  and  |  Q,0)  are  any  two  states  specified  by  the 
energy-momentum  vectors  P  and  Q  and  by  other 
quantum  numbers  a  and  /3. 
By  Eq.  (1),  the  function  Jinx  space  has  the  property 

fix)  =  0   for   x'KO.  (5) 

From  Eqs.  (3)  and  (4),  the  function  /  in  q  space  also  has 
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the  property  of  vanishing  in  a  large  region.  The  two 
terms  of  the  commutator  give 

f(q)  =  Mq)-Mq\  (6) 

where  fi{q)=0  unless  [.h{P-\-Q)—qJl  is  the  energy- 
momentimi  vector  of  a  state  |  «>  for  which 

<P,a|^(0)i»>5^0,   {n\BiO)\Q^)9^0,  (7) 

and  /2(g)=0  unless  is  the  momentimi 

vector  of  a  state  with 

<P,a|5(0)|«>P^0,    {n\A(0)m)^0.  (8) 

Suppose  that  all  states  [  n)  for  which  Eq.  (7)  holds  have 
mass  not  less  than  b,  and  that  all  for  which  Eq.  (8)  holds 
have  mass  not  less  than  c.  The  values  of  b  and  c  depend 
mainly  on  selection  rules  restricting  the  numbers  of 
particles  of  various  types  which  can  be  present  in  the 
state  |n).  So  long  as  A(x)  and  B(x)  are  distinct  fields, 
the  values  of  the  masses  b  and  c  will  in  general  be 
different.  Without  loss  of  generality  we  may  choose  a 
coordinate  system  in  which 

K^+(?)  =  [aAO,0],    a>0.  (9) 

Then  from  Eq.  (6)  we  see  that  f{q)  =  0  for  all  g=  (qo,q) 
satisfying 

a-[q'^+6»:*<go<Cq*+c*]*-a.  (10) 

Theorem  2  in  the  paper  of  Jost  and  Lehmann^  runs  as 
follows. 

Theorem  A  (Jost-Lehmann). — The  class  of  functions 
f(q)  which  vanish  in  the  region 

igol<[q^+c^]*-a,  (11) 

and  have  Fourier  transforms  f(x)  vanishing  for  3^<0, 
is  identical  with  the  class  of  fimctions  of  the  form 

f(q)  =  jd^ J dk^  e(?o)5[?o^-(q-a)2-)^] 

X[<J>i(ii,/^)+?o$2(a,/^)],  (12) 

with  the  functions  #i(a,ife*)  and  $2(11,/^)  each  vanishing 
except  in  the  region 

|u|^a,    *^c-(a2~tf)».  (13) 

This  theorem  provides  a  representation  for  functions 
f{q)  vanishing  in  the  region  (10),  only  in  the  synmietric 
case  b=c.  The  symmetry  in  qo  played  an  essential  part 
in  the  Jost-Lehmann  proof.  One  cannot  expect  a 
representation  hke  Eq.  (12),  with  the  parts  even  and 
odd  in  ^0  specified  by  independent  functions  $2  and  4>i, 
to  hold  for  an  unsymmetric  region.  The  analog  of  Eq. 
(12)  in  the  unsynmietric  case  must  treat  the  four  com- 
ponents (?o,gi,?2,g3)  on  an  equal  footing.  The  difl5ciilty 
in  extending  the  representation  to  unsymmetric  regions 
arises  precisely  from  the  fact  that  in  the  symmetric  case 
Eq.  (12)  has  a  somewhat  accidental  and  misleading 
simplicity. 


For  later  reference  we  also  state,  as  a  lemma,  Theorem 
1  of  Jost  and  Lehmann.^ 

Lemma  1  {Jost-Lehmann). — The  class  of  functions 
/(g)  satisfying  Eq.  (5),  and  vanishing  in  the  region 

l?o|  +  |q-v|<X,  (14) 

is  identical  with  the  class  represented  by  Eq.  (12)  with 
the  functions  $1  and  $2  vanishing  in 

i^-F(n-v)»<X^  (15) 

The  deduction  of  Theorem  A  from  the  Lemma  is 
immediate,  since  the  region  (11)  is  a  imion  of  regions 
(14),  and  the  region  (13)  is  the  complement  of  the  union 
of  the  corresponding  regions  (15). 

2.  REPRESENTATIONS  ON  A  GENERAL  SURFACE 

We  define  the  class  C  to  consist  of  all  functions  f{q) 
whose  Fourier  transforms  J{x)  vanish  for  a?<0.  We 
require  a  representation  for  a  function  in  C  which  also 
vanishes  in  some  region  R'va.q  space.  It  is  convenient  to 
divide  the  problem  into  two  parts.  In  this  section  we  find 
representations  for  all  fvmctions  of  C.  Restrictions  on 
the  behavior  of  f{q)  va.  q  space  will  be  considered  in 
Sec.  3. 

The  key  to  the  problem*  is  to  extend  the  four- 
dimensional  X  and  q  spaces  to  six  dimensions.  The  two 
additional  dimensions  are  to  be  spacelike.  Let  2  denote 
the  six  vector  (2o=aPo,  Zi=xi,  Z2=X2,  23= xs,  Zi=yi, 
26 =^2),  and  r  the  six  vector  (ro=qo,  ri=gi,  r2=qt, 
r3=?3,  r4=pi,  H=p2),  The  metric  is  defined  by 

22  =  ^-;y2  =  Xo2-Xi*-X22-X3'-yi«-y2^  (16) 

The  special  six-vector  (^0,91,52,^3,0,0)  will  be  denoted  by 
g.  In  general,  Greek  suflixes  will  be  sunmied  from  0  to  5, 
Latin  suffixes  from  0  to  3. 

By  Eq.  (5),  the  six-dimensional  function 

^(2)  =  4T/(x)5(x2-y2)  =  47r/(x)5(z«)  (17) 

determines  the  four-dimensional  jf(x) ;  in  fact, 

/(x)=-  f  F{z)df=—  h{z)diy.  (18) 
4t  •'0  4ir* »' 

Taking  the  Fourier  transform  of  Eq.  (17),  we  obtain 
F(r)=-^  f<r'('  '>F(2)ii*8 

=  jf(q)D'(r-q)d,q,  (19) 

where  D^{r)  is  the  even  invariant  function  in  six 
dimensions, 

2     /.  1 

i?i(r)=          I  (r*^'  '^S(i?')dt!s=  .  (20) 

*  For  the  idea  of  going  into  six  dimensions  I  am  indebted  to 
Dr.  Jost. 
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The  functions  J>{r)  and  F{r)  are  solutions  of  the  wave    Then  Eq.  (30)  becomes  identical  with  Eq.  (12),  pro- 


(21) 
(22) 

(23) 


equation 

□  ,Z?»(f)=0,  □eF(r)=0, 
a»     d»     d«  ^  ^2 

□  6  =  

dro'   dfi^    dr,'    drs^    dr*'  dfs' 
From  Eqs.  (4),  (18)  and  (19),  we  have 

so  that  /''(f)  is  a  simple  extrapolation  of  the  function  f{q) 
from  four  to  six  dimensions. 

As  a  solution  of  the  wave  equation,  F{r)  can  be  ex- 
pressed in  terms  of  its  value  and  its  normal  derivative  on 
an  arbitrary  spacelike  surface  2  in  r  space.  In  fact, 

F(f)  =  J  dL^F{r^,-^p{r'-r)^,  (24) 

where  the  bracket  notation  is  defined  by 

[d     ^       dD  dF 
F,  D\=F  D  ,  (25) 

the  surface  element  {£Sa  is  a  six-vector  normal  to  the 
surface  in  the  hyperbolic  metric,  and  D{r)  is  the  odd 
invariant  function  in  six  dimensions, 

^D(r)=(l/2x^)e(ro)5'(f=).  (26) 
In  particular,  Eqs.  (23)  and  (24)  give 

/(?)  =  J  SL^if),  1-D{r-'^  (27) 

which  is  the  desired  representation  of  j{q)  on  a  general 
surface  S. 

Suppose  that  2  is  a  special  surface  independent  of  the 
(r4,r6)  coordinates.  We  then  write 

(ro/i,r2,r3,r4,f  s)  =  (uo,Ui,U2,U3,pi,p2),  (28) 

s=Pi'+P2',  (29) 

and  regard  2  as  a  surface  in  the  four-dimensional  u 
space.  Equation  (27)  reduces  to 

f(q)=~  f 

xf  ds\F(u,s),—e{ui,-g,)d\(u-qy-s)\  (30) 
•'o     L         duj  J 

with  Fiu,s)  given  by  Eq.  (19), 

1   r  1 

As  a  Still  more  special  case,  let  2  be  the  surface  «o=0. 


vided  we  take 


^xM=-Ue{s)F^M\ 

xds 
1 

$2(U,5)=-— Ce(5)F,(u,5)], 


(32) 


F,(u,.)=i  r /(g)    ^  (33) 
Tc^J  [9o*-(a-q)2-5]» 

F.M=^  Cfiq)  \  d,q. 


(34) 


All  the  integrals  containing  singular  kernels  are  to  be 
interpreted  in  the  distribution-theory  sense,'  i.e.,  they 
are  to  be  integrated  by  parts  repeatedly  until  the 
singularity  disappears. 

We  now  prove  the  imiqueness  of  the  representation 
(27).  By  this  we  mean  that  if  a  function  /(g)  in  the  class 
C  is  given,  and  the  surface  2  in  r  space,  and  if  j{q)  has  a 
representation  (27)  with  any  function  F{f)=F{u,s) 
which  depends  on  (r4,f6)  only  in  the  combination  j,  and 
if  F{r)  satisfies  the  wave  equation  (21),  then  F  must  be 
identical  with  the  function  defined  by  Eq.  (19).  To 
prove  the  uniqueness,  observe  first  that  for  any  F{r) 
satisfying  the  wave  equation,  the  right  side  of  Eq.  (27) 
is  independent  of  2.  Suppose  if  possible  that  there  exists 
a  2,  and  a  function  F{r)  satisfying  the  stated  conditions, 
such  that  the  right  side  of  Eiq.  (27)  vanishes  for  aU  q. 
Then  the  right  side  of  Eq.  (27)  vanishes  for  all  2,  and 
in  particular  for  the  special  surface  «o=0.  Therefore  the 
right  side  of  Eq.  (12)  vanishes,  when  and  $j  are 
defined  by  Eq.  (32),  and  Fi(u,5)  and  /^j(n,j)  are  the 
normal  derivative  and  value  of  F{u,s)  on  tto=0.  But  the 
uniqueness  of  the  representation  (12)  was  already 
proved  by  Jost  and  Lehmann.^  Therefore  $i  and  $j 
must  be  zero,  and  by  integrating  Eq.  (32)  from  5=0  it 
follows  that  i''i=F2=0.  But  F{u,s)  satisfies  the  wave 
equation,  and  the  vanishing  of  F  and  of  its  normal 
derivative  on  tto=0  unpHes  that  F=0  everywhere. 

The  conclusion  of  this  section  is  that  there  is  a  one-to- 
one  correspondence  between  functions  /(g)  of  the  class 
C  and  solutions  F{r)  of  the  wave  equation  in  six 
dimensions  with  rotational  symmetry  in  the  (45)  plane. 
Each  j{q)  has  a  representation  (27)  in  which  F{r) 
appears  as  a  weight  function.  And  the  representation  is 
unique,  the  weight  function  being  determined  by  Eq. 
(19)  when  /(j)  is  given. 

3.  GENERAL  UNSTMMETRIC  REGIONS 

We  take  as  the  widest  convenient  generalization  of 
the  region  (10)  a  region  R  bounded  by  any  two  spacelike 

«L.  Schwartz,  Thtorie  des  Distributions  (Hermann  et  Qe, 
Paris,  1951),  Vol.  1,  Chap.  2. 
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surfaces  o-i,  as  in  9  space.  R  is  defined  by 

/(q)<?o<g(q),  (35) 

where  /  and  g  are  functions  satisfying 

I  /(q) -/(qO  I  ^  I  q- q'  I ,  I  ^(q) -g(qO  I  ^  I  q- q'  | .  (36) 

We  consider  tiie  class  Cr  of  functions  f(q)  which  belong 
to  C  and  also  vanish  in  R. 
We  call  a  hyperboloid 

(q-ur-5=0,   5^0,  (37) 

admissible  if  its  upper  sheet  does  not  come  below  ai  and 
its  lower  sheet  does  not  come  above  <ri.  Such  hyperboloids 
correspond  to  points  r  =  («o,«i,W2,M3,^i,/>2),  s=p^-\-p^, 
lying  in  a  certain  region  5  of  r  space.  For  every  r  in  5, 
the  fimction  D{r—q)  defined  by  Eq.  (26)  is  zero  for  all 
qm  R.  This  suggests  that  we  look  for  a  representation 
of  f{q)  in  Cr  by  an  integral  (27)  with  the  points  r 
confined  to  S.  Every  integral  (27)  with  r  in  5  belongs  to 
Cr.  Our  main  result  will  be  that  the  converse  is  also 
true,  so  that  every  f{q)  in  Ck  has  a  representation  (27) 
using  only  admissible  hj^rboloids. 
The  region  S  is  defined  by 

fn(u,5)^«o^Jkf(n,5),   ^=^l2+/>2^  (38) 

with 

m{u,s)  =  max,{g(q)  -  [(q-  u)*+5]i} ,  (39) 

il/(ii,5)  =  min,{/(q)+[(q-u)2+5]*}.  (40) 

The  right  sides  of  Eqs.  (39)  and  (40)  are  necessarily 
finite  because  of  Eq.  (36).  S  is  bounded  by  two  surfaces 
2i,  22  in  r  space.  Since  these  surfaces  are  envelopes  of 
two  families  of  hyperboloids,  they  are  also  spacelike. 
Define  the  region  T  by 

ilf(tt,j)<«o<w(u,5),   s=Pi^^Pi\  (41) 

For  f  to  belong  to  T,  the  hyperboloid  (37)  must  be 
doubly  inadmissible,  i.e.,  its  upper  sheet  must  come 
below  0-2  and  its  lower  sheet  above  <ti.  The  decisive  step 
in  our  argimient  is  contained  in  the  following : 

Lemma  2. — ^The  fimction  F(r)=0  for  each  point  r 
m  T. 

In  proving  the  lemma,  we  may  choose  the  origin  of 
coordinates  in  q  space  so  that  the  point  r  is  (0,0,0,0,^1,^2), 
with  t=p^-\-p^.  The  hyperboloid  5*=/  is  doubly  in- 
admissible, and  we  are  required  to  prove  that  F(0,/) =0. 

There  exist  two  points  q\  and  q^  such  that  gi  lies  above 
ffi  and  below  the  lower  sheet  of  ^=t,  while  52  hes  below 
ffi  and  above  the  upper  sheet.  Without  loss  of  generahty 
we  may  assume  also 

qi'=q2^=\^>t.  (42) 

By  a  Lorentz  transformation  in  the  q  space  we  can 
choose  a  coordinate  system  in  which 

qi=q2=v,    920=^10=  (v*+X2)*.  (43) 

In  this  coordinate  system  we  represent  f(q)  in  the 


Lehmann-Jost  form  (12).  Since  is  above  <ti  and  qt 
below  <r2,  the  whole  of  the  double  cone 

l9o|  +  |q-v|^(v2+X2)*  (44) 

is  interior  to  R.  Therefore  f(q)  vanishes  in  the  region 
(44),  and  Lemma  1  states  that  #2(0,^)  vanishes  for 

5+(u-v)2<v2+X2.  (45) 

But  $2(0,5)  is  related  to  Fi(u,s)  by  Eq.  (32),  and 
F2(u,j)  is  the  value  of  F(UjS)  on  uq=0.  Therefore  F(u,s) 
vanishes  for 

tto=0,   5+(u-v)2<v2+X2,  (46) 

and  by  Eq.  (42)  this  implies  in  particular  that  F(0,t)=0. 

Consider  the  representation  (27)  of  the  function  f(q). 
We  choose  for  2  the  surface 

tto=^[m(u,5)+Jf(u,5)],   s=p,^+pi,  (47) 

with  m  and  M  given  by  Eqs.  (39)  and  (40).  The  precise 
position  of  2  is  imimportant ;  we  might  use  any  2  which 
is  spacelike  and  lies  everywhere  between  the  svurfaces  2i 
and  22.  The  essential  point  is  that,  by  Eqs.  (38)  and 
(41),  every  point  of  2  belongs  either  to  S  or  to  T.  But 
we  have  proved  that  F(r)=0  m  T.  Therefore 

/(g)  =  £  dL^F{r\  ~D{r-q)^,  (48) 

where  the  integral  extends  only  over  the  part  of  2 
included  in  S.  We  summarize  this  result  in  the  following : 

Theorem  B. — A  fimction  f{q)  belongs  to  the  class  Cr 
if  and  only  if  it  is  representable  in  the  form  (48),  with 
the  surface  2  defined  by  Eq.  (47)  and  the  set  S  by 
Eqs.  (38),  (39),  and  (40). 

In  the  proof  of  Theorem  B,  it  was  essential  to  choose 
a  definite  surface  2  and  to  use  the  uniqueness  of  the 
representation  on  2  in  order  to  remove  from  the 
integration  the  part  of  2  lying  outside  S.  For  applica- 
tions of  the  theorem,  the  specification  of  2  inside  S  is  an 
unnecessary  encumbrance  and  the  uniqueness  is  unim- 
portant. The  following  theorem,  while  apparently 
weaker  than  Theorem  B,  is  for  practical  purposes 
equivalent  to  it. 

Theorem  C. — For  a  function  fiq)  to  vanish  in  the 
region  (35)  and  to  have  a  Fourier  transform  vanishing 
for  a;2<0,  it  is  necessary  and  sufficient  that 

/(?)  =  J  d4,uj  ds€{q,-u,)hl{q-uy-syf{u^\  (49) 

where  ^(tt,^)  is  a  function  vanishing  outside  the  region 
S  defined  by  Eqs.  (38),  (39),  and  (40). 

The  representation  (48)  is  a  special  case  of  (49;,  but 
every  representation  (49)  can  be  projected  back  to  the 
form  (48)  by  using  Eq.  (27). 

Theorem  C  substantiates  our  earlier  statement  that 
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every  function  J{q)  vanishing  in  R  has  a  representation 
by  means  of  admissible  hyperboloidsJ 

4.  SPECIAL  UNSYMMETRIC  REGIONS 

We  now  specialize  the  conclusions  of  Sec.  3  to  the  case 
of  the  unsymmetric  region  (10).  The  calculations  are 
elementary  and  we  give  only  the  results.  Without  loss  of 
generality  we  assume  O^h^c. 

The  region  S  defined  by  Eq.  (38)  is  now 

O^Kb,  (50) 

[u2+(c-^)2]l-a^«o^a-|u|,    b^k^c,  (51) 

|u|-a^«o^a-|u|,   k^c,  (52) 

where  we  have  written 

k=si=\j,^-\-p,^y.  (53) 

The  values  of  u  and  k  allowed  by  Eqs.  (50)- (52)  are 
restricted  by 

\k\^K(u),  (54) 

where  the  function  K(u)  is 

K(n)=A-all-{u?/B^)y,    |u|^(^/a),  (55) 

K(u)=c-2la(a-\u\)2i,    (^/a)^|u|^a,  (56) 

 A=i(b+c),   &=d?-\{b-c)\  (57) 

is  an  intecKtiag  mathematical  question  (but  irrelevant  to 
the  physicalapplications)  whether  any  restriction  at  all  on  the 
shape  of  the  region  R  is  necessary.  I  conjecture  that  for  any  open 
point-set  R,  every  function  f{q)  of  class  C  vanishing  in  i?  has  a 
representation  of  the  form  of  Eq.  (49),  with  ^{u,s)  nonzero  only 
when  the  hyperboloid  (g-«)2=j  is  completely  outside  R.  This 
conjecture  would  have  the  interesting  consequence  that,  for  every 
/(?;  of  class  C,  the  closure  of  the  set  of  points  q  for  which  f(q) 
must  be  a  umon  of  hyperboloids.  I  am  able  to  prove  the  conjecture 
only  If  ic  IS  a  region  bounded  by  two  spaceUke  surfaces  (the  case 
treated  in  the  text)  or  if  J?  is  a  union  of  several  such  regions 
u  ■ P*^""  °^  points  in  {Ri,Rj),  i?^  j,  separated 
by  a  timehke  interval. 
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When  52  is  negative,  K{xl)  is  given  by  Eq.  (56)  for  aU 
|uKa. 

Theorem  C  states  that  every  f{q)  of  class  C  and 
vanishing  in  the  region  (10)  is  representable  in  the  form 

/(?)  =  J  d^u J  die-  e(go-«o)C(9-«)'->^XM,/fe2),  (58) 

with  ^(w,^2)  vanishing  except  for  {u,k)  satisfying  Eqs. 
(50),  (51),  and  (52).  The  allowed  values  of  {u,k)  also 
satisfy  Eq.  (54),  which  is  a  generalization  of  Eq.  (13)  to 
the  unsymmetric  case.  Theorem  C  thus  provides  the 
complete  solution  to  the  problem  stated  in  Sec.  1. 

An  interesting  consequence  of  Theorem  C  arises  in 
the  case  B^<0.  In  this  case  neither  Eq.  (50)  nor  Eq.  (51) 
can  be  satisfied  for  any  {u,k)  with  k<c-2a,  and  it 
makes  no  difference  to  the  region  5"  if  we  give  b  any 
value  from  zero  up  to  c-la.  Theorem  C  therefore 
implies  the  following : 

Coro/Zar);.— Suppose  a  function  / {q)  of  class  C  vanishes 
in  the  region 

tf-[q2+6^]*<go<[q2+c2]4-a,  (59) 

with  b<c—2a.  Then  f(q)  vanishes  in  the  larger  region 

a-[q2+(c-2a)2]i<go<[q2+c2]i-o.  (60) 

The  corollary  can  easily  be  generalized  to  regions  of 
arbitrary  shape.  The  effect  of  it  is  to  ensure  that,  if  a 
function  f{q)  in  C  is  known  to  vanish  in  a  region  R  with 
a  sharply  re-entrant  "nose,"  we  can  enlarge  the  region 
by  rounding  off  the  tip  of  the  nose.  That  a  statement  of 
this  kind  should  be  valid  was  first  conjectured  by  Jost 
(private  communication). 
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Analytic  Properties  of  Scattering  Amplitudes 
as  Functions  of  Momentum  Transfer. 

H.  Lekmann  (*) 
Institute  for  Advanced  Study  Princeton  -  New  Jersey 

(ricevuto  il  31  Luglio  1958) 

Summary.  —  Scattering  amplitudes  are  shown  to  have  analytic  pro- 
perties as  functions  of  momentum  transfer.  The  partial  wave  expansions 
which  define  physical  scattering  amplitudes  continue  to  converge  for 
complex  values  of  the  scattering  angle,  and  define  uniquely  the  ampli- 
tudes appearing  in  the  unphysical  region  of  non-forward  dispersion  rela- 
tions. The  expansions  converge  for  all  values  of  momentum  transfer 
for  which  dispersion  relations  have  been  proved. 


1.  -  Introduction. 

The  purpose  of  this  note  is  to  derive  some  properties  of  scattering  ampli- 
tudes which  follow  from  causality  in  relativistic  quantum  theory.  It  will  be 
shown  that  a  scattering  amplitude  has — for  fixed  energy — analytic  properties 
as  a  function  of  scattering  angle  or  momentum  transfer.  This  consequence 
of  causality  is  distinct  from  the  existence  of  dispersion  relations  (i  *)  which 
express  analytic  properties  of  a  scattering  amplitude  as  a  function  of  energy 
for  fixed  momentum  transfer.  However,  our  results  are  of  interest  mainly  in 
connection  with  dispersion  relations  for  non-forward  scattering.  They  imply 
that  for  aU  values  of  momentum  transfer  for  which  dispersion  relations  have 
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been  established  in  tt-N  scattering  this  is  the  case  for  momentum  transfer 
<  (|  (2m+/w)/(2m— /^))*-4/^— the  so-caUed  non-physical  region  is  completely- 
determined  by  the  physical  phase  shifts  via  the  partial  wave  expansion.  This 
possibility  has  been  suggested  previously  {^). 

We  disregard  spins  and  consider  the  scattering  of  a  charged  particle  of 
mass  m  (nucleon)  with  initial  momentum  p,  final  momentum  p',  and  a  neutral 
particle  of  mass  <  2m  (meson)  with  initial  momentum  ky  final  momentum  k'. 
We  assume  in  addition  that  these  particles  are  not  coupled  to  other  particles 
of  charge  zero  and  mass  <  2f/,  or  of  charge  one  and  mass  <'m-j-fi.  Our  results 
are  valid  also  for  the  scattering  of  equal  particles  {m  =  fi)  under  corresponding 
restrictions  on  the  mass  spectrum. 

As  is  well  known,  several  equivalent  expressions  for  the  scattering  matrix 
in  terms  of  Heisenberg  operators  may  be  given.   With  the  notation 


ip'k'  out\pkm)  =  ip'k' m\pkiTi) +  i{2n)d{p-\-k  —  p'—k')T 
the  amplitude  T  may  be  written  as  («) 


(1) 


or 


(2) 


T  =  -/d^.  exp  .J  ,p'  I  U'A  (I)  A  (-  I)  |p>  , 


=  —  /  d*£c  exp 


i{k'-p') 


<0|i2'^g)v,(-|)|pMn> 


A{x)  and  y){x)  are  the  meson  and  nucleon  field  operators.  R'  denotes  a  retarded 
commutator.  For  example, 

B'A{x)^{y)  =  —  i{Ux  —  fji^){ny--m^)e{x  —  y)[A{x),ii)(y)]. 

The  state  vectors  refer  to  incoming  or  outgoing  particles  with  definite  momenta 
as  indicated. 

Eq.  (1)  is  used  in  the  derivation  of  dispersion  relations.  Eq.  (2)  on  the 
other  hand  yields  directly  information  about  the  scattering  amplitude  as  a 
function  of  momentum  transfer,  since— in  the  center  of  mass  system— this 
variable  appears  only  in  the  exponential.  However,  more  information  is  ob- 
tained in  both  cases  by  observing  that  from  either  (1)  or  (2)  the  following 


(5)  M.  L.  Goldberger:  Proceedings  of  the  Sixth  Annual  Rochester  Conference, 
(New  York,  1956). 

(«)  H.  Lehmann,  K.  Stmanzik  and  W.  Zimmermann,  Nuovo  Cimento,  6,  319  (1967). 
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expression  for  the  imaginary  part  of  the  amplitude  may  be  derived, 
<3)    Im  T  =  ^ja'x,  d'x.  exp  p"'-/''^'  -  . 

■  2  (OIB'A  (Ij  y  (_  I)  1  p  +  J,  y> .  <p  +  *,  y\B'A  (I)     {- 1)  1 0>  , 
2  denotes  a  sum  over  all  states  with  total  four-momentum  p-\-1c.  Eq.  (3)  is 

V 

<on  the  energy  shell)  equivalent  to  the  unitary  requirement  for  the  scattering 
amplitude.  It  was  first  used  by  Bogoliubov  et  al.  {^).  A  simple  proof  of  this 
relation  is  given  in  Sect.  3. 

The  general  method  used  to  obtain  explicit  consequences  of  these  expres- 
sions may  be  described  as  follows: 

In  each  case  the  scattering  amplitude — or  its  imaginary  part — appears  as  the 
Fourier  transform  of  a  retarded  commutator  or  Of  a  sum  over  products  of 
such  commutators.  Therefore  it  is  simply  related  to  the  Fourier-transform 
of  the  corresponding  unretarded  commutator  which  is  in  the  case  of  (2)  or  (3) 
given  by 


(4) 


exp  [iqx]  <0 1 


1^  +  *;,  r>, 


where  j{x)  =  {n}—ju^)A{x)j  f{x)  =  {n  —  m^)y){x).   We  know  about  F{q): 


it  is  the  Fourier  transform  of  a  fimction  that 
vanishes  for  space-like  x  ; 


(46) 


F{q)  vanishes  unless 
2 

or 


+  qo>0       and       ^^^  +  gj'>w?, 


^  q\  >m\ . 


The  latter  statement  follows  directly  if  a  sum  over  intermediate  states  is 
introduced  in  (4).  rwi  and  are  the  masses  of  the  lowest  intermediate  states 
which  contribute  to  the  two  terms  of  the  commutator.    In  the  tt-N  case 
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Dyson  (')  has  solved  the  problem  of  finding  a  representation  of  all  functions 
satisfying  these  conditions.  His  result  is:  For  F{q)  to  satisfy  (4a)  and  (46) 
it  is  necessary  and  sufiftcient  that  it  can  be  represented  as 


(5) 


09 


(p{u,>c^)  is  arbitrary  if  the  vectors  (p+fe)/2+i^  and  {p  +  'k)l2  —  u  both  lie  in 
the  forward  light- cone  and 

«>Ma.jo;«.-]/'(^+„y;  ^,-y(?^_„yj. 

9?  vanishes  outside  this  region.  It  depends,  of  course,  also  on  the  quantum 
numbers  y  and  on  p-\-'k.  All  our  results  wQl  be  based  on  applications  of 
Dyson's  theorem. 

For  the  Fourier  transform  of  the  retarded  commutator  which  appears  in  (2) 
or  (3)  we  have  the  relation  (g'=  (g^,  q)) 


1_  CdgoFiq') 
27tj   q'o  —  Qo 


if  Fj^  is  s,ufficiently  bounded. 
Inserting  (5)  gives 


(6)  FM  =  -  i  fd%  ^ 

In  general  we  cannot  expect  Fj,  to  be  bounded  enough  for  (6)  to  hold  in  this 
form.  The  necessary  modification  (»)  does  not  alter  the  analytic  properties 
we  are  interested  in.  It  is  therefore  sufficient  to  discuss  (6).  We  shall  use 
it  both  for  Eq.  (2)  and  Eq.  (3). 


2.  -  Momentum  transfer  properties  of  scattering  amplitudes. 

By  inserting  (6)  into  Eq.  (2)  we  obtain 

  27iJ  ({lc'-p')l2-uy-x'  ' 

(7)  F.  J.  Dyson:  Phys.  Bev.,  110,  1460  (1958). 

(8)  R.  JoST  and  H.  Lehmann:  Nttovo  Cimenio,  5,  1598  (1957),  Eq.  (4.5). 
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9?  is  an  invariant  function  of  the  vectors  p,  k.  The  integration  extends  over 
the  region  given  in  (5).  We  choose  the  center  of  mass  system  to  evaluate  (7) 
and  introduce  the  variables 


or 


^  41^2  ;     cosi^-i  — — 

<p  depends  then  only  on  i«%  Uoj  u  k,  x^,  W.  It  vanishes  outside 


(9) 


1  x> 


<i*<W/2;   —WI2-i-u<Uo<WI2  —  u, 


Max  {0;  mi  -  V(F/2  +       -  %2 .      _  V(TF/2  -  Uo)^  —  u^} 
Introducing  polar  co-ordinates  in  u-space,  (7)  becomes: 


2n  n 

(10)       T{W,  cos  1^)  =  -  ^  j dwoj fiduj jdajd^ 


9?(i*o>  u^,  cos  a  sin    x^,  W) 


or 

(11) 
with 


K^  +  u^+x^  —  (uq  +  (m'  —  iu^)l2Wy 
'  2Ku  sin  /5 


TiW^  cos^)  =  Lfda 

j    J     a;  —  cos  (i^  —  a) ' 


cos  {&  —  a) 


n 

f{Xy  cos  a,  Tf )  =  —  ^  j duoj uduj a«« Jd^  • 

0 

^  L     J^'  +     -f     -  {uq  +  (m«  -  /i')/2TF)' 
[  2Ku  sin  j5 


•9?(wo)      cos  a  sin  /?,      Tf )  . 


The  lower  limit  Xo{W)  is  determined  by 

=  Min  jg' +        K  +  (m'- A^W) 


2irw 


1. 
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if  Wo?  y.  vary  over  the  region  (9).  The  minimum  can  be  calculated  in  an  ele- 
mentary manner.   The  result  is 


<12) 


1  + 


{m\  —  ii^){m\  —  m^) 


K^IW^  —  (mi  —  m^y\ 


In  (11)  the  scattering  angle  cos  ^  appears  only  in  the  denominator.  We  may 
therefore  consider  cos  as  a  complex  variable  and  the  scattering  amplitude 
as  an  analytic  function  of  cos  Moreover,  this  can  be  done  separately  for 
the  real  and  imaginary  parts  of  the  amplitude. 

Singularities  of  these  functions  can  occur  only  if  the  denominator  on  the 
right  hand  side  of  (11)  vanishes.   That  is  for 

cos        X'  cos  a  ±  iVa?^  —  1  sin  a  . 
We  have  therefore  the  following  result: 

(13)  The  real  part  and  the  imaginary  part  of  the  scattering 

amplitude  are  analytic  functions  of  cos  regular  inside 
an^llipse  in  the  cos  ??-plane  with  center  at  the  origin 
and  with  axes  x^^  ^x\  —  \. 

We  shall  see  presently — making  use  of  Eq.  (3) — that  the  imaginary  part  of 
the  amplitude  is  regular  in  a  larger  domain,  namely: 

<11)  Im  T(Tr,  cos^9)  is  regular  in  cos  i9  inside  an  ellipse  with 

center  at  the  origin  and  with  axes  2^?^  —  1;  2x^'y/xl  —  \. 
Xo  is  given  by  (12). 

Using  cos  ^  =  1  —  {2A^IK^)  we  can,  of  course,  re-express  (13)  and  (14)  as  analytic 
properties  of  the  scattering  amplitude  as  a  function  of  momentum  transfer. 

These  results  (we  defer  the  proof  of  (14))  lead — using  weU-known  mathe- 
matical theorems  (^) — to  the  following  properties  of  the  partial  wave  expansion 
of  the  scattering  amplitude.  Let 


(15) 


T{W,  cos  1^)  =  i  ^  i  (21  +  1)C,{W)  P,(cos  ^) , 

71     -ft.  1=0 


with  CiiW) 


=  2  wj^ 


cos  ^T(Tr,  cos  d)Pi(cos  i9) 


(*)  E.  T.  Whittaker  and  G.  N.  Watson.  A  course  of  modern  analysis,  4th  Ed., 
(Cambridge  1940),  p.  322;  G.  Szego,  Orthogonal  Polynomials,  (New  York,  1939),  p.  238. 
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The  Legendre  series  converges  inside  the  domain  of  regularity  of  the  re- 
presented functions;  i.e.  for  cos??  inside  the  ellipses  (13)  or  (14)  for  Ee  T  or 
ImT  respectively.  Also 


(13a)  lim|EeO.(T^^)|^/'< 
(14a)  l^iImO(Tf)p^'< 


1 


Taking  into  account  the  unitarity  relation 

(16)  Im  Ci{W)  >  [Ee  Ci{W)Y  +  [Im  Ci{W)]^ , 

we  may  note  that  (13a)  is  actually  a  consequence  of  (14a);  i.e.  if  Im  T{W,  cos  ■&) 
is  regular  in  the  domain  (14)  it  follows  immediately  that  Ee  T{W,  cos  is 
regular  in  (13). 

We  cannot  conclude,  of  course,  that  the  amplitude  T{W,  cos  ^)  actually 
has  singularities  on  the  boundary  of  the  domains  (13)  or  (14).  Using  more 
physical  information  it  may  weU  be  possible  to  improve  these  results. 

To  discuss  the  connection  of  the  above  statements  with  the  non-physical 
region  of  dispersion  relations,  let  us  consider  Im  T{K^,  A^),  the  imaginary 
part  of  the  amplitude,  as  a  function  of  cm.  momentum  and  momentum 
transfer — the  physical  region  is  given  by  K"-  >  A^.  However,  in  the  dispersion 
relation  Im  T{K^,  A^)  is  needed  for  all      >  0.   The  expansion 

(15a)         Im  T{K^,  Zl^)  =  i  ^  |j2Z  +  1)  Im  C,{W)     (l "  ^)  . 

defines  a  continuation  of  Im  T{K^,  A^)  into  the  non-physical  region.  The 
series  converges  if 

—  (mi  —  rifitY 

i.e.  it  converges  for  all       >  0  provided 

A*  <  Jklin  {K^xl} . 

This  leads  to  the  restriction 

.      8  2m  +  M    ,     ^  . 
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in  the  tt-N  case.   {A^  <  2/i^  for  equal  particle  scattering  with  mj  =     =  2ju). 

We  have  still  to  show  that  the  continuation  given  by  (15a)  is  indeed  the 
correct  definition  of  the  non-physical  region  in  the  dispersion  relation. 


3.  -  Connection  with  dispersion  relations. 

To  identify  Im  T{K^,  A^)  as  given  by  (15a)  with  the  dispersion  relation 
integrand  it  is  convenient  to  consider  (1)  (which  defines  a  function  T  for 
arbitrary  real  vectors  Ic,  k')  not  only  on  the  energy  shell  {k^  =  k'^  =  ju^)  but 
for  the  more  general  case  k^  =  k'^  =  keeping  =  p'^  =  m^.  T  can  then 
be  considered  as  a  function  of 


{Jc  +  k'){v^-v') 

CO  =  -==== 

2V{p  +  p'y 

We  derive  first  Eq.  (3). 
(1)  leads  directly  to 


C  =  k^  =  k'\ 


A' 


ip-p'] 


(17)     Im  T{w,  C,  A^)  =  ijd%  exp  [i  (^±^)     (p'  \  |i  (|)  ,  j  (  -0 


\P>  = 


{M{co,  C,A^)-M{-  CO,  C,Zl^)}, 


with 


(18)       Jf  (o),  C,  A^)  = j d*^  exp  fi  ^.j  (p'\j  Q  ,  j  (- 1)  = 

=  (27r)*  2  <P'  I  m \p  +  lc,yy{p  +  k,y\ jiO)  \  p}  , 


Let  (p  in  ip')  denote  the  annihilation  operator  for  an  incoming  nucleon  with 
momentum  p'.  Then 

<P'  I  HO) \p  +  k,y}  =  (0\cpm  {p')j{0)  \p+k,  y}  =  <0\lcp  in  {p'),  ;(0)]  \p  +  k,  y> 
if  {p+k  —  p'y  =  k'^=C<^fi^ 
since  {0\j{0)(pm{p')\p  +  k,  y}  ^  0    in  this  case.   With  the  relatione^) 

[cp  in  ip'),  m]  -  ^  j d'x  exp  [ip'a;]E'A(0)v>(a;)  , 
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and  an  analogous  treatment  of  the  second  factor  in  (18)  we  have 

(19)  Jf  (o),  =  2:^/d*a7id*iP2  exp  [ip'Xj^  —  ipx^]  J  iO\R'A{0)7p{x^)\p  +  fc,  y>  • 

J  y 

We  note  that  the  imaginary  part  of  the  physical  scattering  amplitude  is  given  by 

(20)  ImT  =  ^Jf(co,/^^  A''). 

The  term  Jf  (—  ca,  A^)  does  not  contribute  since  it  vanishes  for  co  >  VZm^. 
Hence  (19)  is  on  the  energy  shell  equivalent  to  (3). 

To  find  analytic  properties  of  M  as  given  by  (19)  we  use  again  the  integral 
representation  (6).   This  leads  to 

(21)  M(oy  t  A^)=~f       d%,dxfdXd>^2<^(%,      tf2,  x„  p  +  Tc) 

'  ^  ^     f  27tJ[{{k'-p')l2-u,y-xl][({k-p)l2-u,y-xT]' 

where 

0{U,  yXi,U^,X2,p+k)  =  2  Vyi'^l  »  «1 ,      +fe)  <(«*2  ,  «2  ,      +  A^) 


is  built  up  from  the  weight  functions  (p^  corresponding  to  the  individual  terms 
on  the  right  hand  side  of  (19).  0  is  a  real,  invariant  function  which  satisfies 
the  support  conditions  (6)  in  each  pair  of  variables  >c  separately.  We  choose 
the  center  of  mass  system  and  replace  o)  by 

W*  =  2o}y/A^  4-  w2  +  2zl2  +     +  ^  . 

Then 

(22)  M{fo,t:,A^)=^' 

C  d%d;«fd%2d;tfi0(«io,  t*2o,  «*2,  »2,  u^u^ju^u^,  W) 

J        -  0/2  TT  +  u,,y  ->e,-  ik'-  !*,)«]  [((m^  -  C)I2W  +  1*20)^-  ^l-  {k  -u,y] ' 

With  polar  co-ordinates 

(23)  M{W,C,  A^)  ^^^^Jduou,du,dxljdocjdfi,jdp,^^^ 


0000 


0(u 0,  u%     COS  a  sin     sin    +  cos     cos  W) 
[«i(C)  -  cos  (d  -  ;t)][a?2(C)  -  cos  (x  -  a)] 
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...  _       +    +   -  ((^'  -C)/2Tr  +  ^io)' . 

2Jr(C)i*.sm/5, 
^•(0  =  . 

We  note  that 

in 

[a?!  —  COS     -     *  [a?,  -  cos  {%  —  a)]  ~ 


2; 


2n 


(aJjOfj  +  Va??— lVfl?J  —  1  —  cos     —  a) 


From  (23)  analytic  properties  in  C  and  follow.  On  the  energy  shell, 
i.e.  C  =  /**)  we  can  introduce  y  =  x^Xz  +  Vxl  —  l\/x\  —  1  as  a  new  integration 
variable.  Only  integrations  over  y  and  a  remain;  the  other  integrations  result 
only  in  a  new  weight  function  0{y,  cos  a,  W). 

The  minimum  value  of  y  is 

yo  =  Min{a;ia?2  +  Va??  —  iVa?! l}  =  2a;^  —  1 . 

Therefore 

3f(Tf.,  J.)  =  2  Im  T  =  fdy  L^(y.«°»  «.^)  . 
.       '  J  ^  j     y  — COS     —  a) 

2*;— 1  0 


This  proves  the  statement  (14). 

It  can  be  seen  now  that  the  analytic  continuation  of  Im  T  defined  by 
(15a)  yields  the  correct  non-physical  part  of  the  dispersion  relation  integrand. 
In  the  proofs  of  these  relations  ("  *)  it  is  shown  first  that — as  a  consequence 
of  Eq.  (1) — a  dispersion  relation  in  co  holds  if  ^  is  taken  real  and  C  <  — 
The  absorptive  part  in  this  relation  is  M{W,C,  A^)  as  given  by  (18)  and  (23). 
The  dispersion  relation  for  the  physical  value  C  —  J^^  is  then  obtained  by 
analytic  continuation  in  C,  provided  M{W,Cj  A*)  is  an  analytic  function  of  C 
regular  for  Ee  C  <  in  a  neighborhood  of  the  real  axis.  It  follows  from  (23) 
that  this  condition  is  satisfied  if 


A*<Mm{K^xl}, 


This  is  also  the  condition  for  the  convergence  of  the  Legendre  series.  The 
absorptive  part  of  the  dispersion  relation  is  then  given  by  (23)  with  C  =  A'*> 
i.e,  the  non-physical  region  is  obtained  by  analytic  continuation  in  A*  which 
can  be  carried  out  by  the  Legendre  expression  (16a). 
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The  possibility  of  evaluating  the  non-physical  region  in  this  manner  has 
been  discussed  earlier  {^).  While  no  proofs  were  given,  it  was  believed  on  the 
basis  of  threshold  arguments  that  such  a  procedure  could  be  valid  only  if 
<  ju^,  due  to  a  branch  point  of  the  scattering  amplitude  as  a  function  of  A^. 
We  have  shown  that  the  expansion  converges  also  for  higher  values  of  zl^; 
the  limit  being  A^  =  2u^  in  the  case  of  equal  particle  scattering.  We  believe 
that  this  is  due  to  the  fact  that  the  real  and  imaginary  part  of  the  amplitude 
are  separately  analytic  funjctions  of  A^  and  have  different  properties.  For 
the  dispersion  relation  only  the  imaginary  part  is  needed  and  it  has  a  larger 
domain  of  regularity.  The  mentioned  branch  point  is  likely  to  be  present  in 
the  real  part. 

While  we  have  no  good  reason  to  believe  that  our  results  are  best  possible, 
the  expected  appearance  of  a  singularity  in  the  real  part  gives  us — via  the 
unitarity  relation  (16) — an  upper  limit  to  the  values  of  A^  for  which  the  Le- 
gendre  expansion  for  the  imaginary  part  might  converge.  In  the  case  of  equal 
particle  scattering  the  expected  branch  point  of  the  real  part  at  A^  =  W^I4: 
leads  to  the  limitation  A^  <  S/j,^  for  the  Legendre  expansion  of  the  imaginary 
part. 

*  *  * 
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Determination  of  the  Pion-Nucleon  Scattering  Amplitude  from  Dispersion 
Relations  and  Unitarity.  General  Theory 
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A  method  is  prof)osed  for  using  relativistic  dispersion  relations,  together  with  unitarity,  to  determine  the 
pion-nucleon  scattering  amplitude.  The  usuaJ  dispersion  relations  by  themselves  are  not  sufficient,  and  we 
have  to  assume  a  representation  which  exhibits  the  analytic  properties  of  the  scattering  amphtude  as  a  func- 
tion of  the  energy  and  the  momentum  transfer.  Unitarity  conditions  for  the  two  reactions  ir-f-N  -*  ir+N 
and  N+N  — >  2ir  will  be  required,  and  they  will  be  approximated  by  neglecting  states  with  more  than  two 
particles.  The  method  makes  use  of  an  iteration  procedure  analogous  to  that  used  by  Chew  and  Low  for  the 
corresponding  problem  in  the  static  theory.  One  has  to  mtroduce  two  coupling  constants;  the  pion-pion 
coupling  constant  can  be  foimd  by  fitting  the  sum  of  the  threshold  scattering  lengths  with  experiment.  It  is 
hoped  that  this  method  avoids  some  of  the  formal  difficulties  of  the  Tamm-Dancoff  and  Bethe-Salpeter 
methods  and,  m  particular,  the  existence  of  ghost  states.  The  assumptions  introduced  are  justified  in  per- 
turbation theory. 

As  an  incidental  result,  we  find  the  precise  hmits  of  the  region  for  which  the  absorptive  part  of  tie  scatter- 
ing amplitude  is  an  analytic  fimction  of  Lbe  momentum  transfer,  and  hence  the  boundaries  of  the  region  in 
which  the  partial-wave  expansion  is  valid. 


1.  INTRODUCTION 

IN  recent  years  dispersion  relations  have  been  used 
to  an  increasing  extent  in  pion  physics  for  phe- 
nomenological  and  semiphenomenoiogical  analyses  of 
experimental  data,^  and  even  for  the  calculation  of 
certain  quantities  inTeiSs  of  the  pion-nucleon  scatter- 
ing 3jnpiitude.2  It  is  therefore  tempting  to  ask  the 
question  whether  or  not  the  dispersion  relations  can 
actually  replace  the  more  usual  equations  of  field  theory 
and  be  used  to  calculate  all  observable  quantities  in 
terms  of  a  finite  number  of  coupling  constants — a  sug- 
gestion first  made  by  Gell-Mann.'  At  first  .sight,  this 
would  appear  to  be  unreasonable,  since,  although  it  is 
necessary  to  use  ail  the  general  principles  of  quantum 
field  theory  to  derive  the  dispersion  relations,  one  does 
not  make  any  assumption  about  the  form  of  the  Hamil- 
tonian  other  than  that  it  be  local  and  Lorentz-invariant. 
However,  in  a  perturbation  expansion  these  reqiiire- 
ments  are  suflScient  to  specify  the  Hamiltonian  to 
within  a  small  number  of  coupling  constants  if  one 
demands  that  the  theory  be  renormalizable  and  there- 
fore self-consistent.  It  is  thus  very  possible  that,  even 
without  a  perturbation  expansion,  these  requirements 
are  sufficient  to  determine  tJie  theory.  In  fact,  if  the 
"absorptive  part"  of  the  scattering  amplitude,  which 
appears  under  the  integral  sign  of  the  dispersion  rela- 
tions, is  expressed  in  terms  of  the  scattering  amplitude 
by  means  of  the  imitarity  condition,  one  obtains  equa- 

*  Now  at  the  Department  of  Physics,  University  of  California, 
Berkeley,  California. 

1  Chew,  Goldberger,  Low,  and  Nambu,  Phys.  Rev.  106,  1345 
(1957).  This  paper  contains  further  references. 

'Chew,  Karplus,  Gasiorowicz,  and^&chariasen,  Phys.  Rev. 
110,  265  (1958). 

»M.  GeU-Mann,  Proceedings  of  ike  Sixth  Annual  Rochester 
Conference  Bigh-En&'gy  Physics,  1956  (Inlersdence  Publishers, 
Inc.,  New  York,  19.56),  Sec.  m,  p.  30. 


tions  which  are  very  similar  to  the  Chew-Low^  equations 
in  static  theory.  These  equations  have  been  used  by 
Salzman  and  Salzman^  to  obtain  the  pion-nucleon 
scattering  phase  shifts. 

It  is  the  object  of  this  paper  to  find  a  relativistic 
analog  of  the  Chew-Low-Salzman  method,  which 
could  be  used  to  calculate  the  pion-nucleon  scattering 
amplitude  in  terms  of  two  coupling  constants  only.  As 
in  the  static  theory,  the  unitarity  equation  will  involve 
the  transition  amplitude  for  the  production  of  an 
arbitrary  number  of  mesons,  and,  in  this  case,  of  nucleon 
pairs  as  well.  In  order  to  make  the  equations  manage- 
able, it  is  necessary  to  neglect  all  but  a  finite  number  of 
processes;  as  a  first  approximation,  the  "one-meson" 
approximation,  we  shall  neglect  all  processes  except 
elastic  scattering. 

The  equations  obtained  from  the  dispersion  relations 
and  the  one-meson  approximation  differ  from  the  static 
Chew-Low  equations  in  two  important  respects. 
Whereas,  in  the  static  theory,  there  was  only  P-wave 
scattering,  v/e  nov^  have  an  infinite  ntmiber  of  angular 
momentum  states,  and  the  crossing  relation,  if  ex- 
pressed in  terms  of  angular  momentum  states,  would 
not  converge.  Further,  in  the  relativistic  theory,  the 
dispersion  relations  involve  the  scattering  amplitude  in 
the  "imphysical"  region,  i.e.,  through  angles  whose 
cosine  is  less  than  —1.  For  these  reasons,  the  method 
of  procedure  v/ill  be  more  involved  than  in  the  static 
theory.  We  shall  require,  not  only  the  analytic  prop- 
erties of  the  scattering  amplitude  as  a  function  of  energy 
for  fixed  momentum  transfer,  which  are  expressed  by 
the  dispersion  relations,  but  its  analytic  properties  as 
a  function  of  both  variables.  The  required  analytic 
properties  have  not  yet  been  proved  to  be  consequences 
of  microscopic  causaUty.  In  order  to  carry  out  the  proof, 

*  G.  F.  Chew  and  F.  E.  Low,  Phys.  Rev.  101,  1570  (1956). 
»  G.  Salzman  and  F.  Salzman,  Phys.  Rev.  108,  1619  (1957). 
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one  would  almost  certainly  have  to  consider  simul- 
taneously several  Green's  functions  together  with  the 
equations  connecting  them  which  follow  from  uni- 
tarity.  It  is  unlikely  that  such  a  program  will  be  carried 
through  in  the  immediate  future.  However,  if  the  solu- 
tion obtained  by  the  use  of  these  analytic  properties 
were  to  be  expanded  in  a  perturbation  series,  we  would 
obtain  precisely  those  terms  of  the  usual  perturbation 
series  included  in  the  one-meson  approximation.  The 
assimied  analytic  properties  are,  therefore,  probably 
correct,  at  any  rate  in  the  one-meson  approximation. 

As  we  have  to  resort  to  perturbation  theory  in  order 
to  justify  our  assiunptions,  we  do  not  yet  have  a  theory 
in  which  the  general  principles  of  quantum  theory  are 
supplemented  only  by  the  assumption  of  microscopic 
causaUty.  Nevertheless,  the  approximation  scheme  used 
has  several  advantages  over  the  approximations  previ- 
ously applied  to  this  problem,  such  as  the  Tamm- 
Dancoff  or  Bethe-Salpeter  approximations.  It  refers 
throughout  only  to  renormalized  masses  and  coupling 
constants.  The  Tamm-Dancoff  equations,  by  contrast, 
are  unrenormalizable  in  higher  approximations  and  the 
Bethe-Salpeter  equations,  while  they  are  covariant  and 
therefore  renormalizable  in  all  approximations,  present 
difficulties  of  principle  when  one  attempts  to  solve  them. 
Further,  we  may  hope  that  the  one-meson  approxima- 
tion is  more  accurate  than  the  Tamm-Dancoff  approxi- 
mations. The  latter  assumes  that  those  components  of 
the  state  vector  containing  more  than  a  certain  number 
of  bare  mesons  are  negligibly  small — an  approximation 
that  is  known  to  be  completely  false  for  the  experi- 
mental value  of  the  coupling  constant.  The  one-meson 
approximation,  on  the  other  hand,  assumes  that  the 
cross  section  for  the  production  of  one  or  more  real 
mesons  is  small  except  at  high  energies.  While  this 
approximation  is  certainly  not  quantitatively  correct, 
it  is  nevertheless  probably  a  good  deal  more  accurate 
than  the  Tamm-Dancoff  approximation.  Finally,  the 
one-meson  approximation,  unlike  the  Tamm-Dancoff 
or  Bethe-Salpeter  approximations,  possesses  crossing 
symmetry.  Now  it  is  very  probable  that  the  "ghost 
states"  which  have  been  plaguing  previous  solutions  of 
the  field  equations  are  due  to  the  neglect  of  crossing 
symmetry.  As  evidence  of  this,  we  may  cite  the  case 
of  charged  scalar  theory  without  recoil,  for  which  the 
one-meson  approximation  has  been  solved  completely.^-^ 
The  solution  obtained  with  neglect  of  the  crossing  term 
possesses  the  usual  ghost  state  if  the  source  radius  is 
sufficiently  small.  The  Lee  model,^  which  has  no  crossing 
symmetry,  shows  a  similar  behavior.  If  the  crossing 
term  in  the  charged  scalar  model  is  included,  however, 
there  is  no  ghost  state. 

It  has  been  pointed  out  by  Castillejo,  DaUtz,  and 
Dyson^  that  the  dispersion  relations,  at  any  rate  in  the 
charged  scalar  model,  do  not  possess  a  unique  solution. 

« T.  D.  Lee  and  R.  Serber  (unpublished). 

^  Castillejo,  Dalitz,  and  Dyson,  Phys.  Rev.  101,  453  (1956). 

8  K.  W.  Ford,  Phys.  Rev.  105,  320  (1957). 


This  might  have  been  expected,  since  it  is  possible  to 
alter  the  Hamiltonian  without  changing  the  dispersion 
relations.  One  simply  has  to  introduce  into  the  theory  a 
baryon  whose  mass  is  greater  than  the  sum  of  the 
masses  of  the  meson  and  nucleon.  Such  a  baryon  would 
be  unstable,  and  would  therefore  not  appear  as  a  sepa- 
rate particle  or  contribute  a  term  to  the  dispersion 
relations.  In  perturbation  theory,  the  simplest  of  the 
solutions  found  by  Castillejo,  Dalitz,  and  Dyson,  i.e., 
the  solution  without  any  zero  in  the  scattering  ampli- 
tude, agrees  with  the  solution  obtained  from  a  Hamil- 
tonian in  which  there  are  no  unstable  particles,  and  the 
more  complicated  solutions  correspond  to  the  existence 
of  unstable  baryons.  We  shall  assiune  that  this  is  so 
independently  of  perturbation  theory,  and  shall  con- 
cern ourselves  with  the  simplest  solution.  There  is  no 
physical  reason  why  one  of  the  other  solutions  may  not 
be  the  correct  one,  but  it  seems  worthwhile  to  try  to 
compare  with  experiment  the  consequences  of  a  theory 
without  unstable  particles.  It  should  in  any  case  be 
emphasized  that  the  ambiguity  is  not  a  specific  feature 
of  this  method  of  solution,  but  is  inherent  in  the  theory 
itself.  The  difference  is  that,  in  other  methods,  it  occurs 
in  writing  down  the  equations,  whereas  in  this  method 
it  occurs  in  solving  them. 

In  Sec.  2  we  shall  discuss  the  analytic  properties  of 
the  scattering  amplitude,  and,  in  Sec.  3,  we  shall  show 
how  these  properties  can  be  used  together  with  the 
unitarity  condition  to  solve  the  problem.  We  shall  in 
this  section  ignore  the  "subtraction  terms"  in  the  dis- 
persion relations.  As  in  the  corresponding  static  prob- 
lem, we  have  to  use  an  iteration  procedure  in  which  the 
crossing  term  is  taken  from  the  result  of  the  previous 
iteration.  The  details  of  this  solution  will  be  entirely 
different  from  the  static  problem,  the  reason  being  that 
the  part  of  the  amplitude  corresponding  to  the  lowest 
angular  momentum  states,  which  is  a  polynomial  in  the 
momentum  transfer,  actually  appears  as  a  subtraction 
term  in  the  dispersion  relation  with  respect  to  this 
variable  and  has  thus  not  yet  been  taken  into  account. 
In  this  and  the  next  section  we  shall  also  be  able  to 
specify  details  of  the  analytic  representation  that  were 
left  undetermined  in  Sec,  2,  in  particular,  we  shall  be 
able  to  give  precise  limits  to  the  values  of  the  momentum 
transfer  within  which  the  partial-wave  expansion  con- 
verges. In  Sec.  4  we  shall  investigate  the  subtraction 
terms  in  the  dispersion  relations.  We  shall  find  that,  in 
order  to  determine  them,  we  shall  require  the  unitarity 
condition  for  the  lowest  angular  momentum  states,  not 
only  in  pion-nucleon  scattering,  but  also  in  the  pair- 
annihilation  reaction  N-\-N  — >  2t,  which  is  represented 
by  the  same  Green's  function.  The  coupling  constant 
for  meson-meson  scattering  is  thus  introduced  into  the 
theory;  as  its  value  is  not  known  experimentally  it  will 
have  to  be  determined  by  fitting  one  of  the  results  of 
the  calculation,  such  as  the  sum  of  the  ^-wave  scattering 
lengths  at  threshold,  with  experiment.  The  calculations 
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of  these  low  angular  momentum  states  would  be  done 
in  the  same  spirit  as  the  Chew-Low  calculations,  and 
the  details  will  not  be  given  in  this  paper.  We  thus 
have  a  procedure  in  which  the  first  few  angular  mo- 
mentum states  are  calculated  by  methods  similar  to 
those  used  in  the  static  theory,  while  the  remaining 
part  of  the  scattering  amplitude,  which  will  be  called 
the  "residual  part,"  is  calculated  by  a  different  pro- 
cedure which  does  not  make  use  of  a  partial-wave 
expansion.  Needless  to  say,  the  two  parts  of  the  calcu- 
lation become  intermingled  by  the  iteration  procedure. 

It  is  only  in  the  calculation  of  the  subtraction  terms 
that  u-e  has  to  be  made  of  the  unitarity  condition  for 
the  pail-annihilation  reaction.  For  the  residual  part,  it 
is  only  necessary  to  use  the  unitarity  condition  for  pion- 
nucleon  scattering.  Had  it  been  possible  to  use  the 
unitarity  condition  exactly  instead  of  in  the  one-meson 
approximation,  the  result  would  also  satisfy  the  uni- 
tarity condition  for  the  annihilation  reaction  in  a 
consistent  theory.  As  it  is,  we  find  that  the  residual  part 
consists  of  a  number  of  terms  which  correspond  to 
various  intermediate  states  in  the  annihilation  re- 
action. In  Sec.  5  it  is  pointed  out  that  the  calculation  is 
greatly  simplified  if  we  keep  only  those  terms  of  the 
residual  part  corresponding  to  pair  annihilation  through 
states  with  fewer  than  a  certain  number  of  particles. 
Such  an  approximation  has  already  been  made  in 
calculating  the  subtraction  terms.  The  unitarity  condi- 
tion for  pion-nucleon  scattering  is  no  longer  satisfied 
except  for  the  low  angular  momentum  states.  However, 
the  terms  neglected  are  of  the  order  of  magnitude  of, 
and  probably  less  than,  terms  already  neglected.  The 
two  reactions  of  pion-nucleon  scattering  and  pair 
annihilation  are  now  treated  on  an  equivalent  footing. 

It  will  be  found  that  the  unitarity  condition;  in  the 
one-meson  approximation,  cannot  be  satisfied  at  all 
energies  if  crossing  symmetry  and  the  analytic  proper- 
ties are  to  be  maintained.  The  reason  is  that  the  uni- 
tarity condition  for  the  scattering  reaction  is  not 
completely  independent  of  the  unitarity  condition  for 
the  "crossed"  reaction  with  the  two  pions  interchanged, 
and  they  contradict  one  another  if  an  approximation  is 
made.  There  is,  of  course,  no  difficulty  in  the  region 
where  the  one-meson  approximation  is  exact.  For 
sufficiently  small  values  of  the  coupling  constant,  we 
shall  still  be  able  to  obtain  a  unique  procedure.  For 
values  of  the  coupling  constant  actually  encountered, 
one  part  of  the  crossing  term  may  have  to  be  cut  off  at 
the  threshold  for  pair  production  in  pion-nucleon  scat- 
tering. It  is  unlikely  that  the  result  will  be  sensitive  to 
the  form  and  the  precise  value  of  the  cutoff. 

2.  DISPERSION  RELATIONS  AND  ANALYTICITY 
PROPERTIES  OF  THE  TRANSITION 
«  AMPLITUDE 

The  kinematical  notation  to  be  used  in  writing  down 
the  dispersion  relations  will  be  similar  to  that  of  Chew 
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et  al}  The  momenta  of  the  incoming  and  outgoing  pions 
will  be  denoted  by  qi  and  92,  those  of  the  incoming  and 
outgoing  nucleons  by  pi  and  Pi.  We  can  then  define 
two  invariant  scalars 

v=-{pi+p,){q,+q,)/m,  (2.1) 

t=-{qx-q2y.  (2.2) 

The  latter  is  minus  the  square  of  the  invajriant  mo- 
mentum transfer.  The  laboratory  energy  will  be  given 
by  the  equation 

oy=v-{t/m).  (2.3a) 

It  is  more  convenient  to  use,  instead  of  the  laboratory 
energy,  the  square  of  the  center-of-mass  energy  (in- 
cluding both  rest-masses),  which  is  linearly  related  to 
it  by  the  equation 

5=M2-fM2+2Mco.  (2.3b) 

The  Green's  function  relevant  to  the  process  under 
consideration, 

ri+iVi-^7r2+iV2,  (I) 
also  gives  the  processes 

X2+i\^l-^Tl+7V2  (II) 

and 

iVi+iV'2-^Xi+7r2.  (Ill) 

The  matrix  elements  for  the  process  II  can  be  obtained 
from  those  for  the  process  I  by  crossing  symmetry;  the 
laboratory  energy  and  the  square  of  the  center-of-mass 
energy  will  now  be 

co,=  -  V-  {t/m)  =  -oj-  mU),  (2.4a) 

5o=M2+/i=^+2Majc=2M2+V-^-/.  (2.4b) 

The  square  of  the  momentum  transfer  will  be  —  ^  as 
before.  For  the  process  III,  the  square  of  the  center-of- 
mass  energy  will  be  /.  The  square  of  the  momentum 
transfer  between  the  nucleon  iVi  and  the  pion  7r2  will 
be  Sc  and  that  between  the  nucleon  Ni  and  the  pion 
TTi  will  be  s. 

The  kinematics  for  the  three  reactions  are  represented 
diagrammatically  in  Fig.  1  in  which  t  has  been  plotted 
against  v.  AB  represents  the  line  s=  {M-\-n)-,  or  0=^, 
and  lines  for  which  s  is  constant  will  be  parallel  to  it. 
The  region  for  which  the  process  I  is  energetically 
possible  is  therefore  that  to  the  right  of  AB.  However, 
only  the  shaded  part  of  this  area  is  the  "physical  re- 
gion" ;  in  the  unshaded  part,  though  the  energy  of  the 
meson  is  greater  than  its  rest-mass,  the  cosine  of  the 
scattering  angle  is  not  between  —1  and  +1.  The 
physical  region  is  bounded  above  by  the  line  t=0,  i.e., 
the  line  of  forward  scattering,  and  below  by  the  line 
of  backward  scattering.  Similarly  CD  is  the  line  Sc 
=  (M+m)^  the  region  for  which  the  process  II  is 
energetically  possible  is  that  to  the  left  of  CD,  and  the 
shaded  area  represents  the  physical  region  for  this 
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reaction.  Lines  of  constant  energy  for  the  reaction  III 
are  horizontal  lines.  The  reaction  will  be  energetically 
possible  above  the  Hne  EF,  at  which  t=^2*I'^,  and  again 
the  shaded  area  represents  the  physical  region. 

We  now  examine  the  analytic  properties  of  the 
scattering  amplitude.  To  simphfy  the  writing,  we  shall 
first  neglect  spin  and  isotopic  spin ;  the  transition  ampli- 
tude will  then  oe  a  scalar  function  A{v,t)  of  the  two 
invariants  v  and  t.  Its  analytic  properties  >as  a  function 
of  V,  with  /  constant,  are  exhibited  by  the  usual  dis- 
persion relations 


A  M = — (  +  )  +-  dv'  — 

2M\VB—V     VB-{-v'      7r»';,+  (t/4Af)  V 
TtJ— 


dv'  


(2.5) 


where  1/^=  —  (/iV2-3^)+(^/4-'^)-  In  this  and  all  subse- 
quent such  equations,  the  energy  denominators  are 
taken  to  have  a  small  imaginary  part.  Ax  and  Ai  are 
the  "absorptive  parts"  associated  with  the  reactions  I 
and  II,  respectively,  and  are  given  by  the  equations 

(4^0l/'02?01?02\  * 
— w- — / 


XE<i^(/'i)^(2i)  I        iV(/>2)7r(g2)),  (2.6) 

^0l/'U250l902\  * 


(2t)M2(v,08(/'i+?i-^2-92)  =  (27r)« 


XZ{N{PiM-q2)\n){n\N(p2M-qi))-  (2.7) 

n 

The  symbol  {N(Pi)Tr(qi)\  denotes  a  state  with  an  in- 
going nucleon  of  momentmn  Pi  and  an  ingoing  pion  of 
momentum  qi.  The  sum  Y.n  is  to  be  taken  over  all 
intermediate  states.  Ai  and  A2  are  nonzero  to  the  right 
of  AB,  and  to  the  left  of  CD,  respectively. 

Equation  (2.5)  indicates  that  A  is  an  analytic  func- 
tion of  V  in  the  complex  plane,  with  poles  at  zLvb,  and 
cuts  along  the  real  axis  from  /Li-t-(^/4M)  to  «  and  from 
-00  to  —  M-  (</4Af). 

On  Fig.  1,  (2.5)  will  be  represented  by  an  integration 
along  a  horizontal  line  below  the  v  axis.  The  poles  will 
occur  where  this  line  crosses  the  dashed  lines;  apart 
from  them,  the  integrand  will  be  zero  between  AB  and 
CD.  Except  for  forward  scattering,  tiie  region  where 
the  integrand  is  nonzero  will  lie  partly  in  the  unphysical 
region,  where  the  energy  is  above  threshold  but  the 
angle  imaginary. 

Equation  (2.5)  is  only  true  as  it  stands  if  the  func- 
tions A,  A  I,  and  A  2  tend  to  zero  sufficiently  rapidly  as 
V  tends  to  infinity;  otherwise  it  will  be  necessary  to 
perform  one  or  more  subtractions  in  the  usual  way. 
V/henever  such  a  dispersion  relation  is  written  down. 


Fig.  1.  Kinematics  of  the  reactions  1, 11,  and  III. 

the  possibility  of  having  to  perform  subtractions  is 
implied. 

We  next  wish  to  obtain  analytic  properties  of  ^  as  a 
ftmction  of  /.  In  order  to  do  this  we  shall  write  the 
scattering  amplitude,  not  as  the  expectation  value  of 
the  time-ordered  product  of  the  two  meson  current 
operators  between  two  one-nucieon  states,  as  is  done 
in  the  proof  of  the  usual  dispersion  relations,^-^"  but  as 
the  expectation  value  of  the  product  of  a  meson  current 
operator  and  a  nucleon  current  operator  between  a 
nucleon  state  and  a  meson  state.  Thus 

(2/>oi'7o2\^  r 
— -— j  i  J  dxdx' 

Xe-<^r^^r>,^\N(p,)  I  T{j(x)dix')}\T(q2)),  (2.8) 

where  a{x')  is  a  nucleon  current  operator.  From  this 
expression,  we  can  obtain  dispersion  relations  in  which 
the  momentum  transfer  between  the  incoming  nucleon 
and  the  outgoing  pion,  racher  than  between  the  two 
nucleons,  is  kept  constant — the  proof  is  exactly  the 
same  as  the  usual  heuristic  proof  of  the  ordinary  dis- 
persion relations. As  this  momencum  transfer  is  just 
Se,  we  obtain  dispersion  relations  in  which  Sc  is  kept 
constant ;  if  a  is  written  as  a  ftmction  of  Sc  and  they 


'  M.  L.  Goldberger,  Phys.  Rev.  99,  979  (1955). 

10  R.  H.  Capps  and  G.  Takeda,  Phys.  Rev.  106,  1337  (1956). 
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take  the  fonn 


A(sc,t) 


sc+t-^p■ 


—f 


1  r^^->^^*-"  Aiisc/) 

dt!  

t'-t 

,  AM) 


T^Ji^^  t'-t 


(2.9) 


The  absorptive  parts  in  the  integfand  are  as  usual 
obtained  by  replacing  the  tune-ordered  product  in 
(2.8)  by  half  the  commutator.  The  first  term,  m  which 
the  operators  are  in  the  order  3{x)a{o!!),  is  exactly  Ax, 
and  will  therefore  be  nonzero  to  the  right  oi  AB  and 
have  a  5  function  along  IK.  The  second  term,  however, 
in  which  the  operators  are  ui  the  order  a{x')j{x),  will 
now  be  related  to  the  process  III.  It  will  be  given  by 
the  equation 

(2.)M.(..,08(#.+v.-/.,-,.)  =  (2.).(^^!^g^)' 
XE<Af(/.Oi^(-#!)  |«>(«|x(-},)t({2)>.  (2.10) 

•I 

The  state  «  of  lowest  energy  will  now  be  the  two-meson 
state.  Az  will  therefore  be  nonzero  above  the  line  ^=4M^ 
represented  by  GE  m  Fig.  1  (since  /  is  square  of  the 
center-of-mass  energy  of  the  process  III).  The  dis- 
persion relation  (2.10)  is  represented  by  an  integration 
along  a  line  parallel  to  CD  and  to  the  right  of  the  line 
Je=0.  It  implies  that  .4  is  an  analytic  function  of  t  for 
fixed  5c,  with  a  pole  at  t=M}-\-2n^-Sc,  and  cuts  along 
the  real  axis  from  -  «  to  {M-nY-Sc  and  from  ^ii^ 

to  00. 

As  in  the  usual  dispersion  relation,  part  of  the  range 
of  integration  m  Eq.  (2.9)  will  lie  in  the  unphysical 
region.  This  region  now  includes,  besides  imaginary 
angles  at  permissible  energies,  the  entire  area  between 
the  Imes  ^=4^^  and  /=4Af2,  where  there  are  contribu- 
tions to  Ai  from  intermediate  states  with  two  or  more 
pions.  The  rigorous  proof  of  (2.9)  is  therefore  much 
more  difficult  than  that  of  (2.5),  and  probably  cannot 
be  carried  out  without  introducing  the  unitarity 
equations. 

By  interchanging  the  two  pions  m  the  expression 
(2.8),  we  can  obtain  a  third  dispersion  relation  in  which 
J  is  kept  constant : 


A{s,t)- 


■■  I  dt'  

s+t-M^-2n^   tJ^  t'-t 


1  Az(s,t') 
+-|  di'—^.  (2. 
7r»'4M'  t'-t 


11) 


On  Fig.  1,  this  would  be  represented  by  an  integration 
along  a  line  parallel  to  AB,  and  to  the  left  of  the  line 
s=0. 


Let  us  now  try  to  obtain  the  analytic  properties  of  A 
considered  as  a  function  of  two  complex  variables.  The 
simplest  assumption  we  could  make  is  that  it  is  analytic 
in  the  entire  space  of  the  two  variables  except  for  cuts 
along  certain  h3q)erplanes.  We  can  then  determine  the 
location  of  the  cuts  from  the  requirement  that  A  must 
satisfy  the  dispersion  relations  (2.5),  (2.9),  and  (2.11); 
there  will  be  a  cut  when  s  is  real  and  greater  than 
(M-\-fj.y,  a  cut  when  Sc  is  real  and  greater  than  (M+n), 
and  a  cut  when  t  is  real  and  greater  than  4m^.  The  dis- 
continuities across  these  cuts  will  be,  respectively,  2Ai, 
2 A 2,  and  2Az.  In  addition,  A  will  have  poles  when 
s=M^  and  v/hen  Sc^M'^.  By  a  double  application  of 
Cauchy's  theorem,  it  can  be  shown  that  a  function  with 
cuts  and  poles  in  these  positions  can  be  represented  in 
the  form 


r  ,   r     1  ,r 

A=  +  +-         ds'i   dt'  — 

AP-S    M'-S,    WrAr^.>'     ^.„.  (s' 


Ax,(s',f) 


7r'-'(^+^)«    -'4^.  (s'-s)(t'-t) 

If"     ,  ,  r",,  A2z(sJ,t') 

H —  I        dSc'  j  dt'  

Ji^2  (sc'-Sc){t'-t) 

1  r         r*  ^12(5',^/) 
-I       ds'  ds/  1^^.  (2.12) 

TT*^  (M+u)*      *^f7i^^„\i         (a' — .?V.?.'  —  .f-") 


(M+M)'  {s'-s){Sc'-S.^ 


This  is  a  generalization  of  a  representation  first  sug- 
gested by  Nambu."  While  we  have  for  convenience 
used  the  three  variables  s,  Sc,  and  /,  which  are  the  en- 
ergies of  the  three  processes,  they  are  connected  by 
the  relation 

5+Jc+^=2(M2+m2),  (2.13) 

so  that  A  is  really  a  function  of  two  variables  only. 
Au,  A23  and  An,  which  will  be  referred  to  as  the 
"spectral  functions,"  are  nonzero  in  the  regions  in- 
dicated at  the  top  right,  top  left  and  bottom  of  Fig.  1. 
The  precise  boundaries  Cu,  C23,  and  Cu  of  the  regions 
will  be  determined  by  unitarity  in  the  following  sec- 
tions; from  the  reasoning  given  up  till  now,  all  that 
can  be  said  is  that  the  regions  must  lie  within  the 
respective  triangles  as  indicated,  and  that  the  boundary 
must  approach  the  sides  of  the  triangles  asymptotically 
(or  it  could  touch  them  at  some  finite  point).  The 
spectral  functions  are  always  zero  in  the  physical  region. 

As  in  the  case  of  ordinary  dispersion  relations,  the 
representation  (2.12)  will  not  be  true  as  it  stands,  but 
will  require  subtractions.  The  subtractions  will  modify 
one  or  both  of  the  energy  denominators  in  the  usual 
way  and,  in  addition,  they  will  require  the  addition  of 
extra  terms.  These  terms  will  not  now  be  constants, 
but  functions  of  one  of  the  variables,  e.g.,  if  there  is  a 
subtraction  in  the  s  integration  of  the  first  term,  the 
extra  term  will  be  a  function  of  t.  These  functions  must 
then  have  the  necessary  analytic  properties  in  their 

"  Y.  Nambu,  Phys.  Rev.  100,  394  (1955). 
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variables,  so  that  they  will  have  the  form 

Ms')  1  r    -  ./2M 


where 


TT^i^*  t'-t 


(2.14) 


If  more  than  one  subtraction  is  involved,  we  may  have 
similar  terms  multiplied  by  polynomials.  Even  if  the 
spectral  functions  in  (2.12)  tend  to  zero  as  one  of  the 
variables  tends  to  infinity,  so  that  no  subtraction  in 
that  variable  is  necessary,  it  is  still  not  precluded  that 
the  corresponding  term  in  (2.14)  does  not  appear,  as 
the  function  still  has  the  required  analytic  properties. 
For  pion-nucleon  scattering,  however,  there  is  no  un- 
determined over-all  term,  independent  of  both  variables, 
to  be  added,  as  the  requirement  that  the  scattering 
amplitude  for  each  angular  momentum  wave  have  the 
form  e'"  sinS/k,  with  Im5<0,  forces  A  to  tend  to  zero 
in  the  physical  region  when  both  s  and  t  become  infinite. 

The  Nambu  representations  for  the  complete  Green's 
functions  are  known  to  be  invalid,  even  in  the  lowest 
nontrivial  order  of  perturbation  theory.  The  representa- 
tion quoted  here,  however,  restricts  itself  to  the  mass 
shells  of  the  particles,  and  has  not  been  shown  to  be 
invalid.  In  fact,  in  the  case  of  Compton  scattering,  the 
fourth-order  terms,  which  have  been  worked  out  by 
Brown  and  Feynman,!^  are  found  to  have  this  repre- 
sentation, and,  as  we  have  stated  in  the  introduction, 
all  the  perturbation  terms  included  in  the  one-meson 
approximation  can  be  similarly  represented. 

The  dispersion  relations  are  an  immediate  conse- 
quence of  the  representation  (2.12).  To  obtain  the 
usual  dispersion  relation  (2.5),  the  third  integral  in 
(2.12)  must  be  written  as*' 


dt'  

{s'-s)(t'- 


1  -00  ^t2M  Auis'/) 

 I        ds'  dt'  

7r2J(M+M)'    -^-^  is'-s)(t'-t) 


dt' 


{Sc'-Sc){t'-t) 


It  then  follows  that 


2  g2  1  ^00 

— +  +-  ds'  — 

AP-s   AP-Sc   WfAf+u)»  s' 


A,{s',t) 


1  A2{Se',t) 

+-  ds/—  , 

7r^«'(Af+u)»  Se  —Sc 


(2.15) 


"  L.  M.  Brown  and  R.  P.  Feynman,  Phys.  Rev.  85,  231  (1952). 

"When  we  make  a  change  of  variables,  we  imply  of  course 
that  the  spectral  functions  still  have  the  same  value  at  the  same 
point,  and  not  that  we  must  take  the  same  function  of  the  new 
variables. 


1  An{s/) 
^i(^,/)=-(  dt'  

T^tiit)  t'-t 


1  c*'^''>  An(s,f) 
-f     df—^,  (2.16) 


A2(Sc 


1  An{sc,t') 
0=-|  dt'  

X«^«l(.c)  t'  —  t 


1  Ai2(Sc/)  ,^ 

-  I       dt'  .  (2. 

tJ-^  t'-t 


17) 


Equation  (2.15)  is,  however,  just  the  dispersion  relation 
(2.5),  since  s,  Sc,  and  v  are  connected  by  the  relations 
(2.4)  and  t  is  being  kept  constant.  We  also  see  that  the 
absorptive  parts  Ai  and  A2  themselves  satisfy  disper- 
sion relations  in  t,  with  5  (or  Se)  constant;  the  imaginary 
parts  which  appear  in  the  integrand  are  now  simply  the 
spectral  functions.  Equation  (2.16)  will  be  represented 
in  Fig.  1,  by  an  integration  along  a  line  parallel  to  AB 
and  to  the  right  of  it.  The  limits  ti  and  tz  are  the  points 
at  which  this  lire  crosses  the  curves  Cis  and  Cu.  They 
satisfy  the  inequalities 

/i>4mS  (2.18a) 

t2<(M-^^Y-r.  (2.18b) 

Ai  will  be  nonzero  for  s>  (M-\-nY,  as  it  should,  as  long 
as  the  curves  Cn  and  Cn  approach  the  line  AB  at 
some  point  and  do  not  cross  it. 

The  dispersion  relations  (2.9)  and  (2.11)  can  be 
proved  from  (2.12)  in  a  similar  way;  the  absorptive 
part  Az  will  then  satisfy  a  dispersion  relation  in  v  with 
s  constant : 

1/.-       Arz(v',t)    1  ^^2s(/,0 
A3=-\     dv'  I       dv'—  .  (2.19) 

WrsCO  V'—V         W-oo  V  —V 

This  dispersion  relation  will  be  represented  by  an  in- 
tegration along  a  horizontal  line  above  GH.  vt  and  —  vt 
will  be  the  points  at  which  the  line  of  integration 
crosses  Cn  and  C23. 

Finally,  then,  the  scattering  amplitude  A  satisfies 
dispersion  relations  in  which  any  of  the  quantities  /,  Se, 
and  s  are  kept  constant.  Further,  it  follows  from  (2.12), 
by  the  reasoning  just  given,  that  the  values  of  the 
quantity  which  is  being  kept  constant  need  no  longer 
be  restricted  in  sign.  Thus,  for  example,  we  now  know 
the  analytic  properties  of  ^4,  as  a  function  of  momentum 
transfer,  for  fixed  energy  greater  than  (as  well  as  less 
than)  {M+nY.  They  are  given  by  the  dispersion  rela- 
tion (2.11),  so  that  A  is  an  analytic  function  of  the 
square  of  the  momentum  transfer,  with  a  pole  at 
/=M2+2/x^— 5,  and  cuts  along  the  real  axis  from 
t=4n^  to  00  and  from  /=  — «  to  (M-nY—s.  For 
s>  (A^^-iu)^  these  cuts  and  poles  are  entirely  m  the 
nonphysical  region.  It  has  already  been  shown  rigorously 
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by  Lehmanni*  that  A  is  analytic  in  t  in  an  area  including 
the  physical  region.  The  absorptive  parts  Ai,  A2  and 
A3  will  themselves  satisfy  dispersion  relations,  pro- 
vided that  the  correct  variable  be  kept  constant  {s,  Sc, 
and  /  for  Ai,  A2,  and  A3,  respectively).  The  weight 
functions  for  these  dispersion  relations  are  entirely  in 
the  nonphysical  region,  and  the  boundaries  of  the  areas 
in  which  they  are  nonzero  are  yet  to  be  determined.  In 
particular,  we  see  that  the  absorptive  part  Ai  has  the 
same  analytic  properties  as  a  function  of  the  mo- 
mentum transfer  [for  ^  constant  and  greater  than 
(M+m)^]  as  the  scattering  amplitude,  except  that  there 
is  now  no  pole,  and  the  cuts  only  extend  from  h  to  «> 
and  from  —00  to  (2.  According  to  the  inequalities 
(2.14),  these  cuts  do  not  reach  as  far  inward  as  the 
cuts  of  A  considered  as  a  function  of  the  momentum 
transfer.  This  agrees  with  another  result  of  Lehmann^* 
who  showed  that  the  region  of  analyticity  of  ^1  as  a 
function  of  /  was  larger  than  the  region  of  analyticity 
of  ^  as  a  function  of  t. 

The  modifications  introduced  into  the  theory  by 
spin  and  isotopic  spin  are  trivial.  The  transition  ampli- 
tude will  now  be  given  by  the  expression 

-A+Uy(qi+q2)B,  (2.20) 

and  both  A  and  B  will  have  representations  of  the 
form  (2.12).  There  will,  further^be^wo  amplitudes 
corresponding  to  isotopic  spins  of  |  and  f .  It  is  some- 
times more  convenient  to  use  the  combinations 

^(+)  =  i(^(i)+2^<*)),  (2.21a) 
A^-^  =  i{A^i^-A^i^),  (2.21b) 

and  similar  combinations  B^+^  and  B^-\  We  then  have 
the  simple  crossing  relations 

^(±)(j/,0  =  ±^(±)(-M),  (2.22a) 

5(±)  (v^t)  =  T5(±>  (-  v,t),  (2.22b) 
or,  in  terms  of  the  spectral  functions, 

A^^^^^(s,t)  =  ±A2^^^Ksc,t),  (2.23a) 

A  i2(±^  (s,sc)  =  ±A  i2(±>  (scys),  (2.23b) 

Biz^^^  {s,t)  =  T523^±^  (sc,t),  (2.23c) 

5i2(±>  M  =  =F5i2(±>  {so,s).  (2.23d) 

The  poles  in  (2.12)  and  in  the  dispersion  relations  will 
only  occur  in  the  representation  for  JB^^^  (in  pseudo- 
scalar  theory),  and  the  second  term  will  have  a  minus 
or  plus  sign  in  the  equations  for  5^+^  and  B^'^ 
respectively. 

3.  COMBINATION  OF  THE  DISPERSION  RELATIONS 
WITH  THE  UNITARITY  CONDITION 

The  dispersion  relations  given  in  the  previous  section 
must  now  be  combined  with  the  unitarity  equations  in 

"  H.  Lehmann  (to  be  published). 


order  to  determine  the  scattering  amplitude.  We  shall 
again  begin  by  neglecting  spin  and  isotopic  spin;  the 
unitarity  condition  (2.7)  then  becomes,  in  the  one- 
meson  approximation, 

1    q  r 

A  lis,  cos^i)  =  I  sine2dd2d<l>2  A  *  (s,  cosdz) 

X^(^,  €03(61,62)), 

or 

Ai{s,z^=- 


1    q  r""' 

■■  I  <fz2  I  d<t> 

327r2  WJ-x  Jo 


A*(s,Z2) 


X^{5,ZlZ2+(l-Zl')*(l-22=')*COS<^},  (3.1) 

where  z=cos^  and  6,(i=l,  2)  is  a  unit  vector  in  the 
(ei,<t)i)  direction.  W  is  the  center-of-mass  energy  (equal 
to  -y/s),  and  q  is  the  momentum  in  the  center-of-mass 
system,  given  by  the  equation 

92=  {5-  {M+fiY){s-  iM-^Y}/^s.  (3.2) 

z  is  related  to  the  momentum  transfer  by  the  simple 
relation 

z=l+{t/2q^).  (3.3) 

The  unitarity  requirements  only  prove  that  Eq. 
(3.2)  is  true  in  the  physical  region.  Ai  must  then  be 
obtained  in  the  unphysical  region  by  analytic  continua- 
tion. In  order  to  do  this,  A  can  be  expressed  as  an 
analytic  function  of  t  or,  equivalently,  of  z,  by  means 
of  Eq.  (2.11),  in  which  the  energy  is  kept  fixed.  Equa- 
tion (3.3)  shows  that  we  can  simply  replace  <  by  z  in 
(2.12),  so  that  we  may  write 

A2*(s,Z2')-l-Az*{s,Z2')     ^  ^ 
A*{s,Z2)=-  I  dz2'  —  ,  (3.4a) 


y>Z2)=-  fdZi 

TT*' 


(3.4b) 


Z2  —  Z2 

A{s,  ZiZ2-H(l-zi2)*(l-Z2^)*  cos4>} 

1  /•  ^2(W)+^3(^,Z3') 
tJ  z/-ZlZ2-(l-Zl2)Kl-Z2'^) 

For  simplicity  we  have  included  the  absorptive  parts 
A  2  and  A  3  under  the  same  integral  sign,  but  they  will 
of  course  contribute  in  different  regions  of  the  variable 
of  integration.  A2{s,z)  will  be  nonzero  only  if  z<l 

—  {s—(M—ny}/2q^,  apart  from  a  8  function  at  z=l 

—  (s—M^—2fi^)/2q^,  and  A3(s,z)  will  be  nonzero  only  if 
z>  \^2\^l(^.  The  dispersion  relations  have  been  written 
down  on  the  (incorrect)  assumption  that  there  are  no 
subtractions  necessary;  we  shall  see  in  the  following 
section  how  the  theory  must  be  modified  to  take  them 
into  account. 

On  substituting  (3.4)  into  (3.2)  and  performing  the 
integrations  over  Z2  and  0,  we  are  left  with  the  equation 

1        Zx  —  Z2Z3-\-\/^ 


I    q  r      r       1     zi— Z2Z3 

^i(j,zi)=  I  dz-l  I  t/za'  — In  — 

167H'TF^      J       y/k  Zx-Z'lzi 

X{^2*(5,Z20+^8*(5,Z2')}{^2(W)+^3(W)},  (3-5) 
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where 


(3.6) 


We  must  take  that  branch  of  the  logarithm  which  is 
real  in  the  physical  region  —  l<Si<l.  Equation  (3.5) 
then  gives  the  value  of  yli  in  the  entire  complex  Zi  plane. 

According  to  Eq.  (2.16),  A{s,Z])  must  be  an  analytic 
function  of  t,  and  therefore  of  z,  with  discontinuities 
of  magnitude  2^  13  and  2^  12  as  Zi  crosses  the  positive 
and  negative  real  axes.  It  is  easily  seen  that  the  expres- 
sion for  ^1  in  (3.5)  has  this  property,  and,  on  identifying 
the  discontinuities  along  the  real  axis  with  Aiz  and  ^12, 
we  arrive  at  the  equations 


^13(^,21)= — —  ^dzi.  fdzs  Ki{zi,Z2,Z3) 

X{^3*(^,Z2)^3(^,23)  +  ^2*(. 
^12(5,21)=  ^  { dZ2  f  dZz  K2(Zi,Z2,Z3) 

8^2  V/J  J 


X{^3*(^,22)^3(^,23)  +  ^2*(5,22)^2(^,23)},  (3.7a) 

X{A2*(s,Z2)As(s,Zz)-{-Az*is,Z2)A2is,Zz)}.  (3.7b) 

The  primes  on  22  and  23  have  been  suppressed.  Ki  and 
K2  are  defined  by  the  equations 

2^1(21,22,23) 

=  -  l/[^(2i,22,23)]i,  2i>2223+  (22''-  l)Hzz'-  1)* 
=  0  2i<2223+(222-l)i(z3=^-l)* 
2^2(21,22,23) 

=  l/[*(Zi,22,23)]i,  2i<2223-  (22^-  1)^(23^-  1)*  ,  . 
=  0,  2i>2223-(22^-l)Hz32-l)^.  ' 

The  points  2i  =  2223±(22^— l)*(z3'''— 1)*  are  the  points 
at  which  k  changes  sign. 

Let  us  now  transform  back  from  2  to  our  original 
variables.  As  we  shall  use  the  dispersion  relations  (2.17) 
and  (2.19),  it  is  convenient  to  express  A2  and  ^12  as 
functions  of  s  and  Sc  and  A3  and  A 13  as  functions  of  s 
and  t.  Equations  (3.7)  then  become 


(3. 


Ai3{s,t) 


 [  r dt2  f  dtz 


XKiis;  tMz)Az*{sM)Az{sM)  (3.9a) 

~^j^^'^f  <^-yc3  2^1(5;  /l,5c2,^<:3)^2*(5,5e2)^2(5,5c3)  j, 

^12(^,^01)  =  f  dt2  f  dsc3  Kiis;  Sci,i2,Sc3) 

XlAz*{s,t2)A2{s,Scz)+A2*{s,s,z)A3{s,u:)-]'  (3.9b) 

Note  that  s  is  fixed  in  these  equations,  while  Sc  and  t 
vary.  K  must  be  re-expressed  as  a  function  of  the  new 
variables  by  (3.3)  and  (2.13). 


The  use  of  Eq.  (3.9),  together  with  the  dispersion 
relations,  in  order  to  determine  the  spectral  functions 
is  greatly  facilitated  by  the  fact  that  K  is  zero  unless  the 
variables  satisfy  certain  inequalities ;  for  all  s, 

Ki{s-h,t2,h)    =0   unless   M  >^2*+/3*,  (3.10a) 

2fi(^;/i,Wc3)  =  0   unless    h''  >sJ-\-sJ,  (3.10b) 

2r2(^;5ci,/2,.yc3)  =  0   unless   5ci*>^2*+^c3*.  (3.10c) 

(For  any  particular  s,  the  restrictions  on  the  variables 
could  be  strengthened.)  Equations  (3.10)  are  true  as 
long  as  Sc2,  Sc3,  h,  and  tz  are  in  the  regions  So>M'^,  />  V, 
outside  which  A  2  and  Az  vanish.  It  follows  from  (3.9) 
that,  for  any  given  value  of  t  {or  s^,  ^13(5,/)  [or  Ai2{s,s^~] 
can  he  calculated  in  terms  of  Az{s,t')  and  A2{s,Sc'),  where 
the  values  of  t'  and  sj  involved  are  all  less  than  t  (or  Se). 
On  the  other  hand,  by  writing  the  dispersion  relations 
(2.17)  and  (2.19)  in  the  form 


A2(S 


1  ^« 

,St)  =  -\  ds' 

7r*'«2(«e) 


Ai2{s',s^ 


«2(*e)  S  —S 

+ 


1  A2z{sj) 

-  j  dt'  

K^txitc)  t'—t 


1 

[.,{s,t)=-\  ds' 
ir«/«3(0 


A,z{s',t) 


1  ^23 
-  I     ds'  — 


A2z{s',t) 


(3.11a) 


(3.11b) 


it  is  evident  that  A.z{s,t)  and  A2{s,Sc)  can  be  found  in 
terms  of  Ai2{s',Sc)  and  ^13(5',/),  if  for  the  moment  we 
neglect  the  second  term  in  these  equations.  We  can 
therefore  calculate  ^13,  ^12,  Az,  and  A2  for  all  values 
of  5  and  successively  larger  values  of  Sc  and  /.  The 
lowest  value  of  Sc  or  t  for  which  either  A20X  A.z\s  non- 
zero is  5c  =^2,  at  which  there  is  a  contribution  of 
g^b{sc—M'^)  to  A2  from  the  one-nucleon  state.  From 

(3.9)  and  (3.10)  it  follows  that  ^13  and  yli2  are  zero  if  t 
and  Sc  are  less  than  ^2vP;  for  a  range  of  values  of  / 
above  this,  Au  is  nonzero  and  can  be  calculated  by 
inserting  the  5-iunction  contribution  to  ^2  into  (3.9a). 
The  rest  of  A2  and  A3  will  still  not  contribute  owing  to 

(3.10)  .  Once  we  have  the  procedure  thus  started,  we 
can  proceed  to  larger  and  larger  values  of  t  and  Sc  by 
alternate  appHcation  of  (3.9)  and  (3.11).^* 

Before  discussing  how  to  take  the  second  terms  of 

(3.11)  into  account,  let  us  study  in  more  detail  the 
form  of  the  functions  An  and  ^12  calculated  thus  far. 
In  order  to  do  this,  we  require  the  precise  values  of  / 
and  Sc,  at  a  given  value  of  s,  for  which  the  kernels  K 
vanish ;  we  find  that 


"  It  will  be  noticed  that,  though  we  have  brought  the  pole  in 
the  crossing  term  from  the  one-nucleon  intermediate  state  into 
our  calculations,  we  have  not  yet  introduced  the  pole  in  the  direct 
term.  This  pole  is  actually  a  subtraction  term  of  Eq.  (2.11)  and 
will  be  treated  in  the  following  section. 
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Fig.  2.  Properties  of  the  spectral  functions. 


Ki(s ;  ti,i2,h)  =  0  unless 

/i*>/2Kl+^3/V)i+/3i(l+W)i,  (3.12a) 

Ki{s;  ti,Sc2,Scz)  =  0  unless 

ti^>  (Sc2-u)i{l+(sa-u)/4f}i 

+  (scz-u)i{^i-(sc,-u)/^'}i,  (3.12b) 

K2  (s ;  Sci,h,Sez)  =  0  unless 

+  (5e3-«)Hl  +  ^2/V)J,  (3.12c) 

where 

u--=(M'-n'y/s.  (3.13) 

As  the  smallest  value  of  Sc  or  /  which  contributes  to  the 
integrand  in  Eq.  (3.9a)  is  Sc=M'^,  where  A2  has  a 
5-f unction  singularity,  it  follows  from  (3.12b)  that  the 
smallest  value  of  /  for  which  ^13(^,0  is  nonzero  (for  any- 
given  value  of  s)  is  given  by 

ii=2(M^-u)i{l+(M^-u)/4f}K  (3.14) 

For  very  large  s,  this  value  of  /  approaches  4M^,  but,  as 
s  decreases,  /  becomes  larger  and  larger  until,  at  5 
=  {M-^ny,  it  becomes  infinite.  Equation  (3.14)  has 
been  plotted  as  Ci  in  Fig.  2.  Au  will  be  nonzero  above 
Ci,  and,  near  it,  it  will  behave  like  (/— /c)~*,  where  to  is 
the  value  of  t  given  by  (3.14).  It  follows  from  (3.11b) 
that  A3(s,t)  is  nonzero  if  t>4M^,  and  behaves  like 
(/-4M2)i  just  above  this  limit.  The  value  t=4M^  is 


precisely  the  threshold  for  the  process  III,  and  we 
would  have  obtained  the  same  results  from  our  general 
reasoning  in  the  previous  section  if-  we  had  neglected 
intermediate  states  containing  two  or  more  mesons  but 
no  nucleon  pairs.  This  indicates  that  our  assumptions 
are  probably  correct,  as  we  have  not  considered  the 
process  III  explicitly  in  this  section.  When  we  treat  the 
subtraction  terms  in  the  dispersion  relations,  we  shall 
see  that  .4 13  is  also  nonzero  between  /=4/i2  and  t  =  4M^, 
and  that  the  region  in  which  An  is  nonzero  must  be 
enlarged.  The  curve  Ci  is  therefore  not  yet  the  curve 
Ci3  of  Fig.  1. 

For  a  range  of  values  of  t  above  the  curve  Cj,  the 
entire  contribution  to  the  integrand  in  (3.9a)  comes 
from  the  5  function  in  ^2.  At  a  certain  point,  however, 
the  other  terms  in  Az  and  Az  begin  to  contribute.  If 
for  the  moment  we  neglect  the  second  term  in  (3.9a), 
the  new  contribution  begins  at  the  value  of  t  obtained 
by  putting  t2=h=4M^  in  (3.12a),  since  this  is  (at  the 
present  stage  of  the  calculation)  the  lowest  value  of  / 
for  which  Az  is  nonzero.  The  result  has  been  plotted 
against  s  in  Fig.  2  to  give  the  curve  C2.  As  this  curve 
approaches  the  line  /=  \.6M^  asymptotically,  there  will 
be  a  corresponding  new  contribution  to  .43  above  this 
value,  and,  near  it,  the  new  contribution  will  behave 
like  {t-  16M2)i.  The  value  t=  16M^  is  just  the  threshold 
for  the  production  of  an  additional  nucleon  pair  in  the 
process  III,  and  .43  would  be  expected  to  show  such  a 
behavior  at  this  threshold. 

We  find  similar  discontinuities  in  the  higher  deriva- 
tives of  Aiz  at  series  of  curves  (there  will  now  be  more 
than  one  for  each  threshold)  approaching  asymptotically 
the  lines  t=4n^M^,  so  that  Az  will  have  the  expected 
behavior  at  the  thresholds  for  producing  n  nucleon  pairs. 

The  functions  Au  and  A 2  will  exhibit  the  same  sort 
of  characteristics.  In  Eq.  (3.9b),  the  lowest  values  of 
t2  and  Sc3  which  contribute  to  the  integrand  are  t2=4M^, 
Sc3=M^,  so  that  the  boundary  of  the  region  in  which 
.4x2  is  nonzero  is  obtained  by  inserting  these  values 
into  (3.12c).  The  result  is  represented  by  the  curve  C3 
in  Fig.  2;  it  approaches  the  line  Sc=9M^  as  j  tends  to 
infinity.  As  with  An,  the  region  in  which  A12  is  nonzero 
will  be  widened  in  the  following  section.  From  (3.19a), 
it  follows  that  A2  will  (at  present)  be  nonzero  for 
5c>9M2,  which  is  the  threshold  for  pair  production  in 
the  reaction  II.  A 12  will  also  have  discontinuities  in  the 
higher  derivatives  at  series  of  curves  such  as  C4  which 
approach  asymptotically  the  lines  Sc=  {2n-{-iyM^. 
Finally,  it  can  be  seen  that  the  second  term  of  (3.9a) 
will  give  rise  to  further  curves  at  which  the  higher 
derivatives  of  An  are  discontinuous,  but  these  curves 
will  all  approach  asymptotically  the  lines  t=4n^M^. 

We  must  now  return  to  the  second  term  in  the  Eq. 
(3.11),  which  we  have  so  far  neglected  in  the  calcula- 
tion. It  can  be  taken  into  account  by  introducing  the 
requirement  of  crossing  symmetry,  which  has  not  yet 
been  used.  As  in  the  static  theory,  one  now  has  to  use 
an  iteration  procedure.  The  function  ^423,  which  only 
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affects  the  crossing  term  in  the  dispersion  relation  (2.5), 
is  first  neglected,  and  the  calculation  done  as  described. 
A  23  is  then  found  from  the  calculated  value  of  and 
the  crossing-symmetry  relations  (2.23),  and  inserted 
into  Eq.  (3.11)  for  the  next  iteration.  However,  the 
scattering  amplitude  calculated  by  this  procedure 
would  still  not  satisfy  the  equations  of  crossing  sym- 
metr}'  since,  while  ^13  and  ,423  are  connected  by  (2.23a), 
A12  does  not  satisfy  (2.23b).  We  have  seen  that  the 
dispersion  relations  together  with  the  equation  of 
unitarity  determine  ,4 12  uniquely,  and  the  result  is  not 
a  symmetric  fimction  of  s  and  Sc',  even  the  region  in 
which  it  is  nonzero  is  not  symmetric.  It  therefore  ap- 
pears that  we  cannot  satisfy  simultaneously  the 
requirements  of  analyticity,  imitarity  (in  the  one-meson 
approximation),  and  crossing  symmetry. 

The  reason  why  this  is  so  is  easily  seen  in  perturbation 
theory.  Among  the  graphs  included  in  the  first  iteration 
of  the  one-meson  approximation  is  Fig.  3(a).  The 
topologically  similar  graph  Fig.  3(b)  will  also  be  in- 
cluded, since  Fig.  3(a)  by  itself  would  have  square 
roots  in  the  energy  denominators  and  woiild  not  have 
the  necessary  analytic  properties.  If,  therefore,  cross- 
ing symmetry  is  to  be  maintained,  Fig.  3(c)  must  also 
be  included.  In  this  graph,  however,  there  is  an  inter- 
mediate state  of  a  nucleon  and  a  pair,  so  that  the  imi- 
tarity  condition  in  the  one-meson  approximation  is  not 
satisfied. 

This  example  also  indicates  how  we  should  modify 
our  iteration  procedure.  In  addition  to  inserting  a  term 
A  23,  obtained  by  crossing  symmetry  from  the  previous 
iteration,  into  (3.11),  we  must  insert  a  term  ^i2'(^,^e) 
equal  to  Anises)  as  calciilated  in  the  previous  iteration. 
The  contribution  from  this  term  is  to  be  added  to  the 
contribution  from  Au(s,Se)  calciilated  in  the  normal 
way.  A 12  will  be  nonzero  above  the  curve  Cs  in  Fig.  2, 
and,  in  particular,  it  will  be  zero  for  all  values  of  Je  if  ^ 
is  less  than  Complete  crossing  symmetry  is  now 
maintained,  but  the  addition  of  An  violates  the  uni- 
tarity condition  (in  the  one-meson  approximation)  for 
values  of  j  greater  than  9AP,  and  a  perturbation  ex- 
pansion would  include  graphs  such  as  Fig.  3(c).  As 
these  graphs  will  appear  in  higher  approximations,  the 
fact  that  we  are  forced  to  include  them  here  should 
not  be  considered  a  disadvantage  of  our  method.  In 
any  case,  the  unitarity  condition  is  only  violated  where 
the  one-meson  approximation  is  far  from  correct. 

The  iteration  procedure  is  found  to  give  rise  to 
further  curves,  like  C2  and  C4  (Fig.  2),  at  which  the 
higher  derivatives  of  the  spectral  f\mctions  are  dis- 
continuous. These  new  discontinmties  correspond  to 
the  production  of  mesons  together  with  nucleon  pairs. 
We  still  do  not  have  discontinuities  at  all  possible 
thresholds. 

The  inclusion  of  the  spin  does  not  change  any  of  the 
essential  features  of  the  theory,  though  the  details  are 


--.r-K-^'^  >f  >r"" 

(o)  (b)"-  <c) 

Fig.  3.  Graphs  which  bring  in  intermediate  states  with  pairs. 

rather  more  complicated.  Following  Chew  et  al.,^  we 
write  the  pion-nucleon  T  matrix  in  the  form 


IttW 

T=  (a-\-a- q^-  qi6),  (3.15) 

Ew 


where  E  is  the  center-of-mass  energy  of  the  nucleon  and 
w  that  of  the  pion.  a  and  b  are  related  to  the  quantities 
A  and  B  in  the  expression  (2.20)  by  the  formulas 


E-\-M/A-\-(W-M)B 


2W  \  4x 
E-M  ^-A-^iW-\-M)B>^ 


),  (3. 


16a) 


2W 


(3.16b) 


The  imitarity  condition  corresponding  to  (3.7)  can  now 
be  worked  out  in  terms  of  a  and  b;  the  equation  ob- 
tained is 

fll3(ll)(^,Zi)  =  E-J' dZtJ dZi  A'i(j)(2i,Z2,2j) 


Zj— ZjZi 

X  \  a«*(j,zi)a«(5,zj)H  6.*(j,«j)««(*,«j) 

1-Zi' 


Zj-ZjZi  1 

+  a*{5,Z2)ba{s^i)  ,  (3.17a) 

1  —  Zi*  ) 


jZ,— ZjZi  Zl— ZjZi 

X{  6a*(Vi)a.(^,Z3)+  


l-zi» 


1-Zx' 


Xa*{5,z^)b.{5,z,)+b*{5,zr)ha{5fit)  J ,  (3.17b) 

where  2Za  indicates  that  terms  of  the  form  a,^aa  are  to 
be  replaced  by  ai*<H-\-az*a%  in  the  calculation  of  an 
and  61 J  and  by  aa*aj-|-aj*<ii  in  the  calculation  of  an 
and  612,  exactiy  as  in  (3.7).  ot  and  bt,  aj  and  bi,  an  and 
bit,  and  an  and  bn  are  related  respectively  to  At  and 
Bt,  A3  and  B3,  An  and  Bn,  and  An  and  Bn  by  Eqs. 
(3.16).  The  unitarity  condition  (3.17)  can  be  rewritten 
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in  terms  of  A  and  B :  it  then  becomes 


^  13(12)  (5,Zl)  =  L  — ^  r dZ2  f  dZ3  A'i(2)(Zi,Z2,03) 

IV     2W      1+zi  / 

(CO  1  — Z2+Z3  — Zi  Mw  1  — Z2— Z3+Zi\ 
2       1-zi         2W       1+Zi  / 

H-Z2— Z3-Z1 


Mw  1— Z2— Z3+Z1 


2W  l+Z: 


(CO  I+Z2— Z3 
2  1-Zi 

3+Zl\ 

 J  5  a*  (S,Z2)A  a  is,Z3, 


VP-APl-Z2-Zs+Zi  1 

+—  BJ^(s,Z2)B„{s,Z3)\,  (3.18a) 


2tr 


l+Zi 


^13(12)  (5,Zi)  =  E r<^Z2  r </Z3  iri(2)(Zl,Z2,Z3) 


I    £    1— Z2— Z3+Z1 


2MTF  1+zi 


-^a*(5,Z2)^„(5,Z3) 


H-Z2— Z3-Z1       E    I-Z2— Z3+Zi\ 

.    2(l-zi)       2W      1+zi  / 


XAa*(s,Z2)B^(s 
E  1— Z2— Z3+Z1 


(1— Z2+Z3-Z1 

1-Zi 


\B*{s,Z2)Aa{s,Zz) 


2W  1+Zi 

/        {1V'-W)E  1-Z2-Z3+Zi^ 


1+Zi  / 

XB*{s,Z2)B^{s,zz)\.  (3.18b) 


2MW 


Equations  (3.17)  and  (3.18)  will  hold  separately  for  the 
amplitudes  corresponding  to  isotopic  spin  |  and  f . 

It  remains  to  justify  the  claim  that  the  result  calcu- 
lated by  our  procedure,  if  expanded  in  a  perturbation 
series,  would  give  a  subset  of  the  usual  perturbation 
series.  The  proof  is  somewhat  awkward  because  we 
were  imable  to  satisfy  the  unitarity  condition  in  the 
one-meson  approximation  at  all  values  of  the  energy. 
Let  us  first  ignore  this.  The  wth  term  in  the  perturbation 
series  A  ("^  is  then  determined  uniquely  in  the  physical 
region  by  the  following  two  requirements : 

(i)  For  sufficiently  small  values  of  the  momentimi 
transfer  {less  than  2nll{2M+n)/{2M-n)J},  ^(") 
must  satisfy  the  dispersion  relation  (2.5),  a  result 


which  has  been  proved  rigorously.^*  The  absorptive 
part  Ai  (and  hence,  by  crossing  symmetry,  A^)  is 
known,  since  it  is  determined  by  um'tarity  in  terms  of 
lower  order  perturbation  terms  in  the  physical  region, 
and  by  analytic  continuation  (with  s  constant)  out- 
side it.^* 

(ii)  For  a  fixed  value  of  s,  A  is  an  analytic  function 
of  the  momentima  transfer  throughout  the  physical 
region.^* 

As  the  functions  calculated  by  our  method  certainly 
fulfil  these  requirements,  they  must  generate  the  cor- 
rect perturbation  series. 

However,  our  result  does  not  satisfy  the  unitarity 
condition  in  the  one-meson  approximation  at  all 
energies,  and  we  must  examine  more  closely  how  Ai  is 
to  be  determined.  Let  us  assume  that  our  method  gives 
the  correct  perturbation  series  up  to  the  (w—  l)th  order. 
The  reasoning  developed  in  this  section  then  shows 
that  the  «th-order  contribution  to  Ai  will  be  of  the  form 

1  r  ,^i3^"K^/)'  1  r^,^i2(">(M')    ,  , 
^i(")=-  I  dt'  I  dt'  ,  (3.19) 

where^^is^"^  and  ^12^"^  are  certainly  zero  below  Ci  and 
above'Cs,  respectively,  in  Fig.  2.  Inserting  this  expres- 
sion into  (2.5),  we  find  that 


dt' 


^13^">(//) 

{s'-s){t'-t) 


—  \ds'\  dt'  

W     J  (s'-s)(t' 


{s'-s){t'-t) 


(3.20) 


The  suffix  d  indicates  that  we  are  considering  the  direct 
and  not  the  crossing  term.  The  second  term  of  (3.20) 
will  not  be  an  analytic  function  of  t  in  the  physical 
region,  but  it  will  have  a  branch  point  at  the  largest 
value  of  /  for  which  Au  is  nonzero.  We  can  make  it 
analytic  by  adding  to  A  2  the  expression 


ir  ,^i2<">(W) 

—  I  dt'  

IT  J  t'-t 


(3.21) 


which  we  would  expect  from  (2.17),  if  our  representa- 
tion is  correct.  By  inserting  this  into  (2.5)  and  adding 
the  result  to  the  second  term  of  (3.20),  we  obtain 


-fds'  fds,'  — 
tt'J     J  (s' 


A,2'-^{s',sJ) 


{s'-s){Sc'-Sc) 


(3.22) 


which  is  analytic  in  the  physical  region.  The  contribu- 
tion (3.21)  to  ^2^"'  is  uniquely  determined  from  the 
requirement  that  ^^"^  be  an  analytic  function  of  the 
momentum  transfer  in  the  physical  region,  and  is 
nonzero  only  for  Sc>9M^.  It  corresponds  to  adding  a 
graph  such  as  Fig.  3(b)  to  Fig.  3(a) ;  as  ^1  for  Fig.  3(c) 
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is  nonzero  for  s>9M^,  Ai  for  Fig.  3(b)  will  be  nonzero 
for  5c>9Jkf2. 

Finally,  then,  the  nth-order  perturbation  term  can 
be  determined  from  the  lower  order  perturbation  terms 
without  using  any  unproved  properties  of  the  scattering 
amplitude  as  follows : 

(i)  Calculate  A\  by  unitarity,  and  extend  it  into  the 
nonphysical  region  for  momentum  transfers  less  than 
2iu[f  (2M+M)/(21f-)u)]i  by  analytic  continuation. 

(ii)  Calculate  a  contribution  ^2d^"^  to  yl2^"\  for 
5c>9M2,  from  the  requirement  that  if  it,  together  with 
Ax,  be  inserted  into  (2.5),  the  resulting  function  ^^^"^ 
must  be  an  analytic  function  of  the  momentum  transfer 
in  the  physical  region.  By  doing  this  we  partially  in- 
clude intermediate  states  with  nucleon  pairs,  which  is 
necessary  if  we  are  to  maintain  the  required  analytic 
properties  and  crossing  symmetry. 

(iii)  Now  calculate  ^42^"'  and  the  extra  contribution 
to  ^/"^  by  crossing  symmetry  from  ^i^"^  and  the 
extra  contribution  to  ^2^"^ 

(iv)  Find  A  ("^  from  (2.5)  for  values  of  the  momentum 
transfer  less  than  2M[|(2M-hM)/(2M-/z)]i,  and  calcu- 
late it  in  the  rest  of  the  physical  region  by  analytic 
continuation  in  /. 

This  procedure  defines  a  one-meson  approximation  in 
perturbation  theory.  From  what  has  been  said,  it  is 
clear  that  our  solution  will  give  precisely  this  perturba- 
tion expansion,  so  that  our  assimiptions  are  justified  in 
perturbation  theory. 

4.  SUBTRACTION  TERMS  IN  THE 
DISPERSION  RELATIONS 

We  have  thus  far  assvuned  that  the  dispersion  rela- 
tions are  true  without  any  subtractions.  As  we  have 
pointed  out  in  the  first  section,  by  doing  this  we  neglect 
what  is  physically  the  most  important  part  of  the 
scattering  amplitude.  In  this  section  we  shall  investigate 
how  many  subtractions  are  necessary  for  each  disper- 
sion relation  and  shall  outline  how  they  can  be  calcu- 
lated, leaving  the  details  for  a  fiulher  paper. 

Let  us  first  consider  Eqs.  (2.11)  and  (2.16),  which 
were  used  in  obtaining  the  unitarity  condition  (3.9)  [or 
(3,18)  for  nucleons  with  spin].  Even  if  these  dispersion 
relations  are  written  with  subtraction  terms,  it  is  found 
that  (3.9)  is  unchanged,  so  that  the  subtraction  terms 
are  only  needed  in  the  final  evaluation  of  A  from  A^  and 
Az  by  means  of  (2.11),  or  of  Ax  from  Ai^  and  A\%  by 
means  of  (2.16).  The  nimiber  of  subtractions  will  de- 
pend on  the  behavior  of  ^12,  ^13,  Ai,  and  .4 3,  as  calcu- 
lated by  our  procedure,  as  Sc  and  /  tend  to  infinity — ^we 
shall  have  to  perform  at  least  enough  subtractions  for 
(2.11)  and  (2.16)  to  converge. 

It  is  difficult  to  make  an  estimate  of  the  behavior  of 
these  functions  at  infinite  values  of  Sc  and  i  from  the 
equations  determining  them,  and  we  shall  use  indirect 
arguments  which,  though  not  rigorous,  are  very  plau- 
sible. We  shall  find  that,  if  the  coupling  constant  is 


small  enough,  the  functions  tend  to  zero  at  infinity, 
so  that  one  can  write  the  dispersion  relations  without 
any  subtractions.  For  larger  values  of  the  coupling 
constant,  more  and  more  subtractions  will  be  needed. 
The  reader  who  is  prepared  to  accept  this  may  omit 
the  following  two  paragraphs. 

We  consider  only  the  first  iteration,  since  subsequent 
iterations  proceed  in  a  similar  way  and  the  results  are 
unlikely  to  be  qualitatively  different.  The  result  can 
then  be  expanded  in  a  perturbation  series.  If  the  solu- 
tions obtained  for  this  problem  by  other  methods,  such 
as  the  Tamm-Dancoff  or  Bethe-Salpeter  methods,  are 
expanded  in  a  perturbation  series,  it  is  found  that  the 
series  for  each  angular  momentvun  state  converges  as 
long  as  the  coupling  constant  is  within  a  certain  radius 
of  convergence,  and  that  this  radius  of  a  convergence 
tends  to  infinity  with  the  angular  momentum,^^  Our 
perturbation  series  would  be  different  from  the  per- 
turbation series  obtained  by  these  methods,  partly 
because  the  intermediate  states  with  pairs  which  we 
include  are  not  the  same  as  those  included  by  either  of 
them,  and  partly  because,  in  calculating  the  subtraction 
terms  (other  than  those  at  present  under  discussion), 
we  shall  not  take  into  account  terms  corresponding  to 
all  graphs  included  by  these  approximations.  Such 
differences  would  not  be  expected  to  affect  qualita- 
tively the  convergence  properties  of  the  angular 
momentum  states,  and  we  shall  assimie  that  the  results 
quoted  above  are  true  for  our  perturbation  series  too. 

The  transition  amplitude  for  the  state  of  total  angular 
momentiun  j  and  orbital  angular  momentum  can 
be  shown  to  be 

/y±=  J(/za(5,0)Py±j(z)-h  J  dzh{s,z)P i^^{z\  (4.1) 

where  a  and  h  are  the  functions  defined  in  (3.15)  and 
(3.16).  Now  it  is  easily  seen  that  each  term  in  the 
perturbation  series  for  a%{s,z),  a^{s,z),  bz(s,z),  and  63(^,2) 
tends  to  zero  like  1/z  as  z  tends  to  infinity,  so  that  the 
dispersion  relation  (2.11)  for  each  term  can  be  written 
down  without  any  subtractions.  Hence 


/y±<»>  =  J  dz  Jdz' 


a,<-Hs,z')+az^'^^is,z') 


z'-z 

62("n^/)  +  63(»>(^,z') 

z'-z 


Pm(^)\  (4.2) 


=  J  <iz'{[a2(")(5,z')+a3(">(5,z')>y±§(z') 

+[62^"H5,0+*3^">(^/)>;^l(2')},  (4-3) 


"  Note  that  the  "potential"  in  the  Tamm-Dancoff  or  Bethe- 
Salpeter  equation  involved  includes  only  the  crossing  term  and 
not  the  direct  term,  which  has  still  to  be  brought  into  the 
calculation. 
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where 

<^„(zO=  j  dz  — 

•'-I    z^-z  (4.4) 

=  l/z'"+^   as  z'— >  00. 

Let  us  suppose  that  the  value  of  the  couplmg  constant 
is  such  that  the  perturbation  series  for  states  of  angular 
momentum  ji  converges.  If  each  term  in  the  perturba- 
tion series  for  this  angular  momentum  state  is  ex- 
pressed by  (4.3),  and  if  we  assume  that  we  can  inter- 
change the  order  of  summation  and  integration,  we 
arrive  at  the  equation 

fn^  =  J  iz'{Zn[a2(")(^,z')4-a3(">(5,z')>n±i(2') 

+EnW''Hs,^+bs^-'(s,z')yi>n:^i(z')).  (4.5) 

In  order  for  the  integrand  to  exist,  we  see  from  (4.4) 
that  a  and  b  must  be  smaller  than  2"~*  at  infinite  z. 
The  dispersion  relations  can  therefore  be  written  down 
with  not  more  than  j—^  subtractions.  In  particular,  if 
the  coupling  constant  is  small  enough  the  dispersion  re- 
lations can  be  written  down  without  any  subtractions.^^ 
If  the  coupling  constant  is  such  that  n  subtractions 
are  required,  the  unitarity  condition  for  the  states  of 
angular  momentima  |  to  «— |  v/ill  have  to  be  applied 
separately.  The  wave  fimctions  for  these  states  are 
polynomials  of  degree  not  greater  tiian  n— 1  in  the 
variable  z  (or  Sc  and  t),  and  are  not  determined  from  the 
absorptive  parts  in  the  dispersion  relations  (2.11)  and 
(2.16). 

The  calculation  must  be  done  after  each  iteration,  as 
the  result  will  be  needed  for  the  next  iteration.  The 
details  of  the  calculation  will  not  be  discussed  here, 
but  they  will  in  principle  be  similar  to  those  of  Chew 
and  Low*  and  Dahtz,  Castiilejo,  and  Dyscn,^  and  will 
involve  considering  the  reciprocal  of  the  scattering 
ampHtude.  The  analytic  properties  of  the  individual 
angular  momentium  states  are  not  as  simple  as  in  the 
static  theory,  but  they  can  be  determined  from  the 
assumed  analytic  properties  of  tlie  transition  amplitude, 
and,  as  in  the  static  theory,  the  singularities  not  on  the 
positive  real  axis  can  be  foimd  from  the  previous 
iteration. 

The  precise  number  of  subtractions  required  cannot 
be  determined  without  calculating  the  result,  but  it  is 
ahnost  certainly  not  less  than  two.  It  is  difficult  to  see 
how  the  observed  resonant  behavior  of  the  Pf  state 
could  be  reproduced  by  means  of  the  calculations  de- 
scribed in  the  last  section,  whereas  it  follows  quite 

"  We  should  emphasize  that  it  is  only  in  the  first  iteration  that 
we  relate  the  number  of  subtractions  needed  to  the  convergence 
of  the  angular  momentum  states.  We  say  nothing  at  ail  about  the 
convergence  of  the  perturbation  series  in  subsequent  iterations, 
but  assume  simply  Uiat  the  behavior  of  the  spectrai  fimctions  at 
infinite  values  of  s  is  not  likely  to  be  quaUtatively  different  from 
their  behavior  in  the  first  iteration. 


naturally  from  a  Chew-Low-t5T)e  calculation.  If  the 
coupKng  constant  were  large  enough  .to  bind  the  (3,3) 
resonance  state,  and  for  a  certain  range  of  values  of  the 
coupling  constant  below  this,  we  would  definitely  have 
to  perform  two  subtractions.  The  precise  range  involved 
is  difficult  to  determine,  but  it  would  be  expected  to 
include  those  values  of  the  coupHng  constant  for  which 
the  (3,3)  state  still  has  the  appearance  of  an  unstable 
isobar.  Until  we  state  otherwise,  however,  we  shall 
suppose  that  the  coupling  constant  is  sufficiently  small 
for  the  functions  A{s,z)  and  B(s,z)  to  tend  to  zero  at 
infinite  z,  as  the  situation  with  regard  to  the  other 
subtractions  is  much  simpler  in  this  case.  Even  then, 
we  would  have  to  perform  one  subtraction  for  each  of  A 
and  B,  since  the  calculations 'of  the  previous  section 
did  not  include  the  pole  of  the  scattering  amplitude 
from  the  one-nucleon  intermediate  state ;  only  the  pole 
in  the  crossing  term  was  included.  The  pole  affects  the 
states  with  alone,  so  that,  if  we  apply  the  uni- 
tarity condition  for  these  states  separately  by  the 
Chew-Low  method,  we  can  include  it  correctly.  We 
thereby  change  A  and  5  by  a  quantity  independent  of  z. 

When  we  calculate  the  scattering  amplitudes  for  the 
states  with  j=i,  we  find  a  ghost  state  in  the  first 
iteration,  just  as  in  all  other  models.  In  subsequent 
iterations,  however,  where  the  crossing  terms  con- 
tribute, it  does  not  follow  from  the  form  of  the  equations 
that  v/e  shall  necessarily  find  a  ghost  state,  and,  judging 
from  the  charged  scalar  model,  we  may  hope  that  the 
ghost  state  does  not  in  fact  occur. 

We  now  turn  to  consider  the  subtraction  terms  in  the 
other  dispersion  relations  used  in  the  calculations,  Eq. 
(3.11).  By  putting  the  6-f unction  contribution  to  ^2 
into  (3.18),  it  can  be  seen  that  the  lowest  order  term 
in  Aiz{s,i)  tends  to  a  constant  as  5  tends  to  infinity, 
whereas  the  lowest  order  term  in  Buisj)  behaves  like 
1/s.  For  a  certain  range  of  values  of  t,  only  the  lowest 
order  term  contributes  to  ^13  and  Bu,  so  that  there 
will  certainly  be  one  subtraction  in  Eq.  (3.11b)  for  At, 
v/hile  the  equation  for  Bz  could  be  written  down  without 
any  subtractions.  We  find  similarly  that  both  ^i2(^,^e) 
and  BuiSjSe)  tend  to  zero  like  1/^  as  ^  tends  to  infinity. 
It  would  therefore  appear  that  the  dispersion  relations 
(3.11a)  did  not  require  any  subtractions.  However,  we 
have  seen  that  Ai(s,Sc)  and  Bi(s,Sc)  behave  like  a  con- 
stant for  large  Se  with  s  constant,  even  for  small  values 
of  the  coupling  constant,  sc  that,  by  crossing  sym- 
metry, A2(s,Sc)  and  B2{s,Se)  will  behave  like  a  constant 
for  large  s.  There  will  therefore  be  one  subtraction 
term  in  Eqs.  (3.11a)  for  both  A2  and  B2. 

The  determination  of  the  subtraction  terms  in  Eq. 
(3.11a)  is  not  difficult,  since  the  contributions  to  Ai 
and  Bi  from  the  states  with  (with  the  energy  Se 
of  the  reaction  II  kept  constant)  can  be  found  by 
crossing  symmetry  from  the  corresponding  contribu- 
tions to  A I  and  Bi  in  the  previous  iteration.  However, 
for  the  subtraction  terms  in  Eq.  (3.11b),  we  require 
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the  unitarity  condition  for  Az,  which  involves  the  re- 
action III.  As  there  is  one  subtraction,  only  the  S 
waves  will  be  involved.  Again  we  have  to  limit  the 
intermediate  states  considered ;  in  this  first  approxima- 
tion we  would  consider  the  two-meson  states  ("two- 
meson  approximation")  and  perhaps  the  nucleon- 
antinucleon  intermediate  states  ("two-meson  plus  pair 
approximation")  as  well.  We  shall  then  require  the 
meson-meson  scattering  amplitude  (and  the  nucleon- 
antinucleon  scattering  ampUtude  if  nucleon-antinucleon 
intermediate  states  are  being  considered).  The  deter- 
mination of  these  scattering  amplitudes  would  be  as 
extensive  a  calculation  as  the  determination  of  the  pion- 
nucleon  scattering  amplitude,  but  neglect  of  the  crossing 
term  would  probably  not  give  rise  to  too  great  an  error  in 
our  final  result,  in  which  case  the  5-wave  amplitudes 
could  be  written  down  immediately  in  the  two-meson 
or  two-meson  plus  pair  approximations.  The  meson- 
meson  coupling  constant  is  thereby  introduced  into  the 
calculation,  as  has  been  mentioned  in  the  introduction. 
Once  the  meson-meson  and  nucleon-antinucleon  scat- 
tering amplitudes  are  known,  the  transition  amplitude 
for  the  reaction  III  can  be  calculated.  Since  the  integral 
equation  is  now  linear,  the  details  will  be  different  from 
those  of  the  Chew-Low  calculations,  but,  as  in  their  case, 
the  solution  could  be  written  down  exactly  if  there 
were  no  other  singularities  of  the  transition  amplitude, 
and  we  can  use  an  iteration  procedure  for  the  actual 
problem.  The  iterations  will  again  be  mterspersed 
between  the  iterations  of  the  main  calculation.  The 
5- wave  portion  of  ^48,  as  calculated  by  this  procedure, 
will  be  nonzero  for  />4m^,  so  that  the  scattering  ampli- 
tude now  has  the  expected  spectral  properties.  The 
boimdaries  of  the  regions  in  which  the  spectral  functions 
are  nonzero  will  thereby  also  be  changed;  this  will  be 
discussed  in  more  detail  at  the  end  of  the  section. 

We  have  seen  that,  as  long  as  the  coupling  constant 
is  sufl&ciently  small,  we  require  one  subtraction  for  each 
of  the  dispersion  relations  except  the  dispersion  relation 
(3.11b)  for  Bi,  for  which  we  do  not  require  any  sub- 
tractions. It  is  also  easily  seen  that  this  behavior  is 
consistent — the  fimctions  as  calculated  in  the  last  sec- 
tion, with  the  calculations  modified  by  the  subtraction 
terms,  will  not  at  any  stage  become  too  large  at  infinity. 
If,  however,  one  were  to  make  any  additional  subtrac- 
tions, one  would  find  that,  on  performing  the  calcula- 
tions, one  would  need  more  and  more  subtractions  as 
the  work  progressed,  and  one  could  not  obtain  any 
final  result.  The  nimiber  of  subtractions  to  be  per- 
formed is  therefore  determined  uniquely.  There  is  one 
exception  to  this  statement:  we  could  perform  one 
subtraction  in  Eq.  (3.11b)  for  Bz.  Such  a  subtraction  is, 
however,  excluded  by  the  requirement  that  the  theory 
remain  consistent  when  the  interaction  with  the  electro- 
magnetic field  is  introduced.  If  one  were  to  make  this 
subtraction,  the  scattering  amplitude  would  behave 
lilte  /(/)7(?i+?2)  for  large  values  of  s.  It  then  follows 


from  gauge  invariance  that  the  matrix  element  for 
the  processes 

7r±-|-«-»7r±-f»-}-v    or   ir°-f ir^+^-f  y 

will  contain  a  term  which  behaves  like  f(t)y  for  large  s, 
where  /  is  now  minus  the  square  of  the  momentum 
transfer  of  the  neutral  particle.^*  The  contribution  to 
Bi  and  Bu  from  the  T—N—y  intermediate  state 
therefore  tends  to  infinity  at  least  as  fast  as  s  for  infinite 
s,  so  that  one  would  require  two  subtractions  for  the 
dispersion  relation  in  question  and  the  theory  would 
not  be  consistent. 

Since  the  unitarity  conditions  for  the  two  states 
of  the  pion-nucleon  system,  and  for  the  5  state  of  the 
pion-pion  system,  have  to  be  applied  separately  by  the 
Chew-Low  method,  there  will  be  Castillejo-Dalitz- 
Dyson  ambiguities  associated  with  these  states.  The 
ambiguities  will  of  course  affect  all  states  in  subse- 
quent iterations.  They  correspond  to  the  existence  of 
unstable  baryons  of  spin  ^  and  either  parity,  or  of 
heavy  unstable  mesons  of  spin  zero.  There  are  no 
ambiguities  associated  with  states  of  higher  angular 
momentiun;  this  is  in  agreement  with  perturbation 
theory,  according  to  which  it  is  impossible  to  renor- 
malize  systems  containing  particles  of  spin  1  or  more. 
Had  there  been  no  interaction  with  the  electromagnetic 
field,  we  could  have  introduced  a  further  subtraction 
term  which  would  have  necessitated  a  separate  applica- 
tion of  the  unitarity  condition  for  the  P  state  of  the 
pion-pion  system.  The  resulting  Castillejo-Dalitz-Dyson 
ambiguity  would  have  been  associated  with  a  heavy 
unstable  meson  of  spin  1.  This  corresponds  to  the 
Bethe-Beard  mixture  of  vector  and  scalar  mesons,  which 
can  be  renormalized  in  perturbation  theory  as  long  as 
there  is  no  interaction  with  the  electromagnetic  field. 

Now  let  us  consider  the  situation  that  occurs  in 
practice,  when  the  coupling  constant  is  sufficiently 
large  for  the  scattering  amplitude  and  its  absorptive 
parts  to  tend  to  infinity  with  z  (or  Sc  and  /)  when  j 
remains  constant.  The  function  Au  which,  according 
to  our  procedure,  must  be  added  to  An  in  iterations 
other  than  the  first,  will  now  tend  to  infinity  with  s, 
so  that  A 2,  as  calculated  from  (3.11a),  would  show  a 
similar  behavior.  In  practice,  when  the  unitarity  con- 
dition for  states  with  y=f  as  well  as  with  must  be 
applied  separately,  Ai2{s,Sc)  and  A2z(sc,t)  will  tend  to 
infinity  faster  than  j  or  t,  and  the  dispersion  relation 
(3.11a)  will  require  two  subtractions.  The  subtraction 
terms  can  be  determined  by  crossing  symmetry  as 
before.  However,  we  have  seen  that,  if  A2  tends  to 
infinity  with  s,  we  cannot  consistently  perform  the 
calculation,  so  that  we  shall  have  to  introduce  some 
further  modifications. 

The  reason  for  the  difficulty  is  probably  the  in- 

18  This  can  be  shown  by  using  a  generalization  of  the  Ward 
identity  due  to  H.  S.  Green,  Proc.  Phys.  Soc.  (London)  66,  873 
(1953),  and  T.  D.  Lee,  Phys.  Rev.  95,  1329  (1954),  and  proved 
by  Y.  Takahashi,  Nuovo  dmento  6,  372  (1957). 
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adequacy  of  the  one-meson  approximation.  The  break- 
down occurs  just  at  the  value  of  the  coupling  constant 
for  which  the  contribution  to  the  scattering  amplitude 
from  Ax<i  is  comparable  to  the  remainder  of  the  scatter- 
ing amplitude  when  s  is  large.  Since  that  part  of 
calculated  from  represents  a  partial  effect  of  states 
with  one  or"  more  pairs,  the  contribution  of  these  inter- 
mediate states  is  now  important  at  high  energies  and 
it  seems  reasonable  that,  if  one  could  take  them  into 
accoimt  properly,  one  could  still  perform  the  calcula- 
tions for  large  values  of  the  coupling  constant.  In  the 
one-meson  approximation,  one  would  have  to  make 
some  sort  of  a  cutoff  to  the  contribution  to  Ai  from  the 
crossing  tepn  above  s—^M}.  As  this  entails  modifying 
the  unitarity  condition  in  the  region  where  it  is  in  any 
case  inaccurate,  it  is  consistent  with  our  approxima- 
tions, and  it  may  be  hoped  that  the  theory  is  not  very 
sensitive  to  the  precise  location  and  form  of  the  cutoff. 
If  one  were  to  go  to  further  approximations  in  which 
intermediate  states  with  pairs  were  included,  the  cutoff 
would  always  be  applied  only  at  or  above  the  threshold 
for  processes  which  were  neglected. 

Once  we  are  prepared  to  introduce  cutoffs  into  our 
approximations,  .we  might  legitimately  ask  whether  or 
not  we  should  perform  more  than  one  subtraction  in 
Eq.  (3.11b).  This  could  only  be  determined  by  ex- 
amining the  behavior  of  the  scattering  amplitude  and 
its  absorptive  parts  at  large  values  of  j  when  we  go 
beyond  the  one-meson  approximation.  However,  if  A 
and  B  have  the  behavior  assumed  thus  far  {A  remains 
constant  and  B  behaves  like  1/j),  the  cross  section 
would  tend  to  zero  like  \/s  at  large  s,  whereas  the  ex- 
perimental results  indicate  that  the  cross  section  re- 
mains constant.  It  therefore  may  be  necessary  to  per- 
form an  additional  subtraction  and  to  introduce  the 
unitarity  condition  of  the  reaction  III  in  P  states. 

At  first  sight  it  would  seem  as  though  there  were 
Castillejo-Dalitz-Dyson  ambiguities  associated  with  all 
states  for  which  the  unitarity  condition  has  to  be 
applied  separately,  not  only  with  the  j=\  states. 
However,  it  is  also  possible  that  only  the  solution 
without  any  of  the  extra  terms  in  the  higher  angular 
momentum  waves  would  converge  as  we  introduced 
more  and  more  states  into  the  unitarity  equations.  This 


(0) 


(b) 


solution  would  be  an  analytic  continuation  of  the 
solution  obtained  for  small  values  of  the  coupling  con- 
stant, whereas  the  other  solutions  could  not  be  con- 
tinued below  a  certain  value  of  the  coupling  constant 
and  would  have  no  perturbation  expansion.  While  we 
can  by  no  means  exclude  such  a  behavior,  it  neverthe- 
less gives  us  grounds  to  suppose  that  the  ambiguity 
exists  only  for  meson-nucleon  states  with  i—\  and  for 
5'-wave  meson-meson  states,  even  when  the  coupling 
constant  is  large. 

Before  leaving  this  section,  let  us  state  the  boundaries 
of  the  region  in  which  the  spectral  functions  Ax%,  ^23, 
and  Ayi  are  nonzero,  i.e.,  the  position  of  the  curves 
Ci3,  C23,  and  C12  in  Fig.  1.  Since  Az  is  now  nonzero  for 
/2>4/x2,  Ci3  in  the  one-meson  approximation  is  ob- 
tained by  putting  h=h=^y?  in  (3.12a),  so  that 


<ia*=4/i(l-FMVg')*, 

16/x2(5-M2+;x2)2 
■[5-(M-f-M)^][5-(ilf-M)^]* 


(4.6) 


(c)  (d) 

Fig.  4.  Graphs  involving  the  pion-pion  interaction. 


For  any  given  value  of  s,  Axi  will  be  nonzero  if  t>ha. 
We  notice  that,  as  5  tends  to  infinity,  /lo  approaches  the 
value  Xdy?,  This  is  not  the  expected  result — we  have 
shown  in  Sec.  2  that  it  should  approach  the  value  4/*^. 
The  reason  for  the  discrepancy  is  that,  in  our  approxi- 
mation, the  reaction  III  takes  place  purely  through  S 
waves  for  4M'^</<16M^  ai\d  Az  will  be  a  function  only 
of  t  in  this  region.  Had  it  been  possible  for  the  reaction 
III  to  go  through  an  intermediate  state  of  one  pion, 
Az  would  have  had  a  3  function  at  t=y?,  and,  on  putting 
this  value  into  (3.12a),  we  would  have  obtained  the 
expected  result.  As  it  is,  however,  we  shall  have  to  go 
beyond  the  one-meson  approximation  to  get  the  correct 
boundary  of  Axz. 

The  reaction  N-\-N  — >  37r  can  go  through  a  one-pion 
intermediate  state  by  means  of  the  process  represented 
in  Fig.  4(a).  If,  therefore,  we  treat  the  outgoing  pions 
in  the  reaction  N+'it^N-\-2ir  as  one  particle  with  fixed 
energy  and  angular  momentimi,  and  represent  the  tran- 
sition amplitude  in  the  same  way  as  we  have  represented 
the  transition  amplitude  for  pion-nucleon  scattering,  the 
absorptive  part  corresponding  to  A  3  will  have  a  8  function 
at  t=fi^.  We  can  work  out  the  resulting  contribution 
to  ^13  (of  the  pion-nucleon  scattering  amplitude)  by 
unitarity  in  the  same  way  as  we  worked  out  the  con- 
tributions from  the  one-meson  approximation.  Z2  and 
Z3  in  Eqs.  (3. 4)- (3. 8)  will  now  refer  to  the  center-of- 
mass  deflection  of  the  nucleon  in  the  production  re- 
action, and  will  be  connected  with  the  momentum 
transfer  by  the  relation 

z=  {f+qi'-^t-  [(il^^+g^)*-  {M'+gi'm/2qqx, 

where  qx,  is  the  center-of-mass  momentvma  of  the  out- 
going nucleon.  The  value  of  qx  will  depend  on  the  rela- 
tive energy  of  the  two  pions;  we  shall  require  the 
maximum  value  of  qi  (for  a  fixed  s),  which  occurs  when 
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the  pions  are  at  rest  with  respect  to  one  another  and 
is  given  by 

q.m'=  {s-  {M+lixYUs-  (M-  2^Y)/As.  (4.7) 

We  then  find  that  the  boundary  of  this  contribution  to 
A 13  has  the  equation 

4m2  (5- 3/2-2^)2 

h,  =  —  .  (4.8) 

[5-(M+2/x)2]r5-(M-2M)2] 

The  curve  represented  by  (4.8)  approaches  asymp- 
totically the  lines  t=-4^^  and  s=(M+2fiY.  Thus,  as 
would  be  expected,  this  contribution  to  ^13  only  occurs 
above  the  threshold  for  pion  production. 
.4 13  is  therefore  nonzero  for  t>ti,  where 

h  =  ha,  (M+^y<s<{M-{-2f.y; 

(M-f-2/x2)<5<oo  ; 

and  /=/i  is  the  cur/e  C13  of  Fig.  1.  We  cannot  be  sure 
that  contributions  from  other  intermediate  states  will 
not  extend  beyond  this  curve,  but  this  is  unlikely 
owing  to  the  greater  mass  of  these  states. 

The  curve  C23  is  obtained  from  C13  simply  by  chang- 
ing s  to  Sc.  C12  can  be  calculated  in  a  similar  way ;  we 
find  that 


Sc2 —  -^020) 

=  mm(Sc2a,Sc2b), 

where 


iM+fxy<s<{M-{-2^y 
(M+2m)"<5<«', 


(4.10) 


{Sc2a-Uy=2n 


s^-s{3AP+2n')-\-2(AP-ti''y 


[5-(M-fM)='][5-(M-«)2] 


I  5[5-(M+m)^][^-(M-m)^] 

Sc2bis)  =  s{Sc2a). 


(4.11) 

(4.12) 


The  equation  Sa=Sc2b  represents  in  fact  the  boundary 
of  the  region  in  which  ^1 12'  is  nonzero.  We  observe  that, 
once  the  pion-pion  interaction  has  been  included,  this 
region  approaches  asymptotically  the  line  5=  (Af-f-2^)' 
rather  than  the  line  s=9AP.  The  reason  is  that  processes 
represented  by  graphs  such  as  Fig.  4(b)  are  now  in- 
cluded in  our  approximation,  so  that  the  crossing  term 
will  include  the  contribution  from  Fig.  4(c),  the  inter- 
mediate state  of  which  involves  a  nucleon  and  two  pions. 

For  a  given  real  value  of  s,  the  absorptive  part  A 
of  the  scattering  amplitude  will  be  an  anal)rtic  function 
of  the  momentum  transfer  as  long  as 

h<t<h,  (4.13a) 

where  h  is  given  by  (4.9),  and  h  by  (4.10)  and  (2.13). 
The  expansion  in  partial  waves  will  converge  if 

-h-Aif<t<h,  (4.13b) 

as  —t\—A(f  is  always  greater  than  h. 


We  may  note  finally  one  interesting  point  concerning 
the  spectral  properties  of  the  scattering  amplitude.  The 
unitarity  condition  should,  strictly,  be  used  in  the 
physical  region  only,  and  the  results  extended  to  the 
unphysical  region  by  analytic  continuation.  This  has 
actually  been  done  for  the  reaction  I,  as  well  as  for  the 
reaction  III  with  t>AM^.  For  the  reaction  III  in  the 
region  A:n^<t<^M^,  we  should  apply  the  unitarity 
condition  with  the  nucleon  masses  taken,  not  on  the 
mass  shell,  but  at  some  smaller  value  where  all  the 
momenta  would  be  real.  The  result  should  then  be 
continued  analytically  onto  the  mass  shell.  In  our  case 
this  is  found  to  make  no  difference,  but  if,  in  addition 
to  the  nucleon,  we  had  a  baryon  whose  mass  Mb 
satisfied  the  inequality 

Mb''<M^-h\  (4.14) 

it  would  be  necessary  to  do  the  calculation  in  this  way. 
On  making  the  continuation  to  the  mass  shell,  it  would 
be  found  that  the  absorptive  part  Az  extended  below 
the  limit  f=4r}i'^.  It  has  been  shown  by  several  workers'* 
that,  if  an  inequality  such  as  (4.14)  is  satisfied,  the 
vertex  function  would  show  similar  spectral  properties. 
The  simplest  graph  to  exhibit  them  in  our  case  would  be 
Fig.  4(d),  which  will  obviously  have  properties  similar 
to  those  of  a  vertex  graph.  It  is  thus  seen  that  these 
spectral  abnormalities  would  not  limit  the  applicabihty 
of  our  method,  but,  on  the  contrary,  follow  from  it. 

S.  APPROXIMATION  SCHEME  FOR  OBTAINING 
THE  SCATTERING  AMPLITUDE 

In  the  methods  developed  in  the  previous  sections, 
the  unitarity  condition  for  the  reaction  I  is  satisfied 
for  all  angular-momentum  states  in  the  one-meson 
approximation.  The  imitarity  condition  for  the  reaction 
III  is  satisfied  only  for  5'  states  in  the  two-meson  or 
two-meson  plus  pair  approximations.  The  imitarity 
condition  for  higher  angular  momentixm  states  of  the 
reaction  III  is  not  satisfied,  but  the  scattering  ampli- 
tude shows  the  expected  behavior  at  the  threshold  for 
competing  real  processes. 

These  properties  suggest  immediately  a  further 
approximation  which  would  be  consistent  with  our 
other  approximations.  The  major  portion  of  the  work, 
and  certainly  the  major  part  of  the  computing  time, 
would  be  employed  in  calculating  the  spectral  functions, 
as  this  involves  finding  double  integrals  which  are 
themselves  functions  of  two  variables.  The  calculations 
would  therefore  be  simplified  if  we  neglected  those  con- 
tributions to  the  spectral  functions  which  begm  at  the 
threshold  for  processes  involving  more  than  two  par- 
ticles. The  only  contributions  to  ^13  and  ^23  left  would 
be  those  begiiming  at  /=4M2,  and  they  could  be  ob- 
tained by  inserting  the  ^-function  contribution  to  Bt 

»  Karplus,  Sommerfield,  and  Widiman,  Phys.  Rev.  Ill,  1187 
(1958)  •  Y  Nambu,  Nuovo  dmento  9,  610  ( 1958) ;  R.  Oebme,  Phys. 
Rev.  Ill,  1430  (1958). 
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into  (3.18).  The  spectral  function  Au  would  be  zero  in 
this  approximation. 

The  unitarity  condition  for  the  higher  angular  mo- 
mentum states  of  the  reaction  I  is  no  longer  satisfied. 
However,  the  terms  neglected  appear  by  their  form  to 
arise  from  intermediate  states  of  the  reaction  III  with 
more  than  two  particles,  so  that  the  approximation  is 
in  the  spirit  of  the  approximations  already  made.  We 
have  in  fact  made  precisely  this  approximation  in  the 
unitarity  condition  for  the  5  waves  of  the  reaction  III. 
The  unitarity  condition  for  the  low  angular  momentum 
states  of  the  reaction  I,  and  in  particular  for  the  states 
with  or  f ,  is  still  satisfied,  as  it  has  been  introduced 
separately.  The  present  approximation  treats  the  re- 
actions I,  II,  and  III  on  the  same  footing. 

To  summarize,  then,  our  method  of  procedure  will 
be  the  following:  The  first  few  angular  momentum 
states  of  Ai  and  ^3  are  found  on  the  assumption  that 
each  angular  momentum  state  is  an  analytic  function 
of  the  square  of  the  center-of-mass  energy  except  for  the 
perturbation  singularities  and  the  cuts  on  the  positive 
real  axis.  This  calculation  can  be  done  exactly  if  the 
discontinuity  across  the  cut  along  the  positive  real  axis 
is  determined  by  unitarity  (complications  arise,  as  the 
relations  connecting  a  and  b  with  A  and  B  involve 
square  roots  of  kinematical  factors,  but  the  methods 
can  be  modified  accordingly).  ^13  and  ^12  are  also  found 
as  just  described.  The  analytic  properties  of  the  low 
angular  momentum  states  are  now  determined  from  the 
analytic  properties  of  the  scattering  amplitude  given  by 
(2.12).  The  singularities  can  be  calculated  in  terms  of 
Ai,Ai,Az.  These  absorptive  parts  can  in  turn  be 
found  from  ^13  and  >l23  by  means  of  the  dispersion  rela- 
tions (2.16),  (2.17),  (2.19),  with  subtraction  terms 
which  can  be  obtained  from  the  low-angular-momentum 
states.  In  the  next  iteration,  all  the  singularities  of  the 
low  angular  momentum  states  except  that  along  the 
positive  real  axis  are  found  from  the  quantities  calcu- 
lated in  the  first  iteration,  and  the  singularity  along  the 
positive  real  axis  is  redetermined  from  the  unitarity 
condition.  The  iteration  procedure  is  repeated  until  it 
converges.  As  in  the  calculations  of  Sec.  4,  it  is  found 
necessary  to  cut  off  the  absorptive  parts  ^1,  ^2  and  ^3 
at  high  energies,  before  calculating  the  singularities  of 
the  low  angular  momentum  states  in  the  next  iteration. 
However,  the  cutoff  is  only  applied  above  the  threshold 
for  processes  neglected  in  the  unitarity  condition,  and 
in  particular,  above  the  threshold  for  pair  production  in 
the  reaction  I. 

This  approximation  could  be  regarded  as  the  first  of 
a  series  of  approximations  in  which  more  and  more  of 
the  contributions  to  the  spectral  functions  are  included, 
until  we  ultimately  reach  a  solution  in  which  the  unitar- 
ity condition  in  the  one-meson  approximation  is  satisfied 
for  every  angular  momentum  state.  In  the  higher  ap- 
proximations the  spectral  functions  are  no  longer  deter- 


mined by  perturbation  theory,  but,  once  the  contribu- 
tion from  the  crossing  term  enters,  they  will  have  to 
be  recalculated  after  each  iteration.  However,  it  would 
be  more  worthwhile  to  go  beyond  the  one-meson 
approximation  at  the  same  time  as  we  took  the  higher 
contributions  to  the  spectral  functions  into  account. 
In  other  words,  we  continue  to  put  the  reactions  I,  II, 
and  III  on  the  same  footing,  bringing  in  the  higher 
intermediate  states  of  all  three  together.  If  the  approxi- 
mation scheme  converged,  the  exact  unitarity  condition 
of  the  three  reactions  would  finally  be  satisfied  for  all 
angular  momentum  states.  Needless  to  say,  one  would 
not  in  practice  be  able  to  go  beyond  the  first  one  or  two 
approximations. 

The  number  of  angular  momentum  states  for  which 
the  unitarity  condition  is  applied  separately  will,  as 
has  been  explained  in  the  last  section,  depend  on  the 
behavior  of  A  and  B  a§  /  (or  Sc)  tends  to  infinity  with  s 
constant.  However,  in  our  first  approximation,  it 
should  be  suflScient  to  treat  separately  only  states  with 
and  j=^,  as  the  other  angular  momentum  states 
will  not  be  important  below  the  threshold  for  pion 
production.  If  we  went  beyond  the  one-meson  approxi- 
mation we  would  probably  have  to  treat  some  higher 
angular  momentum  states  separately  in  any  case,  since, 
for  instance,  two  pions  both  in  a  (3,3)  resonance  state 
with  a  nucleon  could  form  a  state.  For  reaction  III, 
one  would  have  to  treat  separately  5  states  and  possibly 
P  states  as  well. 

If  one  neglected  the  nucleon-antinucleon  intermediate 
state  in  the  reaction  III  and  only  took  the  two-pion 
intermediate  state  into  account,  all  three  spectral  func- 
tions An,  A23,  and  A^  would  be  zero,  since  they  all 
begin  above  the  threshold  for  processes  which  are 
being  neglected.  The  entire  scattering  amplitude  would 
then  consist  of  "subtraction  terms'*  for  one  or  other  of 
the  dispersion  relations.  This  may  be  the  best  first 
approximation  from  the  point  of  view  of  the  amount 
of  work  required  and  the  accuracy  of  the  result,  as  the 
nucleon-antinucleon  intermediate  state  is  a  good  deal 
heavier  than  muitipion  states  which  are  being  neglected. 
Though  the  spectral  functions  are  not  now  brought  in 
at  all,  it  will  of  course  be  realized  that  the  only  justifi- 
cation for  the  approximation  is  that  it  is  the  first  of  a 
series  of  approximations  which  do  involve  the  spectral 
functions.  In  this  approximation,  if  the  crossing  term 
is  neglected  in  the  calculation  of  the  pion-pion  scattering 
amphtude,  only  intermediate  S  states  occur  in  reaction 
III,  so  that  the  unitarity  condidon  for  the  P  states  will 
not  enter. 
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The  dispersion  relations  are  used  to  show  that 
for  particles  and  antiparticles  at  high  energies 

From  the  dispersion  relations  for  elastic  scatter- 
ing of  nucleons  throu^  angle  zero^"'  one  can  es- 
tablish that  the  total  Interaction  cross  sections  for 
nucleons  and  antinucleons  must  be  equal  at  suffi- 
ciently high  energies. 

To  be  specific,  let  us  consider  scattering  of 
protons  and  antiprotons  through  the  angle  zero. 
The  dispersion  relations  for  the  scattered  ampli- 
tudies,  averaged  over  spins,  are  of  the  form 


D,(£)  =  4-(l-t-^]D,(Af) 


(1) 


«-(£')! 


x»  M  -  ii^/lM  —  E 


4Tt» 


idE'  (£')  ,  o-(£')1 
—  \_E'-E  '  £'+£j 


D_  (£) 


10  +  ^)°- 


(Af) 


the  total  interaction  cross  sections  are  equal 


nentlally  for  large  values  of  the  impact  parameter 
p  ( here  the  form  of  the  factor  multiplying  the  ex- 
ponential is  entirely  insignificant).  Had  we  wished 
to  consider  the  electromagnetic  interaction  of  a 
proton  or  antiproton  with  a  proton,  we  could  have 
taken  into  acco\mt  the  screening  of  the  target  pro- 
ton charge  at  large  distances  by  the  atomic  elec- 
trons, and  also  obtained  a  constant  total  cross 
section  at  sufficiently  high  energies.  It  is  true 
that  in  this  way  a  constant  cross  section  would  be 
obtained  only  at  energies  of  the  order  of  E  ~ 
M'/me'  ~  lO"  ev.  If,  however,  we  were  not  to 
take  into  account  the  weak  electromagnetic  inter- 
action, then  up  to  a  quantity  of  order  e*  In  (E/M) 
the  total  cross  section  would  reach  a  constant 
value  even  at  an  energy  of  the  order  of  lO"  ev. 
Allowing  E  to  approach  infinity  and  maintaining 
only  the  largest  terms,  Eqs.  (1)  and  (l')  lead  to 


£'+£J 


pt  p»  r  idE'  [c^jE-)  q-(£'n 

i«/2iM  +  £+ 4Sii  ■7"L£'+£'^£'-£j 


Here  D+  ( E )  is  the  real  part  of  the  elastic  scat- 
tered amplitude,  averaged  over  spins,  for  a  proton 
of  energy  E  scattered  by  a  proton  at  rest,  D.  (E) 
is  the  real  part  of  the  elastic  scattered  amplitude 
for  an  antiproton  of  energy  E  scattered  by  a  pro- 
ton at  rest,  <t+  (E )  is  the  total  scattering  cross 
section  for  a  proton  with  energy  E,  and  (t_  (E) 
is  the  total  scattering  cross  section  for  an  anti- 
proton with  energy  E.  For  energies  from  zero  to 
M,  the  fimction  (T+(E)  is  the  analytic  continua- 
tion of  a+(E)  for  energies  E  >  M,  and  <t_(E) 
is  the  analytic  continuation  of  (t_  ( E )  into  the 
•nonphysical*  region  E  <  M. 

As  the  energy  E  approaches  infinity,  o-+(E) 
and  a_  ( E )  approach  the  constant  values  a+  ( « ) 
and  a_  ( « ) .  This  follows  simply  from  the  fact 
that  all  strong  interactions  approach  zero  expo- 


DJE) 


[D^{M)-  D_'M)]  —-^E 


p'  ( dE-  fq^  (£')  ,  q-  (£')] . 
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D.  (£)  =  ^  \D_  (M)  -  D,  (M)l  +  ^ 
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In  these  equations  let  us  first  consider  the  in- 
tegral from  M  to  «.  Starting  at  a  certain  en- 
ergy €,  both  cross  sections  a+  and  ff_  may  be 
considered  constant  and  equal  to  and 
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a_(<«).  We  may  therefore  write  (E  »  €)* 

_£^rra^^   1  

£=    f     (£')      g-  (E')^  dE' 


rf£'  fo^Joo)       g_  (oo) 
£'—  £       £'+  £ 


^l-rf£ 
t- J  £' 


d£' 


jElf  (oo)  ,  °-  M] 

471^3  £'  [£'—  £       £'+  £j  • 


When  E  »  €,  the  asymptotic  value  of  (3)  is 

^>^)[,_(,^)_a^(oo)]  (4) 

(where  we  have  assumed  that  <7_  ( «> )  /  (r+  ( «> )  ]. 
The  integral  from  M  to  e  is,  with  our  condi- 
tions, proportional  to  E: 


^[._(E')-o^(E')]f. 


(5) 


By  combining  (3),  (4),  and  (5),  Eqs.  (2)  and  (2')  be- 
come 


(6) 


DAE)  =  E 


\  D_  (M)  -      (M)  , 


+  4P  (6') 

d 

M  ■"  ^  ] 

We  see  that  if  or+  («>)    (r_  («),  the  principal 
term  which  determines  D+(E)  and  D_(E)  in- 
creases faster  than  E,  and  is  proportional  to  E 
X  ln(E/€).  This  result  contradicts  the  conclusion 
that  the  interaction  decays  exponentially  for  large 
distances.  Let  us  write  out  the  general  expression 


♦Let  us  bear  in  mind  that  we  take  the  principal  part  of  the 
integral  at  the  point  E'  =  E.  The  same  is  true  with  respect  to 
the  singularity  at  E  =  M  (where  a.  approaches  «  as  1/v,  with 
V  being  the  velocity).  In  treating  this  singularity,  one  must 
treat  simultaneously  the  intervals  from  zero  to  M  and  from  M 
to  e. 


for  the  elastic  scattered  amplitude  A(0)  for  the 
angle  zero.  For  simplicity,  we  shall  not  take  ac- 
count of  spin,  noting  that  the  orbital  quantum  num- 
ber i  is  very  large  at  high  energies,  so  that  the 
replacement  of  I  by  i  ±  1,  which  must  be  made 
in  order  to  account  for  spin,  will  change  nothing 
in  the  following  considerations. 

At  high  energies,  when  I  »  1,  we  have 


(7) 


where  tji  is  the  phase  of  the  wave  with  orbital 
angular  momentum  I.  For  large  I  we  may  use 
the  semiclassical  impact  parameter  l/E.  When 
1/E  is  much  larger  than  the  radius  of  the  inter- 
action p   (which  is  of  the  order  of  the  Compton 
wavelength  of  the  ?r  meson),  t}|  decays  exponen- 
tially with  I.  It  follows  from  this  that  the  effec- 
tive upper  limit  in  Eq.  (7)  is  a  quantity  of  order 
Ep.  (This  result  is  independent  of  the  form  of  the 
factor  multiplying  the  exponential  of  the  interac- 
tion.) 

Since  the  modulus  of  e^*^'  -  1  is  no  greater 
than  2,  the  order  of  magnitude  of  the  modulus  of 
A(0)  is 


l>l(0)l<C£p^  C~l. 


(8) 


It  follows  from  this  that  D±  ( E )  cannot  contain 
terms  proportional  to  (o'+('»)  -  a. («)]£ ln(E/€). 
Therefore  ♦ 

a^(3o)  =  o_  (oo).  (9) 

Thus  at  large  energies  the  total  antiproton  and 
proton  cross  sections  are  equal.  When  we  recall 
that  at  energies  of  several  hundreds  of  Mev  these 
cross  sections  are  very  different  (ff_  is  much 
greater*'*  than  o'+),  it  becomes  evident  that  at 
large  energies  we  should  expect  (me  or  both  of 
these  cross  sections  to  be  highly  energy  depend- 
ent. 

An  equation  similar  to  (9)  should  hold  also  for 
the  asymptotic  values  of  the  total  cross  sections 
CTjj  ( «» )  and  o"5j  ( * )  for  neutrons  and  antineutrons 
on  protons,  namely 

a-(oc)- c„(oo).  (10) 

From  statistical  considerations  and  the  re- 
quirement of  isotopic  invariance,®  we  may  estab- 
lish the  equality  of  <Tn(*)  aJid  o"+(«'),  as  well 
as  that  of  0|j(«')  and  (t _(<»).  At  high  energies, 
therefore,  the  proton,  the  neutron,  the  antiproton, 
and  the  antineutron  should  all  have  the  same  lim- 


*Equation  (9)  has  been  derived  in  a  different  way  by  B.  V. 
Medvedev  and  D.  V.  Shirkov. 
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iting  values  for  their  cross  sections. 

Similar  considerations  hold  also  for  K  mesons. 
This  means  that  at  sufficiently  hi^  energies  (of 
the  order  of  10*"  ev,  if  electromagnetic  interac- 
tions are  not  taken  into  accoimt)  the  K"*^,  K",  K", 
and  k"  mesons  should  all  have  the  same  total 
cross  section.  Similarly,  the  ir"*"  and  tt"  cross 
sections  should  also  approach  equalitj'  as  E  —■  <»] 
i;  we  apply  our  result  to  hyperons,  we  obtain  the 
following. 

(1)  The  A  and  anti-A  (i.e.,  the  A)  have  the 
same  cross  section  <^/^i'^h  _ 

(2)  The  2+,  S",  r«,  2+,  5",  and  cross 
sections  approach  the  common  value  (rj,{oo)  as 

(3)  The  2",  S",  S",  so  have  the  same  cross 
section  cr-(«>). 

We  note"  also  that  from  (2),  (2'),  and  (9)  it  fol- 
lows that  at  large  energies  the  main  contributions 
to  D+(E)  and  D_(E)  are  proportional  to  E 
and  differ  only  in  sign.  This  together  with  (9) 
shows  that  the  differential  cross  sections  for  elas- 
tic scattering  of  nucleons  and  antinucleons  by  nu- 
cieons  through  the  angle  zero  approach  equality  as 

In  conclusion,  I  should  like  to  thank  N.  N.  Bo- 
goliubov,  B.  L.  loffe,  L.  D.  Landau,  B.  V.  Medve- 
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It  is  shown  that  sufficiency  conditions  for  the  vaUdity  of  the  Mandelstam  representation  of  a  collision 
amplitude  can  be  stated  in  terms  of  the  location  of  singularities  of  its  physical  branch  when  one  of  the  energy 
variables  is  real  and  positive  and  the  second  mdependent  energy  variable  is  complex.  It  is  also  shov/n  that 
in  perturbation  theory  the  real  singularities  of  the  physical  branch  must  correspond  to  positive  Feynman 
parameters  provided  that  none  of  the  curves  of  singularities  identified  in  this  way  have  turning  points  in 
positive  spectral  regions.  The  same  condition  will  exclude  complex  singularities  in  the  physical  sheet  that 
are  connected  to  the  curves  of  singularities  on  its  real  boundary.  If  there  are  any  disconnected  complex 
singularities  they  must  correspond  to  complex  Feynman  parameters. 

It  is  concluded  that  sufficiency  conditions  for  the  Mandelstam  representation  are  the  absence  of  turning 
pomts  m  positive  spectral  regions  and  the  absence  v  of  disconnected  complex  singularities  in  the  physical 
sheet.  In  the  equal-mass  case  these  conditions  are  both  necessary  and  sufficient,  and  real  singularities  in  the 
physical  sheet  can  be  identified  by  requiring  that  the  Feynman  parameters  shall  be  positive.  The  conditions 
are  satisfied  by  ladder  diagrams  when  there  are  no  anomalous  thresholds.  [It  has  now  been  proved  that  the 
representation  is  correct  for  every  order  in  perturbation  theory.  See  Phys.  Rev.  Letters  5,  213  (September  1 
1960),  letter  by  the  author.  The  proof  requires  some  of  the  results  of  this  paper.] 


I.  INTRODUCTION 

THE  aim  of  this  paper  is  to  obtain  sufficiency 
conditions  for  the  vahdity  of  the  Mandelstam 
representation^  in  a  form  that  is  convenient  for  study 
in  perturbation  theory.  The  Mandelstam  represen- 
tation impUes  that  a  scattering  amplitude  has  a  branch 
that  is  analytic  in  the  complex  planes  of  the  invariant 
energies,  s,  t,  and  u  except  for  branch  cuts  and  poles 
on  the  positive  real  axes.  These  are  defined  by  the 
equations 

s=(pi^p2y,    t=(pi-{-p,y,    u=^{p,+pzy,  (1.1) 

and 

4  4 

Zpi=0,  p^=Mi\  s-\-t+u=j:  (1.2) 
1  1 

where  pi  are  the  external  four-momenta  of  the  colliding 
particles.  In  Sec.  2,  it  is  shown  that  sufficiency  con- 
ditions for  the  representation  can  be  stated  in  terms  of 
the  location  of  singularities  of  the  physical  branch  of 
the  amplitude  A  {s,t,u)  when  one  of  the  variables  s,  t,  u 
is  real  and  positive. 

In  order  to  study  whether  these  conditions  are  in 
fact  satisfied  by  an  amplitude  denned  by  a  perturbation 
solution  in  quantum  field  theory,  we  must  have  a 
method  for  locating  singularities  of  the  physical  branch 
without  considering  also  those  of  the  more  complicated 
unphysical  branches.  The  physical  branch  is  defined 
so  that  it  satisfies  the  causality  requirements  of  quan- 
tum field  theory  in  the  physical  scattering  regions  of 
the  real,  s,  t,  u  plane  which  forms  the  boundary  of  the 
physical  sheets  of  the  complex  planes.  This  definition 
leads  to  the  usual  prescription  of  associating  every 

^This  work  was  performed  under  the  auspices  of  the  U.  S. 
Atomic  Energy  Commission, 
t  On  leave  of  absence  from  Clare  College,  Cambridge,  England 
» S.  Mandelstam,  Phys.  Rev.  112,  1344  (1958). 


internal  mass  with  a  small  negative  imaginary  part  to 
give  (fn^~U)  in  the  Feynman  integrals  of  the  per- 
turbation series.  Singularities  of  these  integrals  can 
always  be  associated  with  critical  values  of  the  Feynman 
parameters  in  their  integrands.  It  is  shown  in  Sec.  3 
that  under  certain  conditions  the  real  singularities  of 
the  physical  branch  can  be  identified  by  the  require- 
ment that  the  critical  values  of  the  Fe5aiman  parame- 
ters must  be  positive.  The  conditions  used  are  the 
absence  of  turning  points  in  those  curves  of  singularities 
for  which  the  Feynman  parameters  are  positive.  These 
conditions  are  sufficient,  but  probably  are  not  always 
necessary  in  the  general  mass  case.  They  also  ensure 
the  absence  of  complex  singularities  that  connect  to 
real  curves  of  singularities  on  the  boundary  of  the 
physical  sheet.  These  conclusions  are  not  affected  by 
the  possible  existence  of  disconnected  complex  singu- 
larities. If  these  do  exist,  the  Mandelstam  represen- 
tation would  have  to  be  modified  by  the  addition  of 
complex  contours  of  integration. 

The  restriction  to  positive  Feymnan  parameters 
greatly  simplifies  the  discussion  of  curves  of  singu- 
larities. The  problem  of  determining  whether  an  ampli- 
tude given  by  a  perturbation  series  satisfies  these 
conditions  has  been  discussed  elsewhere.^  Some  results 
of  that  paper  (hereinafter  denoted  as  I)  v/ill  be  used  in 
Sec.  3. 

II.  SUFFICIENCY  CONDITIONS 

In  this  section  we  obtain  conditions  on  the  location 
of  the  singularities  of  a  branch  of  a  collision  amplitude 
for  it  to  satisfy  the  Mandelstam  representation.  The 
representation  will  be  established  by  a  double  appli- 
cation of  Cauchy's  theorem  by  making  explicit  as- 
sumptions about  the  location  of  singularities.  These 


=»R.  J.  Eden,  Phys.  Rev.  119,  1763  (1960). 
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assumptions  then  provide  the  sufficiency  conditions 
that  we  require. 

For  simphcity  we  use  the  equal-mass  problem  to 
illustrate  our  assumptions.  The  general  mass  case 
requires  special  consideration  in  the  problem  of  proving 
these  assumptions,  but  in  estabhshing  their  sufficiency 
it  has  no  special  significance. 

Assumption  2 A 


singularities  in  the  complex  /  plane  except  for  branch 
points  on  the  real  axis  in  the  ranges  Am'^<t,  and  t<  —s. 

We  can  allow  e  in  Eq.  (2.1)  to  tend  to  zero  except  in 
a  negligible  part  of  the  contours  of  integration.  The 
assumption  2C  permits  a  second  appUcation  of  Cauchy's 
theorem,  which  transforms  the  first  integral  on  the 
right  of  Eq.  (2.1)  into  a  double-dispersion  integral. 
The  appropriate  contours  are  denoted  (c)  and  {d)  in 
Fig.  1,  and  the  double  integral  is 


There  is  a  region  of  the  real  s,  i  plane  and  a  complex       i  ,  , 

neighborhood  of  this  region  in  which  the  ampHtude  —- —  I  ds'  j  dt'-— 
^(5,0  has  no  singularities  or  branch  cuts.  ^^ttz)  ^.^^  is 


{s'-s)(t'-t) 


Assumption  2B 

With  t  real  and  within  the  bounds  set  by  the  analytic 
region  of  assumption  2A,  the  amplitude  A  {s,t)  has  no 
singularities  in  the  complex  5  plane  except  for  branch 
points  or  poles  on  the  real  axis. 

We  will  not  explicitly  include  poles  in  our  formulas, 
since  they  give  only  trivial  changes.  The  region  of 
analyticity  in  the  equal-mass  case  has  been  obtained 
in  1.  A  single  application  of  Cauchy's  theorem  in  the 
complex  ^  plane  gives, 


A{s 


1 

liri 


[^(5'+u,  t)-A{s'-ie,  /)] 

__  ds 

(s'-s) 

-lA  {s'-\-ie,  t)-Ais'-ie,  0] 


ds'.  (2.1) 


The  region  of  analyticity  and  the  two  integration  con- 
tours are  illustrated  in  Fig.  1,  where  the  contours  are 
denoted  (a)  and  (b). 

Assumption  2C 

For  all  real  and  positive  values  of  ^  except  for  a 
discrete  set  of  points,  the  amplitude  ^(^,0  has  no 


Fig.  1.  The  real  s,  t,  u  plane  (m  = 


^m^-s-t).  Branch  points 
t,  u  are 


and  contours  of  integration  in  the  complex  planes  of  s 
indicated. 


1  P2(w'/) 
+   I    du'      ds'  ,  (2.2) 

{2iriyJ,m^        J  {U'-U){S'-S) 

where 

p^{s',t')  =  \imitlA{s'-\-ie,  t'-\-ie)-A{s'-ie,  t'-\-ie) 
«->o 

-A{s'-\-ie,  t'-ie)+A(s'-ie,  Z'-ie)]  (2.3) 

and  P2(u',s')  is  defined  from  Eq.  (2.3)  by  the  sub- 
stitution 

t'  =  Am''-s'-u'.  (2.4) 

If  we  made  an  assumption  similar  to  assumption  2C 
but  for  5  real  and  negative,  the  integrand  of  the  second 
integral  on  the  right  of  Eq.  (2.1)  could  be  transformed 
by  Cauchy's  theorem,  and  we  could  formally  obtain  a 
double  integral.  However  this  would  not  be  in  a  useful 
form.  This  is  clear  from  Fig.  1,  which  shows  that  the 
values  of  /  in  the  integrand  that  we  wish  to  transform 
lie  on  the  cut  in  the  complex  t  plane.  Hence  there  would 
be  an  essential  contribution  to  the  integral  from  the 
neighborhood  of  these  values. 

A  useful  transformation  of  the  integrand  of  the  second 
integral  in  Eq.  (2.1)  can  be  obtained  by  using  obUque 
axes.  These  are  defined  by  a  contour  along  which  u  is 
fixed  and  real.  We  require  a  further  assumption. 

Assumption  2D 

For  all  real  and  positive  values  of  u  except  for  a 
discrete  set  of  points,  the  amplitude  A{^m^-t—u,u) 
has  no  singularities  in  the  complex  t  plane  except  for 
branch  points  on  the  real  axis  in  the  ranges  4m'^<t,  and 
t<-u. 

With  this  assumption,  the  integrand  of  the  second 
integral  in  Eq.  (2.1)  can  be  transformed  into  a  dis- 
persion integral  along  the  contours  {e)  and  (/)  in  Fig. 
1.  This  leads  to  double-dispersion  integrals 


—  r    ds,  f 

{liriY  J-t  -J 4m'' 


dt. 


^it',u') 


'(t-t)(u'-u) 


  r     dsi  f  ds2 — 


>iu'/) 


u){s'-s) 


(2.5) 
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t  =  4m2 


u=4m' 


Fig.  2.  The  real  s,  t,  u  plane  showing  contours  used  in  the 
second  double  application  of  Cauchy's  theorem. 

The  integration  elements  dsi  are  taken  with  fixed, 
and  dti  and  ds^  are  taken  with  u'  fixed.  The  function 
Pz(t',u')  is  obtained  from  Eq.  (2.3)  by  using  Eq.  (2.4). 

By  repeating  the  above-  procedure  with  the  first 
transformation  made  in  the  complex  /  plane,  we  obtain 
integrals  along  the  paths  (a'),  (b'),  (c'),  (d'),  (e'),  and 
(/')  in  Fig.  2.  Clearly  the  double  integrals  are  over  the 
same  regions  as  those  in  expressions  (2.2)  and  (2.5). 
An  additional  assumption  has  to  be  made. 

Assumption  2E 

For  all  real  and  positive  values  of  /  except  for  a 
discrete  set  of  points,  the  amplitude  A(s,l)  has  no 
singularities  in  the  complex  s  plane  except  for  branch 
points  on  the  real  axis  in  the  ranges  4m^<s,  and  s<-L 

The  integrals  over  oblique  axes  in  this  second  case 
are  the  same  as  in  expression  (2.5),  but  the  integration 
elements  are  now  dh  taken  with  s'  fixed,  and  dt2  and 
ds2  taken  with  fixed  as  before.  Using  Eq.  (2.4),  we 
have 

du'=-ds'-dt'=-dsi-dh.  (2.6)  where 

This  permits  us  to  combine  the  double  integrals.  After 
dividing  by  two,  we  obtam  the  Mahdelstam  repre- 
sentation for  A{s,t),  namely,  the  two  terms  shown  in 
expression  (2.2)  and  the  term 


III.  THE  PHYSICAL  BRANCH  OF  A 
COLLISION  AMPLITUDE 

The  Mandelstam  representation  assumes  it  is  the 
physical  branch  of  a  collision  amplitude  that  has  the 
simple  analyticity  properties  that  were  discussed  in 
Sec.  2.  In  this  section  we  show  that  the  definition  of 
the  physical  branch  in  perturbation  theory  in  terms  of 
the  Feynman  amplitude  in  the  real  scattering  regions 
sufficient  under  certain  conditions  to  define  the  ampli- 
tude unambiguously  throughout  the  physical  sheet.  It 
is  shown  further  that  real  singularities  of  the  physical 
branch  under  the  same  conditions  can  be  identified  by 
requiring  critical  values  of  Feynman  parameters  to  be 
real  and  positive. 

A.  The  Real  Boundaiy  of  the  Physical  Sheet 

A  scattering  amplitude  satisfying  causality  conditions 
and  giving  the  correct  scattering  in  physical  parts  of 
the  real  s,  t  plane  can  be  expressed  as  a  sum  of  terms 
corresponding  to  the  Feynman  diagrams  for  the  per- 
turbation series.  Each  term  has  the  form 

F(^,0  =  limit  c  f  dkv  ■■  fdkifl  ^-   (3.1) 

J  J  ,=1  (^.2_^.2+^,) 

in  which  is  the  four-momentum  in  an  internal  line 
and  depends  linearly  on  the  internal  momenta  kj  and 
the  external  momenta  pk. 

The  integral  on  the  right  of  Eq.  (3.1)  can  be  trans- 
formed, giving 

F.(s,t)  =  cij'dkv"  JdkiJ  dav 


Xj    da       ,  (3.2) 


[^(^,a,/»)]"+i 


Hk,a,p)  =  Zctiiqi'-m,'+ie). 
1=1 


(3.3) 


r  dt'  f  du'- 


P3  (/',«') 


In  the  physical  scattering  regions,  each  four-momentum 
qi  is  a  real  Minkowski  vector.  Hence  for  e>0  we  have 


(/'-/)(«'-«) 


(2.7) 


qi'-mi'-^U9^0. 


(3.4) 


For  the  complete  amplitude,  pi,  p^,  and  ps  will  be  the 
same  functions  in  the  equal-mass  case.  For  parts  of 
the  amphtude,  such  as  terms  in  the  perturbation  series, 
they  will  not  in  general  be  the  same  functions. 

We  conclude  that  sufficiency  conditions  for  the 
Mandelstam  representation  require  (a)  a  real  region 
and  its  complex  neighborhood  in  which  a  branch  of 
the  amplitude  A(s,t,u)  is  free  from  singularities,  and 
(b)  analyticity  when  each  variable  in  turn  is  real  and 
positive  and  the  others  are  complex  but  satisfv  Ea 
(1.2).  ^  ^ 


This  proves  that  for  e>0  in  the  physical  scattering 
regions,  F,{s,t)  is  nonsingidar.  It  is  known  also  that  as 
e  tends  to  zero  in  these  regions  the  amplitude  becomes 
singular  at  normal  thresholds,  and  its  component  F 
may  become  singular  at  these  points.  The  amplitude 
may  also  have  singularities  below  the  first  normal 
threshold  if  certain  mass  inequalities  hold.  These 
singularities  give  anomalous  thresholds.  If  there  are 
no  anomalous  thresholds,  the  Euclidean  region  of  the 
real  s,  real  t  plane  is  free  from  singularities  (see  I,  Sec. 
4  and  8). 

The  real  s,  real  /  plane  is  defined  as  the  boundary  of 
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the  physical  sheets  in  5,  t,  and  u  by  taking  branch  cuts 
in  the  complex  planes  of  these  variables  along  their 
real  axes  from  the  leading  real  branch  point  to  infinity. 
In  order  to  make  this  definition  meaningful,  we  must 
show  that  the  physical  branch  of  the  amplitude  can 
be  defined  near  the  real  boundary  of  the  physical  sheet. 

B.  Near  the  Real  Boundary  of  the 
Physical  Sheet 

When  6  is  positive,  the  integration  in  Eq.  (3.2)  over 
the  internal  momenta  can  be  carried  out  unambigu- 
ously. This  gives 

F.M  =  C2      dax'"\    dan    ,(3.5) 

where  Dt  is  the  discriminant  of  ^  as  a  function  of  k, 
and  C  is  the  discriminant  of  obtained  from  ^  by 
putting  w»=0,  5=0,  and  /=0.  The  discriminant  Z)«  has 
the  form 

D.{a,s,t)  =  sf(a)-^tg{a)-K,{a),  (3.6) 

where  Kt{a)  is  a  function  of  the  external  masses  ikfr^ 
the  internal  masses  m^—it,  and  the  variables  a.  The 
coefficient  of  is  C(a),  which  is  positive  when  the 
variables  a  are  real  and  positive  since  it  is  then  the 
discriminant  of  a  positive  definite  quadratic  form.  It 
follows  that  with  €>0,  and  5  and  t  both  real,  we  have 

Z).(a,5,/)5^0  (3.7) 

along  tJie  path  of  integration  in  the  a  variables.  This 
result  shows  that  analytic  continuation  through  the 
whole  of  the  real  s,  real  /  plane  can  be  carried  out  for 

F.(5,0.  ,   ^  ^ 

For  certain  real  values  of  5  and  t,  F«(5,/)  becomes 
singular  as  e  goes  to  zero.  At  these  values  the  singu- 
larities of  the  mtegrand  of  Eq.  (3.5)  either  pinch  the 
contour  of  integration  or  occur  at  the  end  point,  a,==0. 
These  singularities  are  zeros  of  D{a,s,t)  as  a  function 
of  the  a  variables.  They  must  also  occur  at  real  positive 
values  of  each  a,-,  since,  when  e  is  positive,  Eq.  (3.?) 
holds  and  it  is  never  necessary  to  distort  the  contour 
of  integration  from  the  real  path,  0  to  1. 

If  there  are  no  turning  points  in  the  airves  of  singu- 
larities, /(a)  and  g{a)  are  both  positive  at  the  critical 
a  values  that  correspond  to  a  singular  point  of  the 
amplitude  (see  I,  particularly  Sec.  7).  We  wiU  assume 
for  this  discussion  that  this  condition  is  valid.  Then 
near  the  critical  values  of  a  we  can  write 

Z).(a,5,0=  is+U')j{a)+{t^U")g{ci)-K{a)  (3.8) 

=Z)(a,  s-\-u\  t-^ie")  (3.9) 

where  «'  and  e."  are  positive,  and 

K{a)^K(,.M-  (3.10) 

The  relation  (3.8)  is  not  valid  in  general  at  all 
positive  values  of  a,  since  /  and  g  do  not  always  remain 


positive  away  from  the  critical  values  of  a.  However, 
away  from  these  values,  at  least  one  of  the  ai  will  give 
singularities  that  are  not  coincident,  and  they  can 
therefore  be  avoided  by  a  suitable  small  distortion  of 
the  contour  of  integration.  This  distortion  is  not  re- 
quired near  the  critical  values  of  a,  where  the  imaginary 
part  of  5  or  /  suffices  to  prevent  the  singularities  being 
on  the  contour  of  integration. 

At  a  normal  threshold  in  5,  for  example,  g{a)  is  zero. 
Then  the  singularity  can  be  avoided  by  giving  s  a  small 
positive  imaginary  part.  The  above  discussion  of  curves 
of  singularities  shows  that,  in  the  absence  of  turning 
points,  a  small  positive  imaginary  part  in  5  will  also 
avoid  these  singvdarities  in  the  region  where  5  is  positive. 
For  a  discrete  set  of  real  values  of  /  (the  normal 
thresholds),  the  location  of  singularities  is  independent 
of  s,  but  analytic  continuation  past  them  is  defined  by 
giving  t  a  small  positive  imaginary  part.  The  discussion 
can  be  extended  in  an  obvious  manner  to  regions  where 
the  variable  u  is  positive.  These  results  are  summarized 
in  the  following  theorem. 

Theorem  3 A 

Provided  there  are  no  turning  points  in  the  curves 
of  singularities  of  the  physical  branch  of  the  amplitude 
in  positive  spectral  regions,  the  amplitude  can  be 
analytically  continued  through  the  complex  neighbor- 
hood of  the  real  boundary  of  the  physical  sheet. 

C.  Positive  Feynman  Parameters  and  the 
Physical  Branch  of  the  Amplitude 

We  consider  first  the  situation  in  which  the  curves 
of  singularities  have  no  turning  points.  From  Theorem 
3A  the  amplitude  is  single-valued  under  analytic  con- 
tinuation near  the  entire  real  boundary  of  the  physical 
sheet.  In  the  limit  as  the  real  boundary  is  approached 
there  may  be  singularities.  These  singularities  must 
correspond  to  positive  values  of  the  Feynman  parame- 
ters a,  since  the  path  of  integration  does  not  need  to  be 
distorted  in  any  significant  way  in  the  complex  neigh- 
borhood of  the  boundary.  It  follows  that  negative 
Feynman  parameters  are  important  on  or  near  the 
real  boundary  only  if  the  amplitude  is  not  single-valued 
on  the  physical  sheet.  It  can  be  multivalued  only  if 
there  are  complex  singularities.  From  Theorem  3A 
these  cannot  be  connected  to  singularities  on  the  real 
boundary.  Hence  they  must  be  disconnected  complex 
singularities.  Even  if  these  disconnected  singularities 
exist,  we  can  still  choose  that  branch  of  the  function 
whose  singularities  are  given  by  the  positive  a  condition 
and  make  it  single-valued  by  introducing  suitable 
branch  cuts  in  the  complex  part  of  the  physical  sheet. 
This  will  be  the  physical  branch  of  the  function. 

Theorem  3B 

Provided  there  are  no  turning  points  in  curves  of 
singularities  obtained  with  the  positive  condition  on 
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the  Feynman  parameters,  the  physical  branch  of  the 
amplitude  can  be  defined  so  that  (a)  it  is  single-valued 
in  the  physical  sheet,  and  (b)  all  its  singularities  on 
the  real  boundary  of  the  physical  sheet  are  given  by 
the  positive  condition  on  the  Feynman  parameters. 

This  discussion  assumes  the  absence  of  turning 
points.  K  there  are  spurious  turning  points  (see  I, 
Sec.  7D),  there  will  be  complex  branch  cuts  which 
prevent  the  simple  analytic  continuation  obtained  in 
Theorem  3A.  With  anomalous  turning  points,  there  are 
two  possibilities.  Either  the  resultmg  complex  singu- 
larities go  into  a  nonphysical  sheet,  in  which  case 
Theorem  3A  will  still  be  valid,  or  they  remain  in  the 
physical  sheet  and  connect  to  real  singularities  on 
another  branch  of  the  oirve  of  singularities.  In  the 
latter  case,  the  conditions  of  Theorem  3A  do  not  hold, 
and  Feynman  parameters  may  not  always  be  positive 
for  the  physical  branch  of  the  amplitude.  Barmawi 
has  pointed  out  that  this  happens  in  fourth-order 
perturbation  theory  with  superanomalous  thre^lds 
and  the  physical  branch  has  some  singularities  corre- 
sponding to  negative  Feynman  parameters.^ 

In  the  equal-mass  case,  there  are  no  anomalous 
thresholds.  Hence  any  turning  points  that  exist  must 
be  spurious,  and  if  they  occur  in  positive  spectral 
regions,  they  will  cause  a  breakdown  of  the  Mandelstam 
representation.  Hence  in  this  case  the  absence  of 
turning  points  in  positive  spectral  regions  is  also  a 
necessary  condition  for  the  validity  of  the  represen- 
tation. 

D.  Disconnected  Complex  Singularities 

When  s  is  real  and  t  is  complex  with  a  positive 
imaginary  part,  we  can  see  from  Eq.  (3.8)  that  D(a,s,t) 
is  nonzero  provided  a  is  real  and  ^(a)  is  nonzero.  Thus 
the  zeros  of  D  do  not  cross  the  real  a  axis  except  where 
is  zero.  In  the  sunple  case  of  ladder  diagrams,  or 
diagrams  formed  by  reducing  ladders,  the  functions 
/(a)  and  g.(a)  consist  only  of  positive  terms  on  the  path 
of  integration.  Then  unless  there  are  anomalous 
thresholds,  D  will  not  vanish  for  s  real  and  /  complex, 
and  there  will  be  no  disconnected  complex  singularities. 
For  the  equal-mass  case,  ladder  diagrams  have  no 
ajiomalous  thresholds  and  hence  no  disconnected 
singularities,  nor  do  they  have  spurious  turning  points. 

» M.  Barmawi,  Physics  Department,  University  of  Chicago 
(pnvate  commumcation). 


It  follows  that  these  ladder  diagrams  satisfy  the 
Mandelstam  representation.  This  result  has  also  been 
proved  by  Cutkowski^  and  by  Wanders^  using  the 
Bethe-Salpeter  equation. 

In  general,  in  a  region  where  g(a)  is  negative,  some 
of  the  zeros  of  D  will  cross  the  real  a  axis  as  /  goes 
complex,  and  will  lead  to  distortion  of  the  contour  of 
integration.  When  t  is  nearly  real,  this  distortion  is 
um'mportant,  as  was  seen  in  Theorem  3A.  As  the 
imaginary  part  of  t  increases,  the  variables  a  become 
complex  and  the  condition  that  g(a)  vanishes  is  no 
longer  necessary  for  other  zeros  of  D  to  cross  the  real 
a  axis.  There  may  then  be  new  coincident  singularities 
of  the  integrand  on  the  right  of  Eq.  (3.5).  It  is  still 
necessary  for  D  as  well  as  its  derivatives  with  respect 
to  each  ai  to  be  zero  if  the  integral  in  Eq.  (3.5)  is  also 
to  be  singular.  The  latter  condition  cannot  be  satisfied 
unless  some  of  the  a,-  are  complex. 

If  there  are  such  disconnected  complex  singularities, 
they  will  cause  a  breakdown  of  the  Mandelstam  rep- 
resentation by  the  introduction  of  additional  branch 
cuts  in  the  physical  sheet.  The  difiiculty  in  eliminating 
the  possibility  that  they  exist  lies  in  their  very  tenuous 
relation  to  the  positive  condition  on  Feynman  parame- 
ters, which  holds  only  for  real  singularities  under  the 
conditions  discussed  earlier.  This  obscures  the  identi- 
fication of  the  Riemann  sheets  in  which  disconnected 
complex  singularities  occur,  since  in  all  sheets  including 
the  physical  one,  they  involve  Feynman  parameters 
that  are  complex  and  have  no  simple  relation  to  their 
values  for  real  singularities. 

Note  added  in  proof.  It  has  now  been  proved  that 
every  term  in  the  perturbation  expansion  of  the  scatter- 
ing amplitude  satisfies  the  Mandelstam  representation. 
The  proof  will  be  described  in  a  paper  by  the  author  to 
be  submitted  to  the  Physical  Review.  The  proof  was 
outiined  at  the  Rochester  Conference  1960,  and  in  Phys. 
Rev.  Letters  5,  213  (September  1,  1960). 
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The  Application  of  Dispersion  Relations  in  Quantum  Field  Theory^) 

S.  Gasiorowicz^) 

Max-Planck-Institute  for  Physics  and  Astrophysics 
Munich 

I.  Introduction 

In  recent  years  much  effort  has  gone  into  the  study  of  implications  of  those 
assumptions  of  quantum  field  theory  which  are  model-independent,  i.  e.  which  do 
not  depend  on  the  particular  form  of  the  equations  of  motion.  It  has  been  found 
that  Lorentz  invariance,  local  commutativity  („microscopic  causality")  and 
simple  considerations  of  the  spectrum  of  the  energy  operator  are  sufficient  to 
establish  as  generally  true  a  number  of  properties  which  had  earlier  been  dis- 
covered in  perturbation  treatments  of  particular  interactions.  From  a  practical 
point  of  view,  the  most  useful  of  these  have  been  the  analyticity  properties  of 
matrix  elements  of  the  <Sf-matrix,  because  the  expression  of  these  in  terms  of 
dispersion  relations  has  in  some  cases  led  to  relations  between  experimentally 
measurable  quantities.  The  agreement  of  these  relations  with  experiment  has  been 
encouraging,  and  the  very  weak  „model-dependence"  of  the  dispersion  relations 
has  led  to  the  hope  that  by  the  use  of  the  correct  analyticity  and  unitarity  pro- 
perties one  may  go  a  long  way  towards  fixing  the  forms  of  the  scattering  ampli- 
tudes. This  hope  has  been  responsible  for  a  new  approach  to  approximation 
methods  in  quantum  field  theory :  the  emphasis  is  now  on  incorporating  as  many 
of  the  model-independent  features  as  possible  into  a  general  representation  of  the 
scattering  amplitude.  This  is  to  be  contrasted  with  earlier  attempts  to  mould  the 
approximate  equations  of  motion  after  the  form  of  the  Hamiltonian  postulated  to 
represent  the  interaction.  The  new  methods  have  the  advantage  that  no  renor- 
malization  procedure  is  necessary  —  an  important  advantage  since  some  of  the 
earlier  approximation  methods  could  not  be  renormalized  —  and  they  appear  to 
be  more  convincing  than  the  selective  summing  up  of  patterns  of  Feynman 
graphs. 

This  article  provides  a  fairly  detailed,  if  selective,  summary  of  the  assumptions 
made,  and  the  methods  used  in  most  recent  approaches  to  the  meson-nucleon 
problem.  In  sec.  II  the  expression  of  ^-matrix  elements  in  terms  of  operators  is 
reviewed;  in  sec.  Ill  the  relation  between  the  /S'-matrix  elements  and  the  scattering 
amplitude  is  obtained,  and  some  of  the  complications  coming  from  spin  and  i-spin 
are  discussed  (see  also  appendices  A  and  B).  In  sec.  IV  we  discuss  the  unitarity  of 

1)  Based  on  lectures  delivered  at  the  Max-Planck  Institute  for  Physics  and  Astrophjrsics, 
Munich,  in  the  winter  1959—60. 

2)  On  leave  of  absence  from  the  E.  0.  Lawrence  Radiation  Laboratory,  Department  of  Physics, 
University  of  California,  Berkeley. 
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the  /S-matrix  and  its  field-theoretic  generalization.  In  sec.  V  the  analyticity 
properties  of  scattering  amplitudes  are  discussed,  though  not  proved,  and  in 
sec.  VI  the  combination  of  these  analyticity  properties  with  the  optical  theorem  in 
the  forward  scattering  dispersion  relations  is  discussed,  in  particular  in  relation  to 
the  high  energy  theorem  of  Pomeranchuk.  In  sec.  Vn  the  Mandelstam  represen- 
tation for  the  scattering  amplitude  is  introduced  and  its  properties  are  discussed 
m  great  detail;  its  use  in  approximation  methods  is  illustrated  in  sec.  VIII  where 
the  formulation  of  the  pion-pion  scattering  problem  is  discussed,  and  in  sec.  IX 
where  the  more  complicated  pion-nucleon  problem  is  briefly  considered. 


n.  The  Scattering  Matrix 

The  basic  quantities  in  the  quantum  theory  of  fields  are  local  field  operators 
These  are  classified  according  to  their  transformation  properties  under  the  in- 
homogeneous  Lorentz  group,  under  reflections,  and  perhaps  under  certain  other 
mtemal  symmetry"  groups.  These  operators  are  defined  in  a  Hilbert  space 
and  they  are  assumed  to  form  an  irreducible  ring,  i.  e.  all  vectors  in  the  space  can 
be  constructed  out  of  polynomials  of  these  operators  acting  on  any  one  of  the 
vectors.  Another  assumption  made  about  the  local  field  operators  is  that  they 
satisfy  the  local  commutativity  conditions,  i.  e.  that 


 etc. 


for  {X  -  y)2  =(aj  -  y)2  -  {xo-yo)^  >  0. 


The  Hilbert  space  is  taken  to  be  a  direct  sum  of  vectors  representing  a  vacuum 
state  |0>,  all  discrete  (one-particle)  states,  and  appropriately  symmetrized  two-, 
three-,  .  . .  particle  states.  Among  the  one  particle  states  are  not  only  the  so- 
caUed  ''elementary  particles",  but  aU  stable  states  such  as  the  deuteron  for 
example.  ' 

In  order  to  represent  the  Hilbert  space,  we  define,  following  ZimmermannI) 
the  operators  " 

<Poui{x)  =  (p{x)  +  f  dx'  A^^,,  {x  -  x'- m)  (□'  -  m2)  (p{x')  (2.1) 

corresponding  to  spin  zero  fields  (p{x).  Similarly  for  the  spin  1/2  fields  wix)  w{x'\ 
we  write  r  v  /»  rv  /» 

^ont  {X)  =  y>{x)+  j  dx'  8^  {x-x'',M)(y^  +  if  j  y,{x')  (2.2a) 

Wo.,  ix)  =  ^{x)+J dx'       -y'-~jw  ix')  8^^  {x'-x;M).  (2.2b) 

These  equations  are  meant  to  hold  in  the  sense  of  "weak  operator  convergence" 
1.  e.  they  hold  for  matrix  elements  for  the  operators  between  normalizable  states 
ZiMMEBMAKK  shows  that  thcsc  "in"  and  "out^'  operators  are  just  the  usual  "free 

1)  W.  ZiMMERMANN,  Nuovo  Cimento  10,  597  (1958). 
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field"  operators,  i.  e.  that  they  obey  the  free  field  equations  of  motion  and  the 
canonical  commutation  rules 

( □  ~  m2)  cp^^,  {X)  =  0  <Po.t  {y)]=iA{x-y;  m)  (2.3) 


{y-,^  +  if)v.„.(x)  =  0 


•      [y>^A^),V,„,W\  =  iS[x-y:M).  (2.4) 

I     la  In  j 


Furthermore  they  are  asymptotic  to  the  field  operators  in  the  sense  that 


Lim    {^,a,{t)0)  =  {W,a^^,{oc)0) 


(2.5) 


where 


^  (2.6) 
"out  (a)  =  -  i  (d^x       (a;)      fl  {x) 

to  to 


Xq  =  t 


with  /a  (a;)  a  normalizable  positive  frequency  solution  of  the  Klein-Gordon  equation, 
and  with  W  and  0  representing  any  two  normalizable  states  in  the  Hilbert  space. 
This  definition  of  aa  {t)  comes  from  the  inversion  of  the  expansion 

<p{x)=Z      (^o)  /a  (^)  +  ««*  (^o)  n  (^))  (2.7) 

a 

with  the  use  of  the  orthonormality  conditions 

-ij d'xU{x)Xjl  {X)  =  4^;        fd^xU{x)K!u{x)  =  0.  (2.8) 
For  spinors,  the  expansion  to  be  inverted  is 

if{x)=2  (ffa  (Xo)  Ua  [x]  +  hi  {x^)  V,  {x))  (2.9) 
a 

where  Ua{x)  and  Va{x)  are  positive  and  negative  frequency  solutions,  respectively, 
of  the  Dirac  equation,  with  the  orthonormality  properties 


Thus 


j dH  up[x)  74  Uo,{x)  =  (5^a 
j  d^xvpix)  y^Uc^ix)  =  0 

j  d^X  Vp{x)  74  Va{x)  =  dpa  • 


(2.10) 
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has  the  weak  asjmiptotic  limits 

«^ut  {(x)  =  Jd^x  Ua{x)  74  rp^t  (x)  etc. 

The  creation  and  annihilation  operators  a*,  (a),  a*,  05),  6*,  (y),  .  .  .;  («), 

in  in  In  in 

■«out  iP),  bout  {y),  .  .  .  may  be  used  to  construct  a  representation  of  the  Hilbert 
space  2). 

The  vacuum  state  is  defined  by  the  condition  that  for  all  annihilation  operators 
«out(«)10)  =  0;  o„„,(/5)|0>  =  0;         (y)  |0>  =  0,  .  .  .  (2.11) 
The  one-particle  states  are  constructed  thus 

|l«)  =  «outW|0)=:<(0c)|0) 

|l^)  =  <ut(/5)|0>  =  <(^)|0)  (2.12) 


etc. 


<An  arbitrary  phase  factor  is  adjusted  so  that  this  equality  holds.)  The  remaining 
states  can  be  constructed  in  two  equivalent  ways : 

l«i  •  • .;  ^1 .  ^ ri . . .;  in)    =  <(«j  . . .  a*{^,) . . .  b*{y,) . . .  |o> 

ki . . .;  ^1 . . .;  71 . . .;  out^  =         . . .  •  •  •  KM  •  •  •  |0>  ^^"^^^ 

ivhere  we  have  omitted  an  uninteresting  normalization  factor.  These  two  complete 
orthonormal  (by  construction)  bases  are  connected  by  the  unitary  *S^-matrix. 
The  asymptotic  conditions  written  down  above,  enable  us  to  express  the  elements 
of  the  >S-matrix  in  terms  of  certain  products  of  field  operators.  To  study  the 
consequences  of  local  commutativity,  it  has  been  found  useful  to  express  the 
/S-matrix  elements  in  terms  of  multiple  retarded  commutators  3).  As  an  illustration, 
we  briefly  discuss  the  pion-nucleon  scattering  matrix  element.   We  have 

<p'q';in\S\pq',m)  =  {p' q""""' [pq"^) 

<p'q-'\pq^)  ={p'r''\a*{q)\p)  = 

=  Umi  I  d^y  {p'q"^^'  \^{y)l  p)  Xj,  iv)  = 

=  Lim  i  f  d^y  {p'q'^^'  |  ^(y)  [  p)X  fAv)  - 


2/o  =  < 


oo 

^^'Woi  '  ^^^^ '  .  (2.14) 


^)  It  IS  of  course  necessary  to  use  a  'complete  set'  of  such  operators.  Thus  if  there  are  bound 
istates,  such  as  the  deuteron,  'in'  and  'out'  operators  for  these  stable  states  must  also  be  used 
m  the  construction.  These  bound  state  'in'  and  'out'  operators  may  occur  as  asymptotic 
limits  of  polynomials  of  the  simple  operators  (p{z),  y){x).  See  reference  i). 
^)  See  for  example  Lehmann,  Symanzik  and  Zimmermann,  Nuovo  Cimento  6,  319  (1957). 
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The  first  term  is  clearly  {p'g"""*  \a*M\P)  =  (P'^"^  I  P^)-  In  the  second  term 
we  carry  out  the  differentiation,  and  using  the  fact  that  fq{y)  is  a  normalizable 
solution  of  the  Klein-Gordon  equation,  we  integrate  by  parts  to  obtain 

(j>'q'^ \S-l\p^)  =  ijdyijp'q'^'''  \j{y)\p)U[y)  (2.15) 

where  we  have  introduced  the  definition 

j{y)  =  -K:<p{y)  ^  -(□  -  m^)  <p{y).  (2.16) 

We  may  contract  with  respect  to  any  one  of  the  three  remaining  particles.  If  we 
choose  the  outgoing  meson  we  write 

{p'q"^\S-l\p^)  =     iJdy{p'\a,M)ny)\p)fM  = 

=  -  if  dy  ip'  I  <p{y)]  p)      U{y).  (2.17) 

Then  we  write 

(p'l  Kut(g').  <p{yy\ I  p)  =  Liin  ^  /     ft' (^)    ip'  1  [9^  {^),  <p{y)]  1  p)  = 

=  Limi  /  d^xfi'{x)X!{p' \e{x  -  y)  [q>{x),  cp{y)-]\p)  = 


z,  =  t 

or 


=  Lim i  f  d^x  n'{x)XAp'  \{<p{xi  (piyywp) 


rAx)B,Sp'\{<p{x),q>{y)]\p) 


Carrying  out  the  same  manipulations  as  before  we  get  from  the  first  form 

(:p'q"^\S-\\pf)  =  (-tT  rrda:ciy/a^)?r<P'|0(^-y)[9'(^).9'(y)]l?'>^y/3(2/) 

(2.18) 

and  from  the  second  form 

(p'g"^  {S-^pif)^-  jj  dxdy  f}{x)  {p' \d{x  -  y)  [j{x),  j{y)]  |  p)  U{y)  - 

-  ffdxdy  d{x^  -  yo)  fH^)XAp' \[<p{x),  j{y)]\p)  IM- 

(2.19) 

In  this  form,  the  second  term  is  an  equal-time  commutator,  which  can  be  evaluated 
once  an  interaction  and  the  canonical  commutation  rules  are  assumed.  For  example 
in  the  PS-PS  theory  with  unrenormalized  operators  (and  mass)  we  find 

[9'  (x),  j (2/)]  ^  (a^o  -  2/o)  =  0 ,  ^2  20) 

j{y)\  ^{x,  -  y,)  =  3U  cp^ix)  d{x  -  y), 

CXq  J 
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so  that  the  second  term  is 

If  we  deal  with  plane  wave  states,  we  can  carry  out  the  integration,  and  we  get  as 
coefficient  of  the  energy-momentum  conservation  delta-function 

This  term  is  U  function  of  the  momentum  transfer  —{p  —  p'f  only,  and  is 
associated  with  graphs  of  the  type 


We  will  see  that  in  a  discussion  of  dispersion  relations,  these  terms  need  not  b© 
evaluated  explicitly,  as  they  can  be  absorbed  into  the  so-called  "subtraction 
terms",  which  we  will  discuss  in  sec.  V.  For  completeness  we  give  the  expression 
for  the  /S-matrix  element  obtained  when  the  contraction  is  carried  out  with 
respect  to  the  outgoing  nucleon.  We  find  that 

{p'q'    \S-l\p^)  = 

=  J jdxdyup^{x)^y~-^  Myq'\d{x-y)[y){x),<p{y)]\p)K^f^{y)^  (2.21) 

We  can  continue  with  the  contractions  until  we  end  up  with  the  vacuum  ex- 
pectation value  of  a  generalized  retarded  commutator.  Thus  far  this  has  not 
proved  to  be  a  useful  form,  though  it  could  undoubtedly  yield  more  information 
than  the  forms  obtained  above. 


in.  The  Scattering  Amplitude 

In  practice  we  want  to  describe  the  interactmg  particles  by  their  mitial  and  final 
momenta,  so  that  instead  of  the  normalizable  wave  packets  fq{x)  which  we 
considered  heretofore,  we  use  plane  wave  states.  One  way  of  getting  around  the 
difficulty  of  the  non-normalizability  of  such  states  is  to  quantize  the  system  in  a 
box  of  volume  V  with  periodic  boundary  conditions.  We  may  then  use 

where  qx^q-x-  q^x^;  q^  =^  co  =  ]/gM^.  p^  =  E  ^  ]/p2  ^  Jf 2  ^nd  u{p) 
{v{p))  are  positive  (negative)  energy  solutions  of  the  Dirac  equation^).  The 

*)  Explicit  representations  of  these  functions  are 

ip)  =  -^—^  (r  =  1,  2);    .(^->  (,)  =  J^iyPhl_     ^  3,  4). 
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momentum  variable  is  now  discrete,  so  that  for  example 

<?'!?>)  =  V.P- 

In  the  limit  F  ->  oo,  the  transition  from  a  sum  over  momenta  to  the  correspond- 
ing integral  is  carried  out  according  to  the  prescription 


With  these  wave  functions,  the  meson-nucleon  scattering  matrix  element  is,  aside 
from  the  equal-time  commutator  terms  which  we  shall  omit  from  now  on, 

-        ^        ffdxdy  e-i^''  +  i^y  (p' \e{x  -  y)  \j{x),  /(y)]!  p).  (3.2) 

Using  invariance  under  translation  {j(x)  =  e-»^*/(0)  e»^*  with  P  the  energy- 
momentum  operator)  we  can  write  this  as  follows 

_r  ,,,....-.-.>_L=|..        ,,.)/.'  |[,-  (1),  /(-|)]| 

(3.3) 

As  long  as  V  is  finite,  the  time  interval  should  also  be  kept  finite;  in  fact,  to  avoid 
effects  caused  by  reflections  at  the  boundaries,  we  must  take  T  <  <  V*.  The 
matrix  element  thus  is 

(2         TA  \  1 
-sin— j(F^,,,.p^.^)™=X 

X  I  dze~'''^'e[z)  <^p'|[/(|-),,-(_|)]|p^  (3.4) 
where  we  have  written      =      +  $o  —  Po'  —  5o'-  As  F  and  T  ->  oo  we  get 

2  gi^^  _^2.T(5(J).  (3.5) 

A  2 

With  our  normalization  the  states  |p>  and  |p'>  et<;.  are  not  normalized  in  an 
invariant  way.  To  see  how  they  transform  we  notice  that  had  we  carried  out  all 
contractions  until  we  had  been  left  with  a  vacuum  expectation  value  of  a  four- 
operator  product,  we  would  have  something  of  the  form 

/_i  j_  M  y/' 

\2co'VE'V2(dVEV) 

u{p')  j  ...jdx^...  dx^  eid'xx  +  ffx.-p'x.-g'xo  f  (a;^,  .  .  .  a;J  u{p) 
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where  f  is  a  retarded  "amputated'*  (i.  e.  multiplied  by  Dirac  and  Klein-Grordon 
operators)  product.  Thus  the  general  form  of  the  >S-matrix  element  is 

<.Y-i^-ii.,n^-<^-'-;y^;-^^--^''.^v;..)  (3.6) 

where  Up  =  j/^  for  fermions  and  =  Y2co  for  bosons.  Furthermore  the 
boson-fermion  T  function  will  have  the  form 

T{p'q';pq)  =  u^{p')hp{p'q';pq)up{p).  (3.7) 

If  we  assume  invariance  under  space  reflections,  the  most  general  form  for  I^p  is 

^ap{jp'q';pq)  = -Adap-h{iy^^-^^  (3.8) 

where  A  and  B  are  functions  of  the  scalar  invariants  p'^,  p'  -  p,  p'  •  q,  ...  Pre- 
viously we  found  that 


{p'q''''\S -1\  pq^^)  =  i  ^  dy{p'q'o^t\j{y)\p) 


e^Qv 

I  out 


=  — —  Zr>^   ^(P'9'°°'l;(0)|p>.  (3.9) 

Hence 

^ V(l)  =  -n^  Up'      F'/'  <p'g'°''*  \j\p).  (3.10) 

Generally 

n  +  l 

T(7i;  pq)  =  -Up  Nn  V  2    <n°"* \j\ p)  (3.11) 

where  iV„  is  a  product  of  the  normalization  factors  rii  for  the  particles  in  the  state 
To  find  the  relation  between  the  T  function  and  the  scattering  amplitude,  we 
calculate  the  cross  section  for  the  process  N{p)  -\-  n{q) "ti". 
From  the  form 

we  find  that  the  number  of  transitions  per  unit  time  is 

With  our  normalization,  the  incident  flux  is  \Vp-Vq\jV  (where  is  the 
velocity  of  the  particle  with  momentum  p),  so  that  the  cross  section  is 


4  sm^ 


1_F^   .     »  1        \T{n',  pq), 
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As  T->oo 

4  sin^  — -- 

 — -=  >27id{A) 

(with  A  =  Po-\-  qo  —  Pno  here),  so  that  the  cross  section  is 


{2n)*  dip  +  q  -  P„)  1 


\T{n;pq) 


This  is  an  invariant  quantity^),  and  in  the  center  of  mass  system,  where 

(o,~  Eco        M  n;n\ 

with  W  the  total  energy, 

_  {^nY^{p+q-Pn)_M_ 

2^iyn  2qW  '  ^  ' 

The  total  cross  section  is  obtained  by  summing  over  all  possible  final  states.  We 
can  also  calculate  the  cross  section  for  elastic  scattering.  We  have  in  the  center  of 
mass  system 

FdV    Vd^q'  (271)*  dip' +  q')d{W-E' -co')     M  .^p, 
i2nf     i2nf  i2E'oj'lM)V^  2qW  ' 

d^p'  d^q'   -E'  -  co')  \T^\^.  (3.13) 

Hence 

oo 

^  =/ ,'^<l,-f  ^iP'  +  9')  m  -E'-       \T,r  (3.14) 

0 

Since 

,  ,         diE'  -^oi')         E'co'  ,  ^ 

dq  =  —  TV^W  ^ 

we  have 
If  we  write 

4^  =  -7^^\T2\'  =  \F\'  (3.16) 

we  obtain  the  relation 

^  =  -^r,.  (3.17) 


»)  C.  M0LLER,  Dan.  Mat.  Fys.  Medd.  23  no.  1  (1945). 


220 


674  S.  Gasigeowioz 

We  shall  see  that  the  —  sign  corresponds  to  the  conventional  definition  of  the 
scattering  amplitude,  when  we  discuss  the  optical  theorem  in  the  next  section. 
Note  that  for  boson- boson  scattering  we  have  the  form 

^  =  (3.18) 

and  for  the  process  n  +  tz     N  -\-  N  we  have 

where  pf  is  the  momentum  in  the  final  state  (m  the  center  of  mass  system)  and 
the  initial  momentum. 

IV.  The  Unitarity  of  the  S  Matrix 

If  we  write 

I  S=^l-iR  (4.1) 

then,  as  seen  before,  the  matrix  elements  of  R  have  the  form 

The  unitarity  condition  is  SS-^  =  S+S  =  1,  i.  e.  i{R+  -  R)  =  -R+R  so  that 
i  ip'q'  \B+-R\pq)  =  -;^(j^'q'\R+\n){n\R\pq)  (4.3) 

n 

or 

i  {pq\R\  p'q')*  -  i  {p'q'  \R\  pq)  =  -  ^  {n  \R\  p'q')*  {n\R\pq). 

n 

Hence 

{2nYid{p  +  q  —  v'  —  q') 

 r^XnXv^  -  = 

^  n,n,n,.n,.NlV^^''  T*  (n;  p  q)  T(n;  pq) 

i.  e. 

i{T*{pq;p'q')-T{p'q'',pq))=-[2nY^        t.^  ~  ^""^  T*{n',p'q')T{n;pq). 

(4.4) 

Note  that  for  an  ?i-particle  state,  the  sum  is  of  the  form  /  ^^^P^  -   -  f 

so  that  the  T's  are  volume  independent.  J   (2^)^       J  i^n)^ 

For  forward  scattering 

2Im  T{pq;  pq)  =  -(2^)*^  ^'^  ""J yn  ^'^  P9)\'  (4-5) 
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1.  e. 


which  is  the  well  known  optical  theorem. 

We  shall  now  show  that  the  unitarity  condition  contained  in  the  reduction 
formulae  is  a  generalization  of  the  one  obtained  above.  We  found  earlier  (2.19)  that 

T{p'q';  pq)  =  -inp  Up'V  jdxe      -     e{x)  \^p'  |  ^jp  ^-        j  P^- 

(4.7) 

From  this  we  can  show  that 
T*{pq',p'q')  = 

==inj,npVj  «^a:e~*~^%(-a:)<^2)'j|^2>(|-),?a(-fjjjpy  (4-8) 
so  that 

i{T*{pq;p'q')-T{p'q';pq))  = 

Q  +  q' 


(4.9) 


Using  invariance  under  displacements,  we  can  carry  out  the  a;-integr&tion  after 
inserting  a  complete  set  of  states  between  the  operators,  and  with  the  identi- 
fication 

{n\ja\v)=^  :^T{n',pq)  ^^^^^ 

npN^V  2 

we  find  that 

i{T*{pq;p'q')  -  T{p'q'',pq))  = 

_  ^^^''-fyt^'^      (n;  p',  -q)T[n',p,-q')^.  (4.11) 

If  we  compare  this  with  equation  (4.4)  we  see  that  the  first  term  is  identical  with 
that  obtained  from  the  condition  8S+  =  i.  This  condition  only  holds  for  physical 
values  of  the  momenta,  as  it  is  only  for  these  that  the  "in"  and  "out"  states  are 
defined  and  related,  by  the  ;Sf-matrix.  The  second  term  must  therefore  vanish  in 
the  physical  region.  This  is  easily  seen  to  be  the  case :  in  the  center  of  mass  system, 
the  "mass"  of  the  intermediate  state  is 

Ml  =  -Pl=-^p-  q'f  =  {E-  cof  -  (p  -  q')^  =  {E  -  w)^  -  2gMl  +  cos  6) 
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for  real  momenta  and  physical  scattering  angles  this  is  always  less  than  {31  +  m)^. 
In  the  nonphysical  region  (imaginary  momenta  or  angles)  this  relation  yields  an 
extension  of  the  imitarity  condition.  This  extension  is  only  meaningful  if  all  the 
amphtudes  can  be  continued  analytically  from  the  physical  domam  to  the  one  in 
which  the  second  term  in  (4.11)  does  not  vanish.  Although  such  analyticity  pro- 
perties have  not  yet  been  proved,  we  shall  assume  that  the  extension  of  the 
imitarity  condition  has  physical  significance.  If  we  represent  the  scattering 
process  by  the  graph 


then  the  first  term  in  i  {T*  {pq;  p'  q')  —  T{p'q';  pq))  contributes  when 
"1"  and  "2"  represent  the  physical  incoming  particles,  and  the  second 
term  contributes  when  "1"  and  "3"  are  the  incoming  particles  with 
physical  momenta.  We  might  expect  another  contribution  when  "1"  and  "4"" 
represent  the  incoming  particles  and  this  indeed  turns  out  to  be  true.  To  show 
this,  we  use  the  reduction  formula  (2.21)  in  which  the  contraction  is  made  with 
respect  to  the  outgoing  nucleon,  and  a  similar  one  in  which  the  contraction  i& 
made  with  respect  to  the  ingoing  nucleon  (and  outgoing  meson).  The  latter  yields 

T{p'q'\  pq)  = 
and  the  former  yields 


u{p) 


with 


T*{pq,p'q')  = 

r 

=  —  inp'ngV  I  dx  e  e{  — 


^■^(l)>^(-|). 


u{p) 


C(a;)  =  -  |y  A  ^M^tpix). 

We  thus  can  show  that 

i{^*{pq;  P'q')  -  T  ip'q';  pq))  = 

=  np>  n,V{27t)*2{d{P„  -p-q)  (p'       n)  {n  |  C  |  g)  - 

n 

-  (5(P,  +  P-P')  {p'  |0|  n)  {n  \jp\q)}u{p) 
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and  using  the  easily  derived  relations 

1 0 1 =  -^^^ ;     I D I  .>  .(p)  =  (4.12) 

where  the  superscript  ^  denotes  an  antinuoleon  state  of  given  energy-momentum'^*, 
we  get 

i{T*{pq;p'q')-T{p'q';pq))  = 

=  -  (2^)*  I  {  "^^^T^n"^^  ^* T{n;pq)  - 

-  ^^^"^p^^^  T*{n;  p\  -P-)  T{n;  q,  -  (4.13) 

Again  the  second  term  yields  an  extension  of  the  imitarity  condition  into  a  non- 
physical  region. 

We  now  examine  the  domains  in  which  i{T*{pq\  p'q')  —  T{p'q'\  pq))  does 
not  vanish.  This  will  happen  whenever  one  of  the  following  does  not  vanish : 


Z—^jfK-^T*(^'P'^)T(n:pq)  (4.14a) 


Z  ^'^'ji^F^^'      (»;  P'.  -f)  T{n:  q,  -?').  (4.14o) 

We  shall  express  the  boundaries  in  terms  of  the  invariants 

«  =:_(p-p')a=_(g-g')a  (4.15) 
U  =  _(p_g')2=  _(p'_g)a 

which  are  connected  by  the  relation 

a  +  i  +  u  =  2(if«  +  m«) .  (4.16) 

In  the  center  of  mass  system  for  process  I 

the  5  and  t  variables  have  the  following  significance : 
s  =  {E  +  0))^= 

t=-{q-  qy  =  -2g«(l  -  cos ^i).  (4.17) 


**)  The  second  of  the  relations  (4.12)  should  contain  a  kinematical  factor  ^  v^"  {—p)  u^p^  {?) 
which  we  have  omitted  for  the  sake  of  brevity. 
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In  the  physical  region  for  this  process 

8^{M  +  m)^  (4.18) 
|cos0i|<  1 


using 


we  get 


I.  e. 


_     -  (Jf  +        [8-{M-  m)«3 

*  4:8 


0>t^-8  +  2{M^  +  m^)-  (^'-^')' 


t<0',u<^  ^<(if-m)«.  (4.19) 

8 

Now  the  masses  of  the  accessible  intermediate  states  in  (4.14  b,  c)  are 

(if » )b  =  -  (n)b  =  -  (p  ~  qr  =  u 

{MX  =  -  {Pl)c  -  -  (P  -  py  -  « 

so  that  the  condition  (4.19)  shows  that  no  states  \n)  exist,  for  which  (4.14b,  c)  are 
nonvanishing,  since  we  must  have 

{Mlh  >  (if  +  wi)« 
(if^)c>4if2 

in  the  physical  region.  This  is  in  agreement  with  what  we  found  before. 

The  second  term  differs  from  the  first  only  in  the  interchange  q-^  —q\  i.e. 

(4.14  b)  looks  like  the  imaginary  part  of  T  for  the  process 

In  the  center  of  mass  system  for  this  reaction  the  scattering  angle  is  again  deter- 
mined by  t,  but  the  total  energy  is  simply  related  to  u  instead  of  8.  Thus  the 
conditions  are 

w  >  (if  +  w)a 

0>  t>  -u  +  2  {M^  4-  m")  -  ~ 

u 

which  in  terms  of  s  and  t  are 
for  5  <  0   « <  0 

for«>0   0>t>  2(ifa  +  m«)  -  j  -~  (4.20) 

and 

«  +  «<(if-w)«.  (4.21) 
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The  third  term  is  the  imagiaary  term  of  T  for  the  process 

TZg  +  Np'  +  N_p. 

We  introduce  a  center  of  mass  system  for  this  process 
q  =  (g,  a>)  p'  =  {-p,  E) 

-q;  =  (-g,  CO)       -p  =  (p,  E)  (4.22) 

o)  =    _|_  ^2  =  ^  =  y^2Tjr^. 

Hence 

«  =  -(p  +  g)2  =  -  (p  -  g)2  =         -  g2  +  2pqcosd 

u=-{p'  —  qf  =  -  {p-\-qf=  -p^         -2pqcos0  (4.23) 

t  =  _(^_g')2  =  (2a>)2. 

The  first  possible  intermediate  state  is  a  two-pion  state,  for  which  f  >  4m2  but  no 
physical  process  can  occur  until  the  intermediate  state  can  go  into  a  physical 
nucleon-antinucleon  state  {p  real),  i.  e.  we  require  that 

t>4.MK  (4.24) 
The  condition  that  the  angles  be  real  is  that 

f  >  2(if2  +  m^)  -  s  -        -  ^')'  .  (4.25) 
The  boundaries  determined  above  are  shown  in  fig.  1. 

There  are  other  domains  in  the  s  —  t  plane  in  which  Im  Tdoes  not  vanish.  These 
are  domains  in  which  the  initial  and/or  final  states  are  nonphysical,  but 
which  are  allowed  to  proceed  (with  energy-momentum  conservation)  to  physical 
intermediate  states®). 
These  regions  ar 

5  >  (M  +  m)2 
w>  (if  +  m)2 
t  >  4m2 

We  must  also  consider  possible  one-particle  states  which  can  connect  the  initial 
to  the  final  states.  The  momenta  must  lie  in  the  nonphysical  region  as  otherwise 
the  intermediate  particle  could  not  be  stable  —  it  would  decay  into  the  initial 
or  final  state.  In  the  case  of  the  meson-nucleon  system  there  is  no  stable  particle 
having  the  same  quantum  number  as  a  pair  of  pions,  so  that  there  is  no  inter- 

6)  Again  we  must  assume  that  the  matrix  elements  connecting  the  physical  intermediate 
states  to  unphysical  initial  (or  final)  states  can  be  obtained  by  analytic  continuation  from 
the  domaiu  in  which  the  latter  are  physical. 
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mediate  one-particle  state  for  (4.14c)  i.  e.  process  III.  In  (4.14a,  b),  i.  e.  for 
processes  I  and  II,  the  one-nucleon  state  is  a  possible  intermediate  state.  Thus  in 
(4.14a)  we  will  have  a  contribution  at  s  =  if^and  in  (4.14b)  a  contribution  at 


f 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

\ 

s 

\ 

Y//A  Pf^fjsicol  Region 


Fig.  1. 


u  =  if 2.  For  later  applications  we  calculate  i{T^{'pq\  V  Q.  )  ~    iv' 9.' \ 
these  points.  For  process  I  we  have 

i{T*{pq;p'q')-T{p'q';pq))  = 

^  ~  ^^""^'f  1^  HP  +  a-k)d(E  +  co-  l/feM^^)^^* {k;p'q')T{lc,pq)  = 
=  -27ir-^d{E  -{-(o  -  ]/{p  +  q)^  +  M^)  T*{p  +  q;  p' q')  T{p  +  q',pq)  = 

+  q 

=  —^TtM  d{s  —  M^)  {T* T)i .  '  (4.26) 
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To  evaluate  {T*T)i  we  recall  that 

T{V  +  q\  pq)     =  -npTtp^g  {p  +  q \U\ p) 
T*{p  +  q;  p'i)  =  -rip'  Up^g  {p  +  q  p')* 

Fbr  a  pseudoscalar  symmetrically  coupled  meson,  we  write  on  grounds  of  in- 


vanance 


{p  +  q  \u\ P)  =  — ^ ^(2>  +  q)  n   u{p)  F{-p\  - (p  +  ^)^  -q^)  (4.27) 

so  that 

2  («)  _(») 

{T*T)i  =  2"  ^(p')  76  T^^^*    +  g)  ^  (p  +  3)  n^^a  ^(p)  1-^1^  = 

«  =  1 

=  S«(P')-^-.(ir^)»(P)-  (4-28) 
The  function  F{—p^,  —     +  3)*>  —q^)        all  of  its  variables  on  the  mass  shell 

From  its  definition  in  (4.27)  we  see  that,  in  analogy  with  the  charge  in  electro- 
dynamics, J?'(if2,  Jlf2,  w*)  is  just  the  renormalized  meson-nucleon  coupling 
constant  in  a  PS-PS  Yukawa  theory.  To  stress  this,  we  shall  write  "gr"  instead 
of  F{M^M\m^). 

{T*T)ii  has  an  overall  minus  sign  in  front  of  it,  and  otherwise  differs  from 
{T*T)i  only  in  the  change  {q,  ot)  ^  (  — g',  fi).  Recalling  that  we  wrote  (3.8) 


Tip'q';  pq)=^u{p')  ^-A-{-iy^^^B^u{p) 

so  that 

T*{pq;  p'q')  =  U{P')  [~^*  +  *r  B*y{p) 
we  find  that 

i{T*{pq;p'q')-  T{p'q';pq))  =  u{p')  ^-21m  A  +  iy^^^  •  2lm  u{p) 
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i.  e. 

u{p')  ^-2ImA  +  iy^L^21mB^  u{p)  = 

=  -4nMd{M^-s)^  u{p')  r,T,  'li^-^  u{p)  - 

-  ^7zMd{M^  -  ^)         ^(P')  ^-^^  '^^^2  ^^'^^^ 
In  general  we  write 

Bp,  =  5<+>  dp,  +  i  [r^,  T.]5(-)  =~rpT,         +  J5(-))  +  1  T. -  B-)) 

(4.30) 

and  similarly  for  Ap,.  Thus  as  far  as  the  one-particle  contributions  are  concerned, 
we  have 

lm^(±)  =  0 

Im  B<±)  =  -  Ttg^  [6  {M^  -  «)  ±  <5  (if *  -  u)] . 

The  one-particle  singularities  will  turn  out  to  play  a  special  role  in  the  scattering 
amplitude.  They  exhibit  explicitly  the  symmetries  of  the  interaction  and  they 
give  through  the  magnitude  of  a  measure  of  the  coupling  strength.  It  is 
important  to  note  that  they  were  derived  without  the  assumption  of  a  primitive 
Yukawa  coupling:  unless  forbidden  by  selection  rules,  one-particle  terms  will 
always  appear  in  the  imitarity  condition,  even  though  there  is  no  "primitive" 
graph  describing  them  in  a  perturbation  treatment  of  a  model  Hamiltonian. 


y.  Analyticity  Properties  of  Scattering  Amplitudes 

The  unitarity  condition  gives  rise  to  a  set  of  nonlinear  relations  connecting 
different  ^-matrix  elements,  which  except  for  their  dependence  on  the  symmetries 
of  the  interaction,  are  model  independent.  Another  important  part  of  the  structure 
of  the  >S-matrix,  also  model  independent,  follows  from  the  condition  of  local 
commviativUy,  e.  g. 

[;«(«),  ?>(y)]  =  o     {x-y)^>o.  (5.1) 

The  fact  that  the  scattering  amplitude  is  related  to  the  Fourier  transform  of  a 
function  vanishing  outside  the  light  cone  has  some  very  important  implications^) 
which  we  proceed  to  study.  Consider,  for  example  the  integral  which  appears  in 
the  expression  for  the  meson  nucleon  scattering  amplitude 

/..e-'-%(.)<.'|[,(|),,(-|)]|,>. 


')  Gell-Mank,  Goldbbeoeb  and  TmiiEiNQ,  Phys.  Rev.  96,  1612  (1954).  M.  Goldbbegbb, 
Phys.  R«v.  99,  979  (1965). 
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If  we  evaluate  this  in  a  particularly  convenient  coordinate  system  (Breit  system) 


V 


g  =       -  Izf,  CO  =  |/m2  +  i  Z|2  4.  ^aj.      =  ^1.     a)j  (5.2) 
k'A  =  0 

we  obtain 

0 

which,  because  of  local  commutativity,  can  also  be  written  thus 

00       xo  ^    ,/  i 

/r  f  —  ih-x  y  w*—m*— —  A* 

<4lNf)..-(-f)ll0- 

With  this  choice  of  coordinate  system,  the  entire  dependence  on  the  variable  lies 
in  the  exponent,  and  we  may  study  the  properties  of  the  integral  when  A  is  held 
fixed  and  w  is  allowed  to  become  complex.  Before  doing  this,  it  is  necessary  to 
separate  kinematical  factors  which  come  from  the  spin  of  the  nucleon. 
The  most  general  form  for  the  matrix  element  in  the  integrand  is 

<-IIWf)--(-f)lll>=f--(-l)"-(fl 

with 

SK^.  =  -  i^.  x^,  A\  X'A)  +  iyx  Bp,  {x\  x^,  A\  x-A).  (5.5) 
Since i  |-  ^  u  =  -^and  ^  |-  iyxu  (4)  =  "^o  -  2^  (^^  X  J)  •  « 
we  can  write 

J dx^j x^dx j dQ^ei-'^-i'*  ''  y-A-\-^(^-x,-^(JxA'xjBj  = 


B 


3  d '  ^ 

and  using  ^r—  =  2a>  — — r  and       =  2fe  -^—^  we  get 
do)  oar  oo)^ 


49* 
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Now  in  the  Breit  system 


so  that  we  can  identify 

A 


(5.7) 


and  treat  the  functions  A  and  B  separately.  Each  is  represented  by  an  integral 
of  the  following  form 


°°       ^0  .     -./  i — 

/r  r  -  in- xV  m*-m*- —  A' 

dx^    x^dx    dQ^  e^"'^»  e  '  *      F{x^  Xq,  A\  x-A).  (6.8) 


Consider  this  integral  in  a  frame  in  which  n  =  kj\k\  is  chosen  to  lie  in  the  z- 
direction  and  A  in  the  a;-direction.  It  is  clear  that  the  azimuthal  integration  will 
leave  only  those  parts  of  F  which  are  even  in  A  -  x.  The  remaining  angular 
integration  will  only  give  a  contribution  from  the  terms  even  in  h  -  x,  i.  e.  only 
cos  n  •  5C  ]/co2  —  m2  —  contributes.  Thus  we  see  that  the  square  root  in  the 

exponent  does  not  give  rise  to  a  branch  point.  If  we  let  w  become  complex,  the 
integral  will  not  diverge  provided 


Im  w  >  0 


and 


1.  e. 


(5.9) 


|Imw|  > 


Im  l/w^  —      —  ~ 


(5.10) 


This  unfortunately  never  happens.  If,  however,  we  consider  the  meson  momenta 
to  be  "unphysical"  in  the  sense  that  they  are  real  but  such  that  =  q'^  =  —  ^ 
with  C  sufficiently  negative,  then  for  such  values  of  the  momenta  we  can  establish 
analyticity  of  the  scattering  amplitude  in  the  upper  half  to  plane »).  We  shall 
return  to  the  difficult  point  of  justifying  this  result  for  "physical"  mesons  later. 
What  we  have  established  so  far  is  that  for  C  <  —^UA^  the  quantities  Ap^ico, 
A,  C)  and  Bp^{o),  A,  C)  are  analytic  functions  of  o>  for  A  fixed  and  Im  a>  >  0. 

*)  This  trick  is  due  to  N.  Bogoliubov.  See  Boooliubov,  Medvedev  and  Polivanov.  lecture 
notes.  Translated  at  the  Institute  for  Advanced  Study,  Princeton  (1957);  in  German:  Fortschr. 
Phys.  6,  169-24.5  (1958). 
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In  exactly  the  same  way  we  can  show  that  Ap^{(o,  A,  C)  and  Bp^{a),  A,  C) 
which  arc  contained  in 


r  +i 
I  dx  e 


q  +  q' 


{-x)  \  p' 


are  analytic  functions  of  to  for  A  fixed  and  Im  co  <  0.  Thus  the  scalar  functions 
making  up 


(5.11) 


and 


n«  (CO,  J,  C)  =  *  |-  +  (-  CO  +  2^  (7  .    X  zl  j  (5.12) 


are  boundary  values  of  analytic  functions.  We  now  make  use  of  the  mass  spectrum 
condition  exhibited  in  the  unitarity  condition,  namely  that  Tpa{(o,  A,  C) 
—  Tpci{M,  A,  C)  vanishes  along  part  of  the  real  co  axis.  In  fact,  except  for  one- 
particle  contributions  in  J5^a,  the  functions  A,  B  and  A*,  B*  respectively,  are 
equal  for 

{M  +  m)2  >  -  (p  +  g)2  =  -k^ -\- {E  +  co)^  ==      +  2Ea)     ^  A^  ^  C 


CO  < 


2Mm  +       -  ~  A^-C 
~2E 


(5.13) 


and 


{M  +  m)2  >  -  (p  -       =  -k^  +  {E  -  0))^  =  E^  -  2E(o  ^  —  A^  +  C 


(jt)  > 


-2Mm-m'^  +  —  A^+C 
2E 


(5.14) 


Thus  A  and  A*  (and  B  and  B*)  are  different  boundary  values  of  a  single  function 
analytic  in  the  entire  co  plane,  except  for  cuts  on  the  real  axis  extending  from 
±  {2Mm  -\-m^  —  ^j^A^  —  Cil2E  to  ±  oo  (again  excluding  the  one-particle  terms 
in  B).  We  can  thus  write 

A^^Hco,  A,0  =  -^  f  {co\  A,  C) 

2ni  J  CO  —  CO 

(5.15) 

5(±)(co,  A,  C)  =        (  f+  f]  ^'^Mco',  A,  C) 
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4  ^ 


with  the  contours  C  and  shown  on  fig.  2.  We  have  written  down  no  contribution 
to  the  Cauchy  integral  from  the  contour  at  infinity.  This  form  therefore  corre- 
sponds to  the  assumption  that  the  functions  A  and  B  vanish  in  the  limit  |  a>  |  ->oo. 
The  behavior  of  these  functions  at  infinity  is  a  priori  unknown.  It  depends  on  the 
degree  of  the  singularity  of  the  commutator  of  the  field  operators  on  the  light 

cone.  For  a  given  model,  this 
<u -p/ane  can  in  principle  be  calculated, 

though  so  far  this  has  only 
zMm-jA^  been  possible  in  perturbation 

f  theory.  One  assumes,  because 

^f^j^f  ~"  of  the  locality  of  the  theory, 

"~7f  that  the  singularity  in  a;-space 

is  no  worse  than  a  delta-func- 
tion  or   finite  derivatives 

Fig.  2.  Location  of  cuts  and  poles  in  the  complex  co  plane.  thereof,  i.  e.  ^4.  and  B  should 

increase  no  faster  than  some 
finite  power  of  co  as  |  co  |  -h^oo.  As  mentioned  in  sec.  II,  the  equal- time  commutator 
terms  in  the  reduction  formulae  provide  contributions  of  a  type  to  make  the  above 
integrals  diverge.  If  these  are  the  only  such  terms,  then  the  renormalizabUity  of 
the  theory  in  a  perturbation  sense  would  provide  very  definite  limitations  on  the 
behavior  of  the  amplitude  at  infinity.  We  do  not  know,  however,  that  this  is  the 
case,  and  we  must  implicitly,  at  least,  recognize  that  the  above  relations  may 
have  to  be  written  for  quantities  like 

^(±)K  A)-S  Ci±){A)co\  (5.16) 


In  the  actual  writing  of  equations  we  shall  omit  the  polynomial,  but  until  we  return 
to  a  discussion  of  it  in  sec.  VII,  we  must  always  admit  its  possible  existence. 

2Mm  -  -i      +  m2  -  C 
With  (Oq  =  —  we  have 

I       —  tt),    —  00  —  I  e       cog       00  +  t  e  \ 

^'^'^-''^-M  hhhl 


■00  +  le     —tOo       00  —  le 


and  since 


we  get 


Lim  ^(±)(w'  +  ie,  A)  =  A) 
Lim  ^(±)(w'  -  ie,  A)  =  A))* 

e-*0  + 


(5.17) 


A^^Hco,A,C)  =  ~  f  -4^Im^(±)(co',zJ,C)  +  -  f  -;^Im^<±)(a>',Zl,t). 

71  J    (O    —  CO  71  J    CO    —  (1) 

Oio  —00 

(5.18) 
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The  B^^^  equations  have  extra  terms.  Since 

Im5<±)(co,  A,  C)  =  -71  \g{0\^  (^(^'  -  «)  ±  ^i^*  ~  ^))  = 


2E 
we  get 

5<±)  (a>,  J,  0  =  \  ±  "7  K 

2Eq}  +  -      +  C      it  A^-\-C-2E(o 

00  —  «>• 

+  i  r _4^Im5<±)(a>',  J,  0  +  -  r  ^^Im^±)(a>',J,C).  (5 
n  J  0)  —  (o  7t  J  (o  —  CO 


.19) 


Note  that  we  wrote  g  (C) :  this  is  because  the  coefficient  of  the  one-particle  terms 
was  F{M*,  M*,  —q*),  and  so  far  we  have  —q^  =  C.  To  prove  the  dispersion 
relation  for  "physical"  mesons,  we  define  J5<±>(a),  A,t)  as  a  function  of  C  by  the 
r.  h.s.  of  eq.  (6.19).  If  we  could  prove  that  Im5<±>(a)',  A,  C)  (and  g{C))  can  be 
analytically  continued  from  C  < —"^UA^  to  C  ==  w^  then  ^±)(o>,  ^)  could  be 
defined  as  the  analytic  continuation  of  the  r.  h.  s.  of  (5.19)  to  C  =  To  establish 
the  necess€^  analyticity  properties,  one  may  use  the  theory  of  functions  of  many 
complex  variables®),  but  it  is  simpler  for  this  problem  to  use  a  representation  for 
the  matrix  elements  of  a  retarded  commutator  due  to  Jost  and  Lettmann, 
generalized  by  Dyson  ^®).  With  the  use  of  this  representation  Lettmann  has 
shown  that  the  necessary  analytic  continuation  can  be  made  provided  that 

J*  <  —  m*  jr^jj  .  (5.20) 

—  3      2M  —  m 

This  condition  could  probably  be  improved  by  a  study  of  the  four-point  Green's 
function,  allowing  all  invariants  to  become  complex.  For  the  proof  of  the  forward 
scattering  disi)ersion  relations,  the  only  ones  to  have  been  studied  in  detail,  this 
formidable  program  is  unnecessary,  and  for  the  proof  of  the  analyticity  properties 
which  will  be  assumed  later,  it  is  probably  insufficient. 


VI.  Forward  ScatteringJDispersion  Relations 

The  relations  derived  in  the  previous  section  suffer  from  a  major  defect:  in  the 
subtraction  polynomial  arbitrary  functions  of  A,  the  momentum  transfer,  appear, 
and  this  makes  it  impossible  to  work  out  an  approximation  scheme  based  on  these 


•)  See  ref.  «),  also  Beemeemann,  Oehmb  and  Taylor,  Phys.  R«v.  109,  2178  (1958).  For 
a  "physicists'  summary"  see  parts  of  Kallen  andWiQHTMAN,  Mat.  Fys.  Dan.  Vid.  Selsk.  1, 
no.  6  (1968). 

")  A  good  summary  of  the  proof  with  the  use  of  the  representation  can  be  foimd  in  H.  Leh- 
MANN»  Suppl.  Nuovo  Cim.  14,  153  (1959). 
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dispersion  relations ^^).  For  J  =  0,  i.  e.  for  forward  scattering,  we  can  make  use 
of  the  optical  theorem  (4.6)  to  obtain  relations  between  the  forward  scattering 
amplitude  and  certain  integrals  over  the  total  cross  section.  We  will  discuss  these 
in  some  detail.  As  J  ->  0,  the  Breit  system  reduces  to  the  laboratory  system. 
There 

p  =  j,'  =  (0,  Jf);    q  =  q'=.{q,(o) 


and 

Im  T„(<»)  =  -  i  (2:t)*  Z  "^^"nIV"'^^  I 
80  that  we  can  identify  the  forward  scattering  amplitude  Fpai{(o)  thus 

Ffia{(o)=:-'-^Tpa{co).  (6.1) 

Also 

Tpaio))  =  —Apa{(o)  —  (O  Bpa{(0) 

SO  that 

Fpaico)  -  -i-  |<5^.(^(+)  +  a>JB<+))  +y  [r^,  r.](^<-)  +  a)5(-))  |.  (8.2) 
The  dispersion  relations  are 

oo  —m 

^(±)  (c)  =  i  r Im  ^<±)  («>')  +  i  f  Im        (a>')  (6.3) 

m  —00 
oo  —m 

J_  r_^f^i^^±)(^,)^i  r _4f:!Lini5(±)(a>').  (6.4) 
n  J  (a  —  0)  71  J  0)  —  CO 

m  -00 

To  convert  the  integrals  over  the  negative  frequency  range  to  integrals  over  a 
ph3rsical  positive  frequency  range,  we  make  use  of  a  property  to  be  discussed  more 
fully  in  sec.  VII,  namely  Crossing  symmetry '^'^).  Most  simply  eicpressed,  this 
property  describes  that  for  each  Feynman  graph  of  the  type  (a)  there  will  also 


")  The  reason  for  this  is  that  the  only  way  we  have  of  handling  the  imaginary  part  of  the 
amphtude  is  by  a  phase  shift  expansion.  Aside  from  convergence  questions,  the  real  part 
of  the  amphtude  contains  arbitrary  functions  of  the  scattering  angle,  which  makes  the  setting 
up  of  a  sequence  of  equations  connecting  phase  shifts  impossible.  This  defect  will  be  remedied 
in  sec.  VIE  and  IX. 

**)  This  property  of  quantum  field  theory  was  first  explicitly  stated  by  GELL-MAim  and  Gold- 
(unpubhshed). 
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exist  an  identical  Feynman  graph  of  the  type  (b),  i.  e.  with  the  external  lines 


Thus 


Lim  Tpc,{(o  +  is)  =  Lim  Tcp{  —  (o  —  ie) 

c->0+  e->0  + 


The  consequences  of  this  are  that 

Ijn^(±)(-ft))  =  =F  Im^(±)(a)) 

Im  ^±)  (-  w)  =  ±  Im  5(±)  (a>) . 
Hence  we  get  from  (6.3)  and  (6.4),  as  co  approaches  the  real  axis  from  above, 


(6.5) 


Re^(+)(cc>)  = 
Re^(->(<o)  = 
Re5(+)(ft;)  = 
Re  J?<-)(ca)  = 


—  P     0)  d(o  ^ 

71      J  (O^  —  (O^ 


(6.6) 


,  Im  ^(-)(co') 


+ 


m 
oo 


doj' 


Im  i?(+)(a>'] 


(6.7) 


,Im  5<-)(co') 


2if2       _  (m2/2Jf )2 

w 

In  terms  of  isotopic  spin  states  (appendix  B) 

=  J-  (^(+)  +  a>B<+))  =  J  (f('^^  +  2 


2  _ 


4:7T  o  \ 


(6.8) 


We  shall  however  find  it  more  convenient  to  work  in  terms  of  amplitudes  for  t:+ 
n-  scattering.  There  we  use  the  relations 


_ip)  +  2^(^)). 


(6.9) 
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Combining  relations  (6.6)  and  (6.7)  we  get 


Ke  (^(-)  +  =  y,^._  + 


C  ^     .  (^(-)(C0')  +  C0'5<->(<0')) 

 F  I  ctft)   


71 


'2  —  .,,2 


■y^-(a>)-#^^(co)  ^        (  2a> 

2  47r  \2  if/  ft>2      (m2/2  Jf)2 

oo 

27r2    J  ft>'2  —  ft>^  2 
?» 

where  we  have  used  the  optical  theorem  in  the  r.  h.  s.  With  the  conventional 
notation 


2  \2 

2 

=  Wb 


we  get 


4.71  \2M        '  '  \2MI 


1  2cu/2 

-Re  {F^-{co)  -        {CO))  =  -^z^  + 


oo 

271^    J  co'^-co^  2  •  ^  '  ' 

m 

This  relation  only  makes  sense  if  the  integral  on  the  r.  h.  s.  converges  i.  e.  if 
<T^-(ft>')  —  (r„+(a)')->0  faster  than  V^og  (a'  as  w' ->  oo  .  The  experimental 
evidence  jg  that  both  <y„-  and  (7^+  become  constant  at  high  energies,  and 
fm^hermore  that  the  constants  are  equal.  Given  the  former  result  the  latter  must 
also  be  true,  as  will  be  seen  at  the  end  of  this  section.  We  assume  that  the  integral 
converges.  It  is  then  possible  to  use  this  relation  to  determine  the  coupling  con- 
stant. Following  the  method  of  Haber-SchaimI*)  we  rewrite  eq.  (6.11)  as  follows 

00 

i  «.  Re     ,-(«,)  -  F..io>))  -  (.„-(«>')  -  = 

m 

00 

m 

(ft>B  is  neglected).  The  1.  h.  s.  is  determined  using  the  known  cross  sections, 
measured  to  about  2  Bev.  on  one  hand,  and  the  low  energy  angular  distribution 


")  LoNOO  et.  al.,  Phys.  Rev.  Letters  8,  668  (1959). 
")  U.  Habbb-Sohaim,  Phys.  Rev.  104,  1113  (1956). 
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measurements  on  the  other,  li  the  1.  h.  s.  is  plotted  against  cd^  and  this  is  extra- 
polated to  co^  =  0,  one  finds  that 

/«  =  0,082  ±0,015. 

A  check  on  the  validity  of  the  relation  is  obtained  by  comparing  the  slope  of  the 
line,  as  calculated  using  the  1.  h.  s.  with  that  obtained  on  the  r.  h.  s.,  namely 

00 

_1_  f  ^         (on-io)')  —  (T„+(a)'))  and  good  agreement  is  obtained. 

m 

To  combine        and  oB^-^^  we  rewrite  (6.6)  thus: 


Re^<+)(tu)  =^(+)(0) 


so  that  we  can  write 

(^(+)(co)  +  coE(+)  (CO))  =  ^(+)(0)  -  + 

~(ico'  Im  (^(+>(co')  4-  a)'5(+>(co')) 


7t         J  co' 


—  rn^ 


In  terms  of  the      and  7c~  amplitudes  we  obtain 
i  Re  +f         =  ^  Ai-m  + 

00 

CO^         r  q'  d(o'  1  <^n-{(0')  +  g7r+(ft>')  ,g  ^gv 

■    271^    J      co'     co'^-co^  2 


li  <r„+  and  <t„-  become  constant  at  high  energies,  the  integral  on  the  r.  h.  s.  con- 
verges. This  is  achieved  at  the  cost  of  introducing  into  the  formula  an  unknown 
"subtraction  constant"  l/47r  •^(+)(0).  With  the  given  behavior  of  the  total  cross 
sections,  the  dispersion  relation  without  the  subtraction  would  not  converge.  The 
constant  can  be  expressed  in  terms  of  the  amplitude  at  threshold.  It  is  easy  to  see 
that  eq.  (6.13)  can  be  rewritten  thus: 

J  Re  (2f„-(a>)  +  F^^{co))  =  y  Re  {F„-  (m)  +  F„+{m))  + 

oo 

1  C  co'  dco'        1        1   ,      ,  t\  ,        /  'w 

m 

(6.14) 
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Given  the  value  of  the  coupling  constant  obtained  from  the  first  relation,  and 
taking  the  experimental  scattering  lengths  at  threshold  i^),  it  is  possible  to  check 
whether  this  relation  agrees  with  experiment.  Within  the  still  large  experimental 
errors,  no  disagreement  with  experiment  has  been  found").  In  practice  the 
diflferenoe  dispersion  relation  is  also  written  with  a  subtraction,  which  makes  the 
integrals  over  the  cross  sections  more  convergent,  and  emphasizes  the  contri- 
butions at  lower  energies.  With  the  neglect  of  col/wi^  the  subtracted  relation  is 

^    q^co  _F  dco'        1        1         ,  , 


The  two  dispersion  relations  can  now  be  combined  to  give  separate  relations  for 
the  7C+  and  n-  amplitudes.  Using  the  conventional  notation 

D^{co)  =  'ReF„±{co)  (6.16) 

we  find  that 


I2M 


and 


2  \       ml  2  \       m]         '  cu  + 

m 

2\       mf    ^^'^2\       ml  ^        (o  -  m^l2M  ^ 


")  At  low  energies  we  use  the  phase  shifts  ajt  (*  =  Va.  Vz)  for  S-wave  scattering  and  aj,-, 
*  =  V2»  V2»  ?"  =  Va*  Va)  for  P  wave  scattering,  to  detennine  the  amplitudes,  using 

Re  (F„-  -  F„+)  s  i  ^1  +       +        (sin  2ai  +  sin  2(x^^  +  2  sin  2ai3  -  sin  2a3  -  sin  2(x^^ 

—  2  sin  2a33) 

and 

Re  (F„-  +  r„+)  ^  -i-  |l  4-  ^  ^_         (sin 2ai  +  sin 2aii  +  2  sin 2ai3  +  2 sin 2a3  +  2  ein  2 <x^^ 

+  48in2a33) 

T.  D.  Spearman,  Nuovo  Cim.  16,  147  (1960). 
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These  forms  are  also  useful  for  the  discussion  of  Pomebanchxjk's  theorem^'). 
The  statement  of  the  theorem  is  that  if 

Lim  a„+{(o)  =  constant  =  <t+ 

(6.19) 

Lim  a„-  (co)  =  constant  =  a- 

co—oo 

then 

<y+  =  (T_.  (6.20) 
To  demonstrate  this,  we  assume  that  the  limits  are  not  equal,  so  that  if 
cfn+{(o)  —  On-ioy)  =  da{(o) 

then 

Lim  da{a))  =  da  4=  0- 


Now  in  (6.18)  we  may  examine  the  high  energy  behavior  of  D+{(o).  For  co^  Q 
where  is  an  energy  such  that  beyond  it  the  cross  sections  are  effectively  con- 
stant, we  have 

i>+  (ft>)  (D+  (m)  -  i)_  (m))  + 

2P  <«»      r  da'     2a,'         ,  ,.  .  o'a-  „  f  d<o'  la,' 

m  ^ 

o)'      r  d(o'  daja)')       co^Sa  7  dco'      1  ,g  21) 

TO  ^ 

The  leading  term  is  the  last  one,  and  we  find  that  for  co^  Q 


Thus  we  have 


Re  F„+{(o)  ^  log      +  ^^^^ 


Im  F„+  {(o)  a+ . 


(6.22) 


")  I.  Ia.  Pomeranohuk,  Soviet  Physics  JETP  84,  499  (1958). 
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If  we  write  the  forward  scattering  amplitude  in  terms  of  the  complex  phase  shifts 
+  iVh  Vi  ^  0»  ^®  ^ave 


Im  F„^{(o)  =  2"  (2i  +  1)         -  cos  2a, 


Rei?»^(ft>)=2'  (22  +  1)  sin  2(5,-^-^ 
I 


2vi 


2q  I 

(6.23) 


Now  in  ordef  to  get  a  constant  cross  section  at  infinity,  we  must  assume  that  the 
target  has  a  finite  "effective  radius"  B,  i.  e.  that  the  scattering  takes  place  in 
states  with  l  <  L     (oR.  Then 


CD  tf~2»7i 


Re  F„+{(o)  «  2*  (22  +  1)  sin  2di 


(6.24) 


iTo'     '    '         •  2g 


and  the  second  term  in  Im  F^{a))  will  be  smaller  than  the  leading  term  because 
of  (»)  absofption  and  (m)  incoherence  of  the  many  phase  shifts.  For  the  same 
reason,  any  reasonable  model  gives  the  results  that  (a)  the  real  part  of  the 
amplitude  will  always  be  smaller  than  the  imaginary  part  at  high  energies,  and  (6) 
the  real  part  of  the  amplitude  can  at  best  increase  as  a>.  Hence 

da  =  0.  (6.26) 

This  completes  our  discussion  of  the  one-dimensional  dispersion  relations.  These 
relations  have  been,  and  still  are  exceedingly  useful  in  the  correlation  of  data,  in 
the  elimination  of  spurious  solutions  in  phase  shift  analyses,  and  they  wiU  un- 
doubtedly play  an  important  role  in  the  analysis  of  Z  meson  scattering.  We  do 
not  discuss  these  applications  in  more  detail,  but  rather  go  on  to  a  discussion  of 
the  Mandblstam  representation,  which  provides  a  generalization  of  dispersion 
relations,  with  the  help  of  which  one  may  hope  to  construct  a  useful  low  energy 
approximation  scheme. 


VII.  The  Mandelstam  Representation 

The  dispersion  relations  in  the  s  variable  with  t  fixed,  discussed  in  sec.  V  turned 
out  to  be  unmanageable  because  the  behavior  of  the  amplitude  as  a  function  of  t 
was  completely^  unknown.  Mandelstam  observed  that  in  the  related  process 
7c  -f  7c  ->  N  -f  N  the  ^  variable  played  the  role  of  an  (energy) and  that  the 
structure  of  the  matrix  element  for  this  process  (as  seen  in  a  reduction  formula) 
suggested  that  for  s  fibced,  a  dispersion  relation  in  the  t  variable  might  also  exist"). 

")  With  the  use  of  local  commutativity  and  the  mass  spectrum  alone,  but  without  the  use 
of  the  unitarity  condition,  it  is  not  possible  to  prove  such  a  dispersion  relation.  If  such  a 
relation  could  be  proved,  it  could  presumably  be  used  to  prove  the  validity  of  the  Mandelstam 
representation  in  a  certain  domain.  For  meson-meson  scattering,  where  the  same  analyticity 
properties  hold  for  t  variable  and  a  fixed  as  for  a  variable  and  t  fixed,  Mandelstam  has  been 
able  to  prove  analyticity  in  the  product  of  the  cut  a  and  t  planes  in  the  domam  \atu\<  324m«. 
(Nuovo  Cimento  16,  668  (I960)). 
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Making  the  simplest  possible  assumption  about  the  behavior  of  the  amplitude 
when  both  8  and  t  are  allowed  to  become  complex,  Mandelstam  was  led  to  the 
following  representations  for  the  meson-nucleon  scattering  amplitude 

QO 


s)  {f  -  t) 


—  5)  {u'  —  U) 


(7.1) 


00 


{M+m)*  4m* 


(M+m)'    4m«  <M+m)*  {M+m)* 

The  limits  of  integration  are  determined  by  the  unitarity  condition  (sec.  IV).  The 
spectral  functions  can  also  be  determined  with  help  of  the  unitarity  condition"). 
As  will  be  seen  later,  it  may  not  be  necessary  to  calculate  the  spectral  functions 
for  low  energy  appUcations,  and  we  do  not,  in  fact,  discuss  the  procedure  in  this 
paper. 

There  are  known  cases  for  which  the  conjecture  has  been  disproved  in  fourth  order 
perturbation  theory.  In  the  following  examples, 


(7.2) 


2\kA  n\i</c 


N 


A 


K 


the  cuts  extend  beyond  those  conjectured  by  Mandblstam,  and  for  others, 
examples  of  which  are  given  below, 

N 


N 


N 


Dynr\^  A/fr\A 

4 

the  conjecture  is  just  false.  In  all  of  the  counterexamples,  scattering  of  particles 
which  may  be  viewed  as  "composite"  ^o)  is  involved,  and  it  may  be  that  the 
conjecture  is  only  correct  for  the  Ughtest  bosons  and  fermions  in  the  theory,  viz. 
mesons  and  nucleons.  It  may  also  only  be  valid  in  a  restricted  domain,  which 
would  not  necessarily  be  too  serious  a  restriction,  as  the  applications  of  the 

»»)  S.  Mahdislstam.  Phys.  Rev.  112, 1344  (1968). 

»)  In  the  sense  of  R.  Obhmii,Nuovo  Cimento  18,  778  (1959).  In  this  paper  a  quantitative 
distinction  between  "simple"  and  "composite"  particles  is  proposed. 
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representation  are  to  the  low  energy  processes.  For  the  time  being,  we  shall  discuss 
some  of  the  properties  of  the  representation  on  the  assumption  that  it  is  correct  for 
all  s,  t,  u. 

a)  Generalized  Crossing  Symmetry 

The  "symmetric"  appearance  of  the  three  invariants  s,  t,  u  takes  account  of  the 
property  which  we  may  call  "generalized  crossing  symmetry".  We  discussed  this 
property  briefly  when  we  treated  forward  scattering  in  sec.  VI.  As  mentioned 
before,  the  symmetry  is  a  consequence  of  what  happens  when  two  of  the  external 
lines  in  a  general  graph  are  interchanged  or  crossed.  If  the  crossed  graph  represents 
the  same  process  as  the  uncrossed  one,  we  obtain  a  sjntnmetry  property.  Thus  in 
pion-nucleon  scattering,  the  interchange  {q,  a)  <^  (  — g',  i.  e.  a  u  leads  to 
the  same  process.  It  is  important  to  remember  that  this  statement  has  physical 
significance  only  if  the  amplitude  has  analyticity  properties  such  that  the  change 
of  the  first  variable  in  T{s,  t,  u)  to  a  value  "w"  in  a  diflferent  region,  and  the 
simultaneous  change  of  the  third  variable  to  the  value  "a"  can  be  carried  out  by 
analytic  continuation.  In  general  such  analyticity  properties  have  only  been 
proved  in  a  few  cases  (for  example  in  the  one-dimensional  dispersion  relations  of 
sec.  V),  but  they  are  contained  in  the  Mandelstam  representation.  The  crossing 
symmetry  leads  to  relations  between  the  spectral  functions.  We  want 

T{p'q\  /S;  pq,  oc)  =  u{p')  |  j^^<+)(5,    u)  dp,  +  ^  [r^,  r.]  A^-^a,  t, 

to  be  invariant  under  the  interchange  {q,  a)      i^q'y  jS)  ^^)-  This  implies  that 

(7.3) 


Consequently 


and 


^(±)(«,  t,  u)  = 

±A^±){u,  t,  a) 

5(±)(5,  t,  U)  = 

=F-B<±)(w,  t,  a). 

±A<^,tHx,  y) 

±A[t'>{yyX) 

B[f{x,  y)  = 

TBitHx.  y) 

TB[tHy,  X). 

(7.4a) 


(7.4b) 


This  symmetry  has  a  particularly  simple  form  in  the  Breit  system  for  which 
«  =  j|f2  4-  m2  +  -i-      +  2^co;    u  =       +      +  ^      -  2E(o. 

Then 

Lim  ^(±)(a)  +  te,  J)  =  ±  Lim  ^(±)(-a>-t£,  J) 
e->0+  e->0  + 

i.  e. 

J:(±)((o,  J)  =  ±  (^(±)(-£o,  J))*;   JB(±)(a>,  J)  =  ^  (5(±)(- J))*  for  J  real. 
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If  the  crossed  process  is  not  the  same  as  the  original  one,  e.  g.  K+  +  P  ->  K+  +  I* 
then  we  no  longer  have  a  symmetry,  but  rather  a  relation  between  the  amplitudes 
for  two  entire  different  processes.  In  our  example,  we  would  find  a  relation  between 
the  K+P  and  K-P  scattering  amplitudes,  and  this  would  imply  the  need  for  study- 
ing the  two  processes  together.  For  pion-nucleon  scattering,  the  interchange 
s  leads  to  a  different  process,  namely  +  tt  ->  N  +  N,  and  as  we  will  see, 
this  process  has  to  be  studied  simultaneously  with  the  scattering  process.  In- 
cidentally, if  we  look  at  the  process  tc  +  N  +  N,  the  ordinary  crossing 
symmetry  (interchange  of  the  two  mesons)  is  just  the  symmetry  connected  with 
the  boson  character  of  the  pions^^).  When  we  study  pion-pion  scattering,  all 
crossed  processes  are  scattering  processes,  and  the  general  crossing  symmetry 
gives  us  much  more  information. 


b)  One  Dimensional  Dispersion  Relations 

It  is  clear  that  the  one-dimensional  dispersion  relations  must  be  contained  in  the 
general  representation.  To  see  this  in  detail,  and  in  particular  to  see  the  connection 
between  the  absorptive  parts,  which  are  given  by  unitarity,  and  the  spectral 
functions,  we  proceed  as  follows:  Take  t  real  and  fixed,  with  *  <  4m2  so  that 
t'  —  t  is  always  positive.  Writing 

 1  =  (_L_ +  _!_\  \  = 

(s'  —  S)  {U'  —  U)        \s'  —  8       U'  —  Uj  S'  -\-  U'  —  8  —  U 

\s'  -8^  u'-  uJ  u'  +  8'  -  2  Jf2  _  2m2  +  « 
since  u  -\-  s  =  2M^     2m^  —  t,  we  can  rewrite  eq.  (7.1)  thus 

^(±)(5,      U)  = 

-^2  J  yzrS    j         t'-t     +  J        5'  +  1^'  -  2i/2  _        +  J  ^ 

(M+m)*  \im*  (M+m)*  j 

+  ^  j  V^u\  j         t'-t     +j  8'-{-u'-2M^-2m^-{-tj' 

(M+m)*  \im*  (M+m)*  J 

In  the  second  integral  we  introduce  the  new  variable  t'  via  m'  =  2if2  +  2m2  —  5'— 
—  t'  and  in  the  fourth  we  introduce  t'  via  s'  =  2^^     2m^  —  u'  —  t' . 
The  above  equation  may  now  be  rewritten  in  the  form 

^<.>(..    „)  =  y-  Ids'  iii^  +  i  (7.5) 

^  '   '     '         71  J  S   —  8  71  J  U   —  U 


This  is  the  substance  of  the  discussion  of  crossing  symmetry  given  by  Feldman  and 
Matthews,  Phys.  Rev.  102,  1421  (1956). 
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with 

oo  (M—m)*—8' 

yt  J  t  —  t        ^  J  *  — ' 

4m«  -00 

oo  (3f-m)*-a' 

A^^  iu;  t)  =  ±  f4t'  f,t'  itmiO .  (7.6b) 

4m»  —00 

It  can  easily  be  seen  that  this  is  just  the  form  of  the  one-dimensional  dispersion 
relation  (6.18).  The  absorptive  parts  -4{±>,         will  be  real  provided  that 

-4wJf<«<4m«  (7.7) 

because  t'  lies  in  the  domains  (— oo,  —  4miJf)  and  {4m^,  oo).  The  same  forms, 
aside  from  the  one-particle  poles,  hold  for  B^^^s,  t,  u). 

c)  Subtractions 

The  Mandelstam  representation  was  written  down  on  the  assumption  that  all 
the  integrals  in  it  converge.  In  general  this  need  not  be  true,  and  we  may  have  to 
make  subtractions.  Thus  if  (say)  A^^^  («',  u')  does  not  vanish  as  u'  -^oo  we  may 
have  to  write  instead  of 


n^jj  {8'-8){u'-u) 


0 

the  expression 

(»') 


J  J  (s' -«)(«' -a)  («'-«„)  ^  ;i  j  «'• 


If  one  more  subtraction  were  necessary  in  the  u'  variable,  we  would  have 

("-^»)  ffds'  iu'  (_i  L_\  + 

J  J  {a'  —  8)  {u'  —  Uq)  \u'  —  u     u'  —  il^] 

71  J  8—8  ^      J  8—8 

H  now  in  this  form  an  s'  subtraction  were  necessary,  we  would  get 

{u-u^){u-u,){8-8,)  rC...,   A[tH8'n')  

J]  W  -  8)  {8'  -  ^o)  {W  -  u)  {u'  -  u^)  {u'  -  u^) 

^(u-u,){u-u,)  [^^.goWi^tllfo  fds'  4- 

n  J  U'  —  U  71      J  («'—*)(«'  —  8q) 

,    {u-Uq){8-8q)   f  ^  ,   f^8')  

^  J  («  -  S)  {8'  -  «o) 
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We  thus  see  the  general  pattern :  we  end  up  with  {i)  double  dispersion  integrals, 
{ii)  single  dispersion  integrals  and  (Hi)  overall  subtraction  terms.  The  last  will  be 
polynomials  in  s,  t,  u,  and  will  appear  when  the  single  dispersion  integrals  need 
svbtractions.  Now  if  we  express  the  invariants  in  terms  of  the  center  of  mass 
variables 

5  =         +  W)2  =  Tf  2 

f= -2g2(i  _cos0)  (7.8) 
u  =  2M^  +  2m2  —  W^-i-  2q^  (1  —  cos  0) 


then  terms  like 


Lfds'M^  and  '-^  f  ds' 

71  J  S    —  S  71  J 


(«'  —  s)  {s'  —  So) 


are  independent  ot  u  ot  t,  i.  e.  independent  of  cos  6.  This  means  that  these  terms 
contribute  to  the  S-wave  amplitude  only,  and  /^(s)  only  contributes  to  the  ab- 
sorptive part  of  the  S-wave  amplitude.  Similarly 


«  Zjfo  f  ds'  Aifl  and  f  ds- 

n     J       s'  —  s  71  J 


{S'  —  S)  {S'  —  5o 


only  give  contributions  to  the  S  and  P  wave  amplitudes.  Because  of  the  strict 
limitations  imposed  by  unitarity  on  the  individual  partial  waves,  the  high  energy 
behavior  of  /^(s)  and  /i(s)  cannot  be  too  singular.  The  unitarity  limitations 
follow  from  the  fact  that  in  the  center  of  mass  system,  the  relation  between  the 
T  function  and  the  scattering  amplitude  is 

T  =  (const.)  W  F{W,  cos  B) .  (7.9) 

For  pion-pion  scattering,  for  example 

F{W,  cos  e)=Z  (2i  +  1)  fi{W)  Pi  (cos  6)  (7.10) 

i  =  0 

with 

e2t<5,(TF)  g-2i7,{tr)  _  1 

/'('^)=^ — k — 

(^Si  4-  i'^i  {r]i  >  0)  is  the  general  complex  phase  shift).  Thus  for  a  particular 
angular  momentum  state,  at  high  energies 

Ti{W)     (const.)  [-8:^*  +  S7iie^^^i^^>  e-Z'JiWj,  (7.12) 
In  the  limit  of  large  absorption 

Ti{W)     (const.)  {—S7ii) 

and  Ti{W)  cannot  increase  more  rapidly  than  this.  For  meson-nucleon  scattering 
a  similar  dimensional  argument  shows  that  any  partial  wave  amplitude  must  go 
to  zero  at  high  energies.  Thus  the  single  dispersion  integrals  can  have  at  most  one 
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subtraction  (for  boson-boson  scattering)  and  the  general  form  of  the  Mandelstam 
representation  can  thus  have  at  most  one  unknown  subtraction  constant.  As  we 
shall  see,  the  single  dispersion  integrands  can  be  calculated  with  the  use  of  the 
unitarity  condition.  Thus  the  symmetric  treatment  of  all  channels  in  a  given 
process  allows  us  to  avoid  the  difficulty  inherent  in  the  one -dimensional  dispersion 
relations,  that  the  subtractions  were  unknown  functions  of  one  of  the  invariants. 
Here  the  analyticity  properties  of  these  subtraction  terms  are  known,  and  their 
relation  to  the  amplitude  for  another  channel  is  explicitly  seen. 
We  conclude  this  section  by  presenting  a  slight  reformulation  of  the  subtraction 
procedure's),  which  will  turn  out  to  be  useful  in  later  applications.  Instead  of 
writing 

1  t-t.  ^1 


t'-t       {f -t){t' -t^)  t'-t^ 
we  write 


1 

t'  —  t 


1         1   f  d {cos  d{s,t))  ,    1   I'd  {cos e{s,t))\ 


which  leads  to  a  subtraction  of  the  S-wave  absorptive  part.  We  have 


cos  0(5,0  =  1  +  ^ 


t 


with 


(M2    «,2\2 


Hence 

1 

1   fd  {cose {s,t)) 
2 

-1  -4V 


10  tu 

r d  {cose {s,t))  _  j_  r  dt  _      i       r  df  _ 

J       t'-t  J  Y^t  ~  t^{s)-ti{s)  J  t'-t  ~ 


=  log   ^  ^  m  (f,  s)  (7.14) 

tn{s)-ti{s)      ^t'  -tM         '    ^   '    ^  ^  ' 

where  we  have  written  t^  and  ti  for  the  upper  and  lower  limits  in  the  f-integration. 
Thus 


As  t'-^oo 

1 


1  t-J   {tn  +  tl) 


t'-t 


(7.15) 


23)  S.  Maiidelstam,  Phys.  Rev.  115,  1741  (1959). 
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SO  that  this  is  a  proper  subtraction.  If  we  need  to,  or  rvish  to,  make  another  sub- 
traction, we  may  write 

-  I?'  (f,s)  -  3  cos  e(«,t) !(')((',  + 


-1  -1 

where 


Since  as  t'  ->  oo 


3  /         t  \   \    dt"  y  ^  2qy 


«  -  1      +  <l) 

— +  0  1^1  (7.18) 


t 

we  have 

1    .     „   ^/l 


_  _  Z(0)(f',5)  -  3  cos  6(5,  t)  l{^Ht',  s)  =  0  ly-A  (7.19) 


i.  e.  this  is  again  a  proper  subtraction. 
Thus  the  subtracted  form  of  a  term  like 


n^JJ  {s'-s){t'- 


')_ 
t) 

will  be 


1-Jfds'  dt'  ^^li^Lp  l-J-  _  If  {f,  s')  -  3  cos  0  is',  t')  IT  {f,  A 
^  J  J  {s  —  s)    [t  —  t  I 


-i-^cosd{.8',t)  Jcose{s',t)d{cose{s',t))  J  ^^f^l"^  dt' 
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and  similarly  for  the  orther  terms  in  the  representation.  The  second  term  has  the 
form 

—  fds'         {AT{s')  +  3 cos 0  A[^'{s')}. 
n  J        s  —  s 

In  this  way  the  separation  of  the  absorptive  parts  of  the  first  n  (in  general)  partial 
wave  amplitudes  is  made  more  explicit. 

d)  The  Spectral  Functions 

In  this  section  we  discuss  the  regions  in  which  the  spectral  functions  do  not 
vanish.  A  qualitative  idea  of  the  domains  can  be  obtained  by  looking  at  Feynman 
graphs  for  the  processes 2*).  Consider  for  example  pion-nucleon  scattering:  the 
graphs  which  do  not  take  into  account  any  meson-meson  interaction  (direct  or 
through  closed  loops),  of  which  the  following  are  examples 


I  I 
/  / 


show  that  whereas  the  "mass"  of  the  intermediate  state  in  channel  I  (read  up- 
wards) will  start  at  [M  +  m),  the  "mass"  of  the  intermediate  state  for  channel  III 
(read  from  left  to  right  on  the  graph)  starts  at  2  Jtf".  If  we  consider  graphs  in  which 
the  meson-meson  interaction  is  included,  we  see  that  the  graphs  divide  into  two 
classes :  in  those  in  which  the  intermediate  "mass"  for  channel  I  starts  at  [M  +  m), 
for  which  the  "mass"  of  the  intermediate  state  for  channel  III  starts  at  4  m 


and  those  in  which  the  "mass"  of  the  intermediate  state  for  channel  III  starts  at 
2  m,  but  for  which  the  intermediate  "mass"  in  channel  I  starts  at  {M  +  2  m). 


0--- 


The  reason  for  this  is  the  absence  of  a  three-pion  vertex,  which  follows  from  the 
assumed  in  variance  of  the  interaction  under  the  G  operation**).  The  same 

**)  CiNi  and  FuBiNi,  Annals  of  Physics  10,  352  (1960). 

**)  The  O  operation  is  a  product  of  charge  conjugation  and  a  180"  rotation  about  the  y  axis 
in  i-spin  space,  and  it  has  the  property  that      n>  =  (  — 1)»|  w)  for  an  ?i-pion  state. 
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arguments  hold  for  a  comparison  of  channel  11  and  m.  Thus  a  plot  of,  say,  A[^^ 
would  look  like  what  is  shown  in  fig.  3  a.  For  the  same  reason  the  weight  function 
in  the  Mandelstam  representation  for  pion-pion  scattering  cannot  reach  both 
lower  limits  of  integration  (4  m*)  simultaneously.  From  the  two  types  of  graphs 


we  see  that  if  the  intermediate  "mass"  in  channel  I  can  become  as  small  as  2m 
then  that  for  channel  m  cannot  be  smaUer  than  4m  etc.  The  boundary  for  this 


Fig.  3.  aegions  of  nonvanishing  spectral  functions  for  meson-nucleon  and  meson-meson  scattering. 

process  is  plotted  in  fig.  3b.  In  both  cases  the  boundaries  can  be  calculated  i: 
perturbation  theory").  In  both  cases  the  spectral  functions  are  non-zero  m 


«•)  S.  Maitdelstam,  Phys.  Rev.  115,  1752  (1959). 
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region  of  the  invariant  variables  in  which  inelastic  processes  for  the  energies  of 
channel  I  or  channel  III  can  occur.  This  means  that,  a  priori,  a  calculation  of  the 
spectral  functions  in  a  certain  region  of  the  s-t  plane  (or  the  u-t  plane)  must 
include  contributions  from  inelastic  intermediate  processes.  It  may  be,  of  course, 
that  this  is  not  necessary. 

The  fact  that  the  spectral  functions  vanish  in  the  elastic  region  (for  all  three 
processes)  is  the  basic  of  an  approximation  method  discussed  under  the  heading 
"Single  Dispersion  Integral  Method"  in  section  VIII.  This  method  has  been  dis- 
cussed by  Cna  and  Fubini^*). 


e)  Individual  Partial  Wave  Dispersion  Relations 

In  the  discussion  of  the  absorptive  parts  of  the  individual  partial  waves,  one  can 
make  use  of  another  property  of  the  Mandblstam  representation  2'),  namely  the 
explicitness  of  the  dependence  on  cos  6.  This  allows  one  to  project  out  the  in- 
dividual partial  wave  amplitudes,  and  to  examine  their  analyticity  properties. 
These  amplitudes  are  interesting  because  in  the  low  energy  region,  before  the 
onset  of  inielastic  processes,  the  imitarity  condition  takes  a  particularly  simple 
form.  Consider  process  I :  in  terms  of  the  center  of  mass  variables  appropriate  to  it 
(7.8)  the  Mandblstam  representation  is 

^  fl^^'     "^'^^     ^'^  u'-{E-  coY  +  2g2  (1  +  cos  0)    +  2g2  (1  _  cos  B) 


+ 


(jE?  — cu)2  +  2g'2(i  -f  cos  B) 


Thus 


X 

^(±)  (g2)        j diQO^  B)  A^^){q\  cos  B)  Pi{cos  B)  (7.20) 
-1 

has  the  representation 

+^..»'.<..(.«-,^-^,(-^)^<^^'-l).  (7.21) 
*')  See  "The  Effective  Range  Approach"  in  the  next  section. 
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We  may  use  this  representation  to  examine  the  singularities  in  the  plane.  In 
the  first  term  we  have  a  cut  for  {E  +  (of  =W^>{M-\-  m)^  i.  e.  for  >  0. 
The  factor        +  t'l2q^)  gives  rise  to  singularities  when 

i.  e.  t'  =  0  or  t'  =  —4^2.  Since  t'  >  4m2  we  get  a  branch  cut  extending  from 
g2  =  —  to  —  cxv  In  the  second  term,  the  factor  [u'  +  +  4g2  _  —  co)^]-^ 
does  not  give  rise  to  any  singularities.  The  only  additional  branch  cut  is  one 
occuring  in  the  second  and  third  terms  when  {E  —  co)^  —  u'  —  2q^  =  ili2gf2 
i  e  •  when 

,  _[{M  +  m)^  -  u']  [{M  -  m)^  -  u'] 
^  M^-^m^±  {M^  +  w2  -  u') 

{i)  the  lower  sign  solution  yields  a  cut  extending  from  q^  =  0  to  +  oo.  (n)  the 
upper  sign  solution  yields  a  cut  from  -  co  to  —M^.  In  the  equation,  the 
integral  terms  have  the  same  singularities.  The  pole  at  s  =  gives  rise  to  an 
s-wave  pole  at  q^=  —m^-{-  (m*/21f)2  and  the  term  IjM^  —  u  gets  spread  into 
a  cut  extending  from  —  +  (m2/2if)2  to— m2+  qm*j{4.M^  +  Sm^).  Note 
that  as  J/  ->  oo,  this  cut  contracts  into  a  pole  at  q^  =  —  m^.  This  is  the  pole  in 
the  (''/a,  ^/a)  amplitude  in  the  static  theory.  It  is  not  a  "bound  state  pole",  as  there 
are  no  single  particle  terms  in  this  amplitude.  The  only  bona  fide  single  particle 
terms  can  only  occur  in  the  (^/j,  ^/j)  amplitude. 

In  pion-pion  scattering  the  same  can  be  done.  There  the  individual  partial  waves 
have  the  form 

e<^'  sin  di 
/.((?)=— y— 

with  di  real  below  the  threshold  for  inelastic  processes,  so  that  the  unitarity 
condition  takes  the  simple  form 

For  meson-nucleon  scattering,  the  relation  between  the  functions 

and  the  functions  Af^  (g),  Bf"  {q)  which  have  simple  analyticity  properties  is 
complicated  by  kinematical  factors  which  give  rise  to  additional  branch  points  ^s). 
To  illustrate  the  approximation  technique  based  on  dispersion  relations  for  single 
partial  wave  amplitudes,  it  will  be  simpler  to  consider  pion-pion  scattering.  There  is 
a  more  valid  reason  for  discussing  this  problem  first:  as  can  be  seen  from  the 
general  crossing  aspects,  it  is  the  only  problem  which  can  be  treated  independently 
of  all  others  within  the  framework  of  the  two-particle  approximation  to  unitarity 
which  we  shall  make,  and  its  solution  is  in  principle  necessary  for  the  solution  of 


»8)  See  S.  W.  MacDowbix,  Phys.  Rev.  116,  774  (1969). 
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the  problem,  which  in  turn  is  coupled  to  the  meson-nucleon  scattering  amplitude. 
Furthermore  it  is  a  problem  in  which,  at  first  sight,  the  approximations  made  are 
most  valid. 

VIII.  Pion-Pion  Scattering 

In  this  section  we  shall  discuss  the  application  of  the  approximation  techniques 
suggested  by  the  previously  discussed  properties  of  the  Mandelstam  represen- 
tation. In  both  methods  to  be  discussed,  the  spirit  of  the  approximation  is  to 
satisfy  the  analyticity  properties  suggested  by  the  representation,  and  the  crossing 
symmetries,  exactly,  and  to  satisfy  the  unitarity  condition  approximately.  This  is 
the  substance  of  the  Chew-Low  treatment  of  the  static  model  for  the  meson- 
nucleon  system  2®),  and  the  success  of  this  approach  there  leads  to  the  hope  that 
the  relativistic  generalization  will  also  be  successful.  The  two  approaches  to  be 
discussed  give  the  same  equations  for  pion-pion  scattering  2*),  and  exhibit  only 
technical  differences.  One  or  the  other  may  however  be  more  useful  for  more 
complicated  problems.  The  first  one  to  be  discussed  is  the  "effective  range 
approach"  of  Chew  and  Mandelstam^).  The  other  approach  consists  of  making 
a  certain  number  of  subtractions,  presumably  a  number  large  enough  to  make  the 
approximation  self-consistent,  and  then  neglecting  the  double  dispersion  terms  in 
the  subtracted  Mandelstam  representation.  This  method  closely  resembles  the 
one  developed  by  Cmr  and  Ftjbini. 

a)  The  Kinematics  of  Pion-Pion  Scattering 
The  general  pion-pion  scattering  graph 


gives  rise  to  a,  T  fimction  of  the  general  form 

T{s,  t,  u)  =  A{s,  t,  u)  d.pdyg  +  B{s,  t,  u)      dp8  +  C{s,  t,  u)  d.^dpy  (8.1) 

where  s  =  -  {p^ p^)\  t  =  -  iVi -\- Vz)\  ^=-(Pi  +  P4)*  and  s  +  t^u 
=  4m*.  The  relation  between  the  functions  A,  B,  C,  and  the  amplitudes  in 
particular  t-spin  states  is  given  by  (see  appendix  B) 

^<o)  =  3A  +  B  +  C 

^(1)  =  B-0  (8.2) 

*•)  Chew  and  Low,  Phys.  Rev.  101,  1570  (1956). 

*•)  Chew  and  Makdklstam,  Phys.  Rev.  119,  467  (1960). 
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We  obtain  much  information  from  crossing  symmetry.  Under  the  interchange 
iP2>  ^)  ^  {Psi  y),  s     i  and  also  A      B,  1.  e. 

A  (s,  t,u)  =  B  {t,  8,  u) 

(8.3a) 

C  {s,  t,u)  =  C  {t,  8,  u) . 
Under  the  interchange  {p^,  /5)      {p^,  d),  s         and  A C,  so  that 

A  is,  t,u)  =  C  {u,  t,  8) 

(8.3b) 

B  {s,  t,u)  =  B  {u,  t,  s) . 
Under  the  interchange  {p^,  ^)      {Pv  a),  t^u  and  B  **  C,  so  that 

A  {s,  t,u)  =  A  {s,  u,  t)  (8.3  c) 

B{s,f,u)  =zC  i8,u,t). 
In  the  center  of  mass  system  for  reaction  I  {p^  +  Pi     (—  Ps)  +  {—Pi))>  we  have 

5  =  4  (g*  -I-  m*) 

t=  -2q^{i  -COS0)  (8.4) 

u  =  -2g2(l  +  COS0). 

Thus  the  interchange  t  u  corresponds  to  a  change  of  sign  of  cos  d.  CJrossing 
symmetry  shows  that  A  and  {B  +  C)  are  invariant  imder  this  transformation, 
while  {B  —  C)  changes  sign.  This  is  necessary  because  of  the  boson  character  of 
the  pions :  even  i-spin  amplitudes  should  be  even  in  cos  6,  and  vice  versa.  If  we  write 

A^i) {q,  cos  0)  =  2"  (2^  +  1)       (2)  Pi  (cos  0)  (8.5) 

then  we  can  write 

^S<,(,)=Vi!±Ee"'"<«  sin  <»«.(«) 

with  the  phase  shift  d\^Hq)  real  for  q^<  SmK  As  mentioned  before,  the  reason 
for  this  large  range  is  the  (^-invariance,  because  of  which  two  pions  must  go  into 
at  least  four  in  an  inelastic  process.  We  may  write  (8.6)  as  follows. 

Im  -7^—  =  -  ,    ^        0<q^<  ZmK  (8.7) 

The  only  other  point  to  be  mentioned  in  this  "kinematical"  section  is  that  the 
Mandelstam  representation  for  the  pion-pion  scattering  amplitude  leads  to 
analyticity  of  the  individual  partial  wave  amplitudes  in  the  q*  plane,  with  cuts  on 
the  real  axis  from  0  to  oo  and  from  —  to  —  co.  This  can  be  seen  directly,  or  by 
setting  if  =  m  in  section  Vile  and  dropping  the  pole  tenns  that  occur  there. 
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b)  The  Effective  Range  Approach 

We  make  use  of  the  above  analyticity  properties  to  write  the  following  represen- 
tation for 

oo  -1 

AP  (v)  =  -  r Im  ^i^)  (v')  +  -[ Im  A^)  (/)  (8.8) 

0  -00 

where  we  used  the  notation  v  =  and  set  the  pion  mass  equal  to  imity.  This 
form  was  written  down  without  subtractions.  In  our  discussion  of  the  general 
problem  of  subtractions,  we  noted  that  for  pion-pion  scattering  there  may  be 
need  for  an  overall  subtraction  constant.  Even  if  such  a  constant  were  not 
necessary,  we  might  find  it  useful  to  make  one  subtraction  to  simulate,  to  some 
extent,  the  contributions  from  the  inelastic  processes  which  we  shall  neglect.  We 
make  the  subtraction  in  the  S-wave  amplitude;  this  is  consistent  with  the  idea 
that  the  constant  should  somehow  represent  high  energy  effects,  i.  e.  the  short 
range  effects  not  felt  by  the  centrifugally  excluded  higher  I  waves.  We  therefore 
write 

n    J        {v  -v)  {v  -Vq)         n    J       {v'  -  v)  {v'  -  Vq) 

0  —00 

(8.9) 

For  higher  I  values,  we  recall  that  at  the  original)  A\*^v)  r^cv^  so  that  it  is 
permissible  to  write 

V*  nj        v^{v  —v)      71  J         v^{v—v)  ^  ' 

0  -00 

We  will  only  consider  S  and  P  waves,  so  that  we  specialize  this  to  Z  =  1  (t  =  1) : 

^(1)  !_  IniAi^Hv')  _^  v_  fdv'  Im^a)(/) 

^  n  J    v'      v'  —  V         n  J    v'      v'  —  v     '  v  •  / 

0  -"oo 

For  the  subtraction  constant  it  is  convenient  ,  to  pick  the  amplitude  at  the  sym- 
metric point 

4 

s  =  t  =  u  =  - 
where  we  have,  by  crossing  symmetry, 

^  =  -B  =  0  =  -Ia 


This  is  generally  true  when  the  interaction  has  a  finite  range.  Here  it  isi  seen  to  follow 
fix)m  the  properties  of  the  Q^  functions  of  sec.  Vile. 
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i.  e.  Vo  =  —  ^3  and 

If  we  knew 

Jm  Ai^(y)  =  ff{v) 

for  V  <  —  1 ,  these  relations,  together  with  the  unitarity  condition  (8.7)  would 
yield  integral  equations  for  the  amplitude.  To  discuss  the  structure  of  these 
equations,  we  write  the  s6lution  A\'^^v)  in  the  form 

APiv)=^  (8.14) 

where  Np{v)  and  Z>[*)(v)  are  defined  to  be  real  for  v>0  and  v<  —  1  respec- 
tively, i.  e.  DP  (v)  is  to  be  analytic  in  the  cut  v-plane  with  singularities  on  the 
positive  real  axis  only,  and  Nf'^v)  is  to  be  analytic  in  the  cut  plane  with  singu- 
larities on  the  cut  from  —  1  to  —  oo.  We  then  have 

eo 

f ^j^''  (8.15) 

v)(v'+3) 

where  we  have  normalized  lyfi  (v)  to  unity  at  the  point  of  maximum  symmetry. 
However   

so  that  we  get 


iVp(/) 


-v){v'  +  |-) 


(8.17) 


0 

The  other  equation  is,  for  1  =  0 


"+3    /      dv'  ImN<»)(v') 


But 

Im  N<»)  (v)  =  2>i»)  (v)     (v)       V  <  -  1 .  (8.19) 
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Hence 

-1 

71 


(8.20) 


■-'('■4) 

—  00 

=  (8.21> 

71  J  V'{v'  —V)  ^  ' 

—  00 

The  effective  range  theory  of  low  energy  nucleon-nucleon  scattering  is  obtained 
when  the  left-hand  cut  is  replaced  by  a  pole,  whose  position  and  residue  are 
adjustable  constants.  In  this  problem,  crossing  symmetry  allows  us  to  calculate 
the  discontinuity  across  the  left-hand  cut  in  a  certain  approximation.  In  this  way 
no  new  constants  are  introduced  into  the  theory,  but  the  price  to  be  paid  for  this 
is  that  a  coupled  set  of  nonlinear  integral  equations  is  obtained,  which  can,  of 
course  be  solved  on  an  electronic  computing  machine,  but  which  are  quite  un- 
transparent. 
The  expression 


■F-l 


^O(v)  =  i  J  dv"     |l  +  2  *^^l±ij  1     ^p-)        1  +  2  (8.22) 


where 


and 


2  6  10 
2  3-5 
2  -3  1 


a.7=y|2     3    -5)  (8.23) 


^)  =  |/^-^  2;  (2Z  +  1)  sin*  (5p (v")     {X)  (8.24) 

can  be  obtained  straightforwardly,  though  tediously,  from  the  Mandklstam 
representation,  if  one  makes  use  of  the  fact  that  in  the  range  of  variables  of 
interest  tons  (5<16,  ^<16  simultaneously) 

^a(-2v(l  ±  cos6);  -2v(l  =f  cos  0))  =  0 

where  is  a  typical  weight  function  in  the  representation. 
In  the  expression  for  A^'>  only  S  and  P  wave  terms  are  kept.  This  gives  rise  to  a 
set  of  coupled  equations  which  have  not  yet  been  studied  exhaustively.  Cimw 
and  Maitdelstam  point  out  that  the  fact  that  there  is  no  two-pion  bound  state 
limits  the  values  of  the  parameter  A.  For  those  values  of  X  for  which  a  zero  appears 
in  D\^{v)  in  the  range  —  1  <  v<  0  the  scattering  amplitude  would  have  an 
unwanted  pole.  From  preliminary  studies  of  the  equations.  Chew  and  Maitdel- 
stam     conclude  that  there  is  no  resonance  in  the  S  state,  but  that  there  might  be 

Chbw  and  Maitdelstam,  Phys.  Rev.  119,  467  (1960);  Chew,  MAKomsTAM  and  Notes, 
Phys.  Rev.  119,  478  1960). 
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one  in  the  P  state.  Such  a  resonance  would  be  of  great  significance  in  the  study  of 
the  electromagnetic  form,  factor  of  the  nucleon^^j 

At  this  point  it  is  necessary  to  say  a  few  words  about  the  problem  of  uniqueness. 
It  is  clear  that  aside  from  any  nonuniqueness  which  might  appear  when  the 
equations  are  finally  solved,  there  is  an  inherent  nonuniqueness  known  as  the 
CDD  ambiguity  33),  In  this  problem  it  manifests  itseK  in  the  possibility  of  adding 
to  i)p)(v)  a  finite  sum  of  terms  of  the  form  (x^jiy  —  v.^)  [v^  >  0).  This  would  not 
affect  the  analyticity  properties,  but  would  change  the  scattering  amplitude. 
Studies  of  the  ODD  ambiguity  in  simple  models  indicate  that  its  appearance  in  the 
solutions  of  dispersion  equations  is  associated  with  an  ambiguity  present  in  the 
canonical  formulation  of  field  theory  3*).  There  the  possibility  exists  of  including 
additional  particles  in  the  theory  and  adjusting  the  parameters  so  that  their 
renormalized  masses  lie  in  the  continuum,  i.  e.  that  they  be  unstable.  Such 
particles  wiU  not  give  rise  to  "one-particle"  poles  in  the  dispersion  relations,  but 
they  wiU  certainly  produce  resonances  in  the  scattering  amplitude  at  energies  in 
the  neighborhood  of  their  masses.  In  the  equations  above  the  assumption  was 
made  that  such  particles  are  not  present.  If  however  such  imstable  particles  are 
expected  in  the  theory  on  other  grounds  35),  then  such  terms  could  very  well  be 
present,  though  the  above  method  of  introducing  them  is  presumably  a  little  too 
primitive.  An  experimental  finding  of  resonances  could  have  its  origin  in  the  low 
energy  dynamics  or  in  the  unstable  particles,  and  therefore  the  CDD  ambiguity 
cannot  be  trivially  dismissed. 


c)  The  Single  Dispersion  Integral  Method 

This  method  consists  of  making  a  certaia  number  of  subtractions,  and  treating  the 
single  dispersion  terms  only3«).  The  effect  of  the  double  dispersion  terms  (see 
sec.  Vlld)  and  of  the  inelastic  contributions  is  either  neglected  or  represented  by 
one  or  more  arbitrary  constants.  One  does  not  know  a  priori  how  many  sub- 
tractions should  be  made,  i.  e.  in  how  many  partial  waves  should  the  absorptive 
part  be  treated  carefully.  The  consistency  of  whatever  approximation  one  makes 
can  be  checked,  as  wiU  be  seen  later.  Consider  pion-pion  scattering  again.  We  shall 
keep  only  the  S  and  P  absorptive  parts,  and  then  write  terms  for  the  three  channels : 

eo 

A  {s,  t,u)=-f  4^  {^T  (^')  +  3  cos  01  {s\  t,  u)Ar{s')]  + 

71  J    S  —  S 
4 

oo 

4.  i  r  {A^^  {u')  +  3  cos  On  (5,  t,  u')  A^  {u')}  + 

71  J    U  —U^ 
4 

00 

+  i  r  {A!^it')  +  3  cos  0m  [s,  t',  u)  A'Mn}  (8-25) 

71  J    t    —  t 


»2)  Frazkb  and  Fulco,  Phys.  Rev.  Letters  2,  365  (1959). 

»)  Castillejo,  Daijtz  and  Dyson,  Phys.  Rev.  101,  543  (1956). 

3*)  See  NOBTON  and  Klein,  Phys.  Rev.  109,  991  (1958)  and  references  to  earUer  work. 
**)  See  for  example  J.  J.  Sakurai,  Annals  of  Physics  (to  be  published). 
»«)  TMs  method  is  briefly  discussed  in  reference*"). 
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with  similar  equations  for  B  and  C.  For  process  I,  we  have  «  =  4(v  +  1); 
t  =  — 2v(l  —  cos  di);  u  =  — 2v(l  +  cos  Bi)  so  that 

cos  01  («',  t,  u)  =  •  (8.26a) 

s  —  4  ' 


For  process  n,  we  find  that 
and  for  process  III 


t  —  3 

cos  On  («,  t,  u')  =  — — —  (8.26b) 
u  —  4 


cos  0111  («,  *',«*)  =  ^7 — T  •  (8.26  c) 

*  —  4  ^  ' 

Thus  we  have  with  obvious  abbreviations 

A  {8)  +  {t-u)  IW{8)  +  J(2){u)  +  {t-  8)  J(}){u)  +  Z(0)(0  -\-{s-  u)K(}){t) 

B  =  I$){8)-^"'  (8.27) 
C  =  /i?)(«)  +  --. 

The  eighteen  integrals  are  not  independent  because  of  crossing  symmetry.  It  is 
easy  to  check  that  only  three  integrals  remain  because 

/(I)  =  ja)  _        =  0 
1(0)  =  Jg))  =  x(0)  =  L 

1(0)  =  /(O)  =  J(0)  =  jg))  =  ^(0)  =  ^(0)  =  (8.28) 

Thus 

^  {3,    u)  =  jC(«)  +  if  (tt)  -{t-8)  N{u)  +  M{t)-{-{8-  u)  N{t) 

B{8,  t,  u)  =  M{s)  +{t-u)  N{8)  +  M{u)  +{t-8)  N{u)  +  L{t)  (8.29) 

C(«,    u)  =  Jlf  (5)  -  (« -  tt)  i\r(5)  +  L{u)  +  Jfcr(0  -  (5  -  tt)  N{t) 


x(.)=ird.-M 

7r  J       a  —  i 


M{e)  =  ^fd«^  (8.30) 


St  J       a  — 8 
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We  have  thus  taken  into  account  the  analyticity  properties  and  crossing  symmetry. 
It  remains  to  take  into  accoimt  the  unitarity  condition,  in  a  certain  approximation. 
We  recombine  the  amplitudes  into  i-spin  amplitudes : 

^(0)  ^  3i,(5)  +  2M{s)  +  4.M{u)  +  L{u)  +  4:M{t)  +  L{t)  + 

+  2{s-u)  N{t)  -2{t-s)  N{u) 

AW  =  M{u)  -  L{u)  -  M{t)  +  L{t)  +  2{t-u)  N{s)  +  (8.31) 

+  (t-s)  N{u)  +  {s--u)N{t) 

^(2)     2M{s)  +  M{u)  +  L{u)  +  M{t)  +  L{t)  +  {t  -  s)  N{u)  -{s-u)  N{t). 

For  values  of  s,  t,  u  lying  in  the  physical  region  for  process  I,  say,  only  the  inte- 
grals involving  s  have  an  imaginary  part.  Thus 

Im  ^(1)  =  2  -^^^  n{s)  =  2  cos  Bi  n {s)  (8.32) 
5  —  4 


Im^(2)  =  2m{s). 


Further,  if  we  write 


—  sin2  <5(f^)(v) 


Im  ^  3  j/"^^  cos  e  sin2  (v)  (8-33) 
Im  ^(2)  ^  |/ L±l  sin2  ^(2) 

we  find  expressions  for  the  weight  functions  l{ix),  m(a),  n{(x)  in  terms  of  the 
amplitudes.  Projecting  partial  waves  out  in  eq.  (8.31),  we  obtain 


^(0)(v)  =  ei^'"'  sin  ^(0)  = 


i  J  da:P,(a:)^W(v,a:) 


eo 
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oo 

+  2  (6v  +  4  +  2vx)  -  [doc   :  + 

7Z  J       a  +  2v  (1  —  x) 

4 

°°  \ 

+  2(6v  +  4-2va:)i  f  doc 

n  J       a  +  2i'  (1 


(1  +x) 


(8.34) 


and  similar  equations  for  the  other  i-spin  amplitudes^').  If  we  keep  only  A^^^, 
A^^^  and  A^P  we  get  a  set  of  coupled  equations.  Re-insertion  of  the  solutions  of 
these  equations  into  (8.34)  for  Z  >  0  allows  us  to  compute  these  real  amplitudes. 
If  they  turn  out  to  be  small,  then  the  assumption  that  they  are  real  is  justifiable. 
If  they  turn  out  to  be  large,  then  presumably  more  partial  waves  have  to  be 
treated  exactly  in  the  elastic  approximation. 

The  approximation  method  should  work  best  for  the  pion-pion  problem  as  there 
the  region  in  which  the  neglected  spectral  functions  and  absorptive  parts  for  the 
inelastic  processes  lie,  is  far  from  the  low  energy  region,  and  the  replacement  of 
these  terms  by  an  adjustable  constant  X  is  perhaps  a  good  approximation.  Un- 
fortunately an  experimental  check  is  difficult.  Direct  experiments  are  impossible, 
and  the  interaction  can  therefore  only  be  studied  indirectly,  primarily  through 
"final  state  interaction"  effects  in  processes  involving  more  than  one  pion  in  the 
final  state.  Any  dramatic  effect  at  low  energies  would  have  manifested  itself  in  the 
T  decay  distribution,  but  no  clear  cut  evidence  of  a  low  energy  resonance  has 
appeared.  A  dispersion-theoretic  analysis  of  the  electromagnetic  form  factors  of 
the  nucleon  indicate  that  a  P-wave  resonance  might  be  present  at  higher  energies, 
and  in  the  analysis  of  multiple  pion  production  by  statistical  models  indicate  that 
such  a  resonance  could  be  used  to  bring  theory  in  better  agreement  with  the 
experimental  results.  Chew  and  Low^®)  have,  on  the  basis  of  perturbation  theory, 
made  a  suggestion  as  to  how  information  on  pion-pion  scattering  could  be  obtained 
from  an  analysis  of  pion  production  by  pions  on  nucleons.  They  observe  that  the 
pion  production  matrix  element  would  be  dominated  by  the  pole  at  —  {p  —  p')^ 
=  wP-,  coming  from  the  diagram. 


in  the  vicinity  of  that  pole.  The  residue  of  the  pole  is  the  product  of  the  meson- 
nucleon  coupling  constant  and  the  meson-meson  scattering  amplitude  with  all 
mesons  on  the  mass  shell.  Experimentally  we  can  of  course  never  reach  the  pole, 
but  a  strong  resonance  could  make  itself  felt  in  the  low-nucleon-recoil  region. 


*')  Here  no  subtraction  has  been  made  in  the  S-wave  absorptive  part  but  this  is  easily  re- 
medied. 

»«)  Chew  and  Low,  Phys.  Rev.  113,  1640  (1959). 
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IX.  Meson-Nucleon  Scattering 

In  this  section  we  give  a  brief  discussion  of  pion-nucleon  scattering  using  the 
single  dispersion  integral  method.  With  a  view  to  studying  the  possible  influence 
of  the  second  resonance  {i  =  ^/a,  j  =  1  =  2)  on  low  energy  scattering,  we 
write  the  single  dispersion  integrals  for  S,  P  and  D  waves  in  channels  I  and  II, 
corresponding  to  scattering  ("crossed"  and  "uncrossed"),  and  for  the  time  being 
we  leave  the  number  of  subtractions  in  channel  III  (which  corresponds  to 
N  +  N  ->  TT  +  Tc),  open.  We  thus  write 

^(±)  (5,  t,u)  =  -    f  I  «o±  {S')  +  3  COS  $1  is',  t)  «±  (5')  + 

7t    J     S   —  5  I 

oo 

+  -   r  4^-loi^{u')+Scosen{u\t)at{u')  + 
71  J   u  —  u  y 


+  5 


and 


+  -  r  Z   (2?  +  1)  Pi  (COS  Buiis,  t',  u))  g±  («')  (9.1) 

4m» 


00 

+  -    f  is')       Z  COB  ei{s',t)^±  {8')-^ 

71    J     S   —  8  \ 

+  -  r  T;^bo^M  +  3cos0„«O/?>(2.')  + 

71    J      U   —  1*  [ 


(Jkf+m)» 


+  -  /  2  (2Z  +  1)  Pi  (cos  0„i(5,  t\  u))     in  (9.2) 

71  J     P  —  t  i=o 
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In  the  center  of  mass  system  for  channel  1,  s  =  W^,  and  cos  Bi  =  1  -\-  t{{2q^{3)) . 
For  channel  II,  u=W^  and  cos  fin  =  1  +  tl{2q^{u))  and  for  channel  III  we 
have  t  =  4(g2  +  m2)  =  4(p2  +  M^)  =  4a>a  =4^2.  s=-p^-q^-  2pqcosBui 
and  u=  —p^  —         2pq  cos  dm  so  that 

«««^ni  =  ^.  (9.3) 
The  crossing  symmetry  conditions  (7.3)  yield 

(x)  =  ±  (a;) 


(9.4) 


The  next  step  is  to  determine  the  weight  functions  by  using  the  unitarity  con- 
dition. In  the  region  in  which  reaction  I  is  "physical",  only  the  5  integrals  have 
imaginary  parts.  Thus 

Im  A(±)  {8,  t,  u)  =  « ±  (5)  +  3  cos  61  oc±  (s)  +  5  ^  ~  ^  «  ±  (s) 

Im  B±  {8,  t,  u)  =  /5±  is)  +  3  cos  di  ^±  [s)  +  5  ^  ^"^"'^^^  ~  ^  ^±  (s).  (9.5) 

Using  the  formulae  (A.25)  and  keeping  only  the  and  d^^  terms,  because  of  their 
relation  to  observed  resonances,  we  get 

(+)     A    Z  + ^  /1t^\.^-^/2  \ 


...      .     W  12 


(9.6) 


.     W-\-M  I     1  \      ^     W-M  il  \ 


and 


The  corresponding  quantities  /?(+),  ^(-),  ^(+),  ^(-),  are  obtained  from  the  above 
formulae  by  replacing  {W  +  M)l{E-\-  M)  by  1  l{E  +  )  and  ( TT  -  M)  l{E  -  M)  by 
—  il{E  —  M).  Also 
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K  we  neglect  all  meson-meson  interaction  effects,  the  lower  integration  limits  on 
the  t'  integrals  are  4:M^,  so  that  these  integrals  are  effectively  constants.  If  we 
only  keep  the  033  terms  in  the  expressions  for  the  weight  functions,  we  get  a 
system  of  equations  which  express  the  partial  wave  amplitudes  in  terms  of  the 
dominant  amplitude.  In  the  limit  that  only  first  order  terms  inilM  are  kept,  we 
get  the  equations  of  Chew,  Goldberger,  Low  and  Nambtj^®).  If  we  wish  to 
include  the  effects  of  a  meson-meson  interaction,  we  must  determine  the  weight 
functions  gf'it')  and  To  do  this,  we  consider  values  of  the  momenta  such 

that  the  reaction  III  is  "physical".  Then  only  the  ^-integrals  have  imaginary 
parts,  and  in  particular  we  have 


L 


(Im  A±  {s,  t,  u))ui  =  2  {2l  +  i)Pi  (cos  dm)  (t) 
1  =  0 


L, 


(9.7) 


(Im  5±  {s,  t,  u))ui  =  S  {21  +  1)  Pi  (cos  Ouin^  (0 


z  =  o 


1 

9^.^(0  =  y  j  dxPdx)  ImA^it,  x) 
1 

h^{t)  =  ^j  dxPiix)  Im B±{t,  x). 


(9.8) 


Frazer  and  Ftjlco*^)  have  set  up  an  "effective  range  approach"  analogous  to  the 
Chew-Mandelstam  treatment  of  pion-pion  scattering,  in  terms  of  amplitudes  for 
the  process  tcH-tc->N  +  N  for  a  given  angular  momentum  and  given  helicity 
states  of  the  fermions.  These  amplitudes  have  simple  analyticity  properties  and 
partial  wave  dispersion  relations  can  thus  more  easily  be  written  down.  As  we 
only  want  expressions  for  the  imaginary  parts  of  the  amplitudes  in  a  particular 
region,  viz.  the  one  in  which  the  process  tc  +  tc-^N  +  N  is  physical*^),  we  do 
not  have  to  choose  amplitudes  of  a  particularly  simple  analytic  form,  but  can 
proceed  straightforwardly  as  follows. 
Consider  the  process  described  by  the  graph 


»)  Chew,  Goldbergeb,  Low  and  Nambtt,  Phys.  Rev.  106, 1337  (1957). 

Fbazkb  and  Fulco,  Phys.  Rev.  117,  1603  (1960). 
*i)  Actually  the  amplitudes  only  become  physical  for  t  >  4Jf ;  we  therefore  deal  with  an 
analytic  continuation  to  the  domain  4m*  <t. 
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The  ^-matrix  element  for  this  process  has  the  form 

^°o»t|«  (2^)*  *  ^(Pl  +  ?>2  —  ?1  —  ?2)  m  /  c 

{P2,  Pi     I  qv  ?2>  =  n   n   n   n    ^ 

^Pi  ^Pt  ^qi  ^ffi  »^ 

and  using  the  reduction  formulae  we  can  obtain  the  following  forms 
T (,PiP^ ;  gi^a)  =  -  np,  FV.  (j,^  1 0  (0)  |  g'l  q^)  v {p^) 

and 


T{pl,  P2;  qi,  qz)  =  "aip^)  ^-A^,  +  iy     ~  (9.9) 


we  find  that  in  the  approximation  in  which  only  the  two-pion  intermediate 
states  are  considered  in  the  unitarity  condition, 

-  ~  -2"  j  (2^3  (2^  4^  ^^^^  +      -  ^«  - 

2  (^-A,,  +  iy  T,s.      {qsq,;  q^q^)  (9.10) 

where  Ty^^     is  the  amplitude  for  meson-meson  scattering. 
In  the  center  of  mass  system 

Pi  =  (p,  E)',    qi  =  (g,  w);    ^3  =  «>) 

;  a)  =  E  (9.11) 

=  (-P,  E);  qz  =  {-q,  co);  q^  =  {-q',  co) 

we  have 


and 


u{P2)v{p^)  =  ^  (9.12) 


MP,)  iyQvip,)  =  ^o.Q-  -^^^a.p  (9.13) 
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with  0  ==  9i      ^Ta-  ^^^^      ^^'^^^  becomes 

+  |-B,,o.g'jz',,.  (9.14) 

and  using  the  forms 

Ap,  =  A(+)  dap  +      [Tp,  tJ  ^(-)  etc. 

and 

Ty,. =  i  (^<»>  -  *ra  +  +^'">  J        -  ^"*)  ^''^Or 

we  can  carry  out  the  »-spin  sum  to  obtain  the  two  equations 

and 

^  (9.16) 

where  ^(O)  and  ^<i)  are  the  meson-meson  scattering  amplitudes  for  i  =  0  and  1. 
If  we  now  write 

^(±)=2'  {21 t)  Xi^)  Pi  ip-q') 

^(i)  ^  2"  (2i  +  1)  ^f*>         •  3 )         =  0. 1) 


(0) 

(9.16) 
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we  can  obtain  expressions  for  ^<±>  and  A<±>  (see  eq.  (9.8))  in  terms  of  Jr{±\  7j±> 
and  the  meson-meson  scattering  amplitudes.  To  do  this  we  use 

JdD^Pi{q'-p)Pm{r'q)=^^d?P,{p^q)    ,  (9.18a) 

(9.18b) 

=  2ZT-1  [21^  '^-^  ''^-^     •  ?)  +  ^  <5r. ,  P,..  (^ .  g) 

and 

JdQ^P,{p'q')a'q'Pm{q'-q)  = 

=  G'rvj  ^^^'2T^[^^+i  •?')]P«(r-?)  = 

4^      r  1  1  1 

=  21+T  ^  •  *  [21+1  ^^^^  ^^^^  •  ^)  -  21— [  ^^-^  ^^-^  • 

(9.18  c) 

and  if,  after  carrying  out  the  integration,  we  keep  terms  with  I  =  0  and  1  only, 
we  obtain 

=  *<r'  S  0  (9.19) 

We  assume  that  the  meson-meson  scattering  amplitudes  are  known.  To  complete 
the  set  of  equations,  we  need  expressions  for  the  quantities       (t), . . .  etc.  This 
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is  done  by  projecting  the  S  and  P  parts  (in  cos  dm)  out  of  eqs.  (9.1)  and  (9.2).  For 
example,  with  x  =  cos  dm 

X(+)(0  =  -i-  r d{coBeui{s,t,u))^  j j^^Z^{2l+i)gnt')Pi{oosdni{s,t\u))  + 

_1  4  m* 

(M+m)» 


+  - 

71 


(9.20) 


These  equations  are  quite  untransparent,  and  we  do  not  therefore  write  them 
down.  The  formulae  which  appear  in  this  section  are  sufficient  for  a  calculation  of 
the  S  phase  shifts  and  the  small  P  phase  shifts  in  terms  of  the  dominant  pion- 
nucleon  and  pion-pion  amplitudes.  In  conclusion,  attention  should  be  drawn  to 
the  fact  that,  as  seen  in  eq.  (9.19),  the  phases  of  the  quantities  X[+Ht),  ...  are 
determined  by  the  pion-pion  scattering  phase  shifts.  This  is  a  special  example 
of  the  so-called  Fermi- Watson  theorem 

The  approximation  methods  reviewed  in  the  above  paper  must  be  studied  in  more 
detail,  and  applied  to  a  variety  of  problems  in  the  field  of  low  energy  elementary 
particle  reactions,  before  their  validity  can  be  properly  estimated.  It  is  to  make 
the  foundations  of  these  approximation  methods  more  accessible  to  interested 
workers,  and  to  clear  up  some  of  the  complications  connected  with  the  kinematics, 
spin  and  i-spin  that  this  article  has  been  written. 

I  am  grateful  to  Professor  W.  Heisenberg  and  the  Max-Planck  Institute  for 
Physics  and  Astrophysics  for  their  kind  hospitality  and  generous  support. 

Appendix  A 

Partial  Wave  Analysis  for  Meson-Nucleon  Scattering 
The  form  of  the  T  function  is 

T  =  si"  (p')  ^-A  +  iy  ?^  B^^uf  (p).  (A.1) 

Using  the  explicit  representation  for  the  spinors  up^ {p) : 

(.),    _  (if  -  iyph,  ^  {M  -iQia'P  +  Q^E)^,  ^^g) 
pMiM  +  E)  ]/2M{M  +  E) 

and 

(,)       _  {M-ig^a-p'+Q^E  U  (^.3) 
"  pM{M^E') 
«)  See  FxjBiNi,  Nambu  and  Wataghin,  Phys.  Rev.  Ill,  329  (1958),  appendix  H. 
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we  find  that  in  the  center  of  mass  system 

q  =  {q,  (o)  ^  (g',  co) 

p  =  {-q,E)  p'^{-q',E)  ^^'^^ 
with  ^2  =  0,  qI  =  1,  ^3  =  1,     =  1  for  (r,  5)  =  (1,  2)  we  get 

u{p')  u{p)  =  2M{M  +  E)       +  '^2''  *  ^'  +  +  ^^2^  •  q  +  ^3^)  = 

_M     E       a  q'a  q 

~  ~2M        2M{M  +  E)  ^^'^^ 

and 

^{p')iy^-2^  u{p)  = 

^2Jtf(Jf +  ^)^^  +  '^'^ ' +  ^3^) f'^^a  •  ^4"^ -  Q,cJj {M  +  ie,a'q  +  g.E)  = 
_     {E  +  M){W-M)  M+W 

~  2M  2MWTE)  ^  •  9  « •  9  (A.6) 

so  that 

^  =  ~  ^^2^     +  (W^  -         +  (4  -  (ir  +  Jf)  B)  „  .  9' „.g  (A.7) 

The  scattering  amplitude  is 

E{W,x)  =  f^{W,x)-{-a'q'a'qf^{W,x)  (A.8) 

with 

fiiW'     =  [A{W,  x)  +  {W-  M)  B{W,  X)-] 

E-M  ^^'^^ 
h{W,  a;)  =  -  -g^-^  [A{W,  x)  -  {W  ^  M)  B{W,  x)] 

and  x  =  cos  6)  =  J  •  5'. 

To  carry  out  the  partial  wave  expansion  we  remark  that  the  interaction  in  a 
particular  orbital  angular  momentum  state,  I,  contributes  to  scattering  in  two 
total  angular  momentum  states,  viz.  j  =  l±  1/2-  In  general  we  have  different 
amplitudes  in  the  two  cases,  so  that  we  write 

F{W,  X)  =  +  1)  (a,_  (W)  n^^i^.i^  +  ai^  {W)  77,-  =  ,+./.)  Pi{^)  (A.IO) 

where  the  projection  operators 

=  -2T+T-=  =     21  +  1  (^•") 
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are  constructed  with  the  aid  of  the  identity 

j{j  +  1)  =  l{l  +  1)  4-  »/4  -hO'L.  (A.12) 

Thus 

With  the  help  of  the  relations 

o  •  LPi(a;)  =  (x  -a  •  g'c  •  g)  PH^^) 
iPi(x)  =  a;Pf(a;)-Pf_i(2;) 
(J  +  1)  Pi+i{x)  =  -xPi{x)  +  Pi+i{x) 

we  get 

=  2"      ^+ 1  (^)  -        - 1  (^))  +  a  •  3'  a  •  g i;  (az-  -  au) Pi {x)  (A.13) 
where  the  general  form  of  the  amplitudes  ai±  is 

To  separate  out  the  individual  partial  waves  we  write 

anduse  p^^,  _  =  (2?  +  1)  P,;  xPi- P\-^  =  lPi  (A.16) 
to  get 

X  h{W,  X)  +  /i(TF,  a;)  =  2  (22  +  1)  «i+  ^i(^)  +  2"  -  «h)  I  (A.17) 
so  that 

i  J  d«         (a^/.  +  /.)  =  ifipi       +  2^  (A.18) 


-1 


Next  we  make  use  of 

1 

^jdx  {Pi.i-Pl  +  l)P'm  =  ^lm 


to  obtain 


Since 


1 
1 


1  j  dx(P/_l  -Pz+l)/2(^*',a^) 


(A.19) 


(A.20) 
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we  have  (A.  18) 


Also 

1 


^  +  1         ,  I 


-1  -1 
1 

- 1 

1 


(A.23) 


(A.24) 


For  use  in  sec.  IX  we  record  the  foUowing  formulae 
Using  the  relations 

we  can  obtain  the  following  expressions 

/+(fr, :!:)  =  j{a,  +  2a,  -      -  2^33  +  d,,  +  2d^ 3  cos  e       +  2a33)  + 

,  _  /3  cos2  0  -  1\    ,  \ 
+  S  (  2  )  2^3,)) 

/r  iW'^)  =  j{ai-a,-d^,  +  2d^  +  d^,  -d^  +  Scosd  (0^3  -  a33)  + 

,  ^  /3  cos*  e~i\  \ 
+  M  2  ^)(^i5-^35)) 

(W^.  x)^-  {a,^  +  2a3,  -  0^3  -  2033  +  3  cos  19  (^13  +  2^33  -  d,,  -  2d^)) 
/r  ( H',  a^)  =  3-  (ou  -  ojtt  -      +  035  +  3  cos  0       -d^-  d^  +  ^3^))  (A.25) 
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where  a^t  are  the  ampUtudes  in  the  state  of  i-spin  "i",  angular  momentum  Va 
and  orbital  angular  momentum  0,  a2i,2j  are  the  amplitudes  of  i-spin  angular 
momentum  "f  and  orbital  angular  momentum  1,  and  d2i,  2/  are  the  same  ampli- 
tudes with  orbital  angular  momentum  2.  The  usual  notation  is 

e**«<  sin  oi2i 


2 


e*  8ina2t,2; 
q 

e**»'.«/ sin  d2t,2i 


(A.26) 


Appendix  B 

Isotopio  Spin  Decomposition 
a)  Pion-NucUon  Scattering 

We  are  given 

and  we  wish  to  express  F^^^  in  terms  of  F<^  {i  =  Va»  '^/s)- 
We  write 

where  the  projection  operators  are 

77(V.)  =  1  (1  -  T  .  /„) ;  77(V.)  =  1  (2  +  T  •  /„) .  (B.3) 

Thus 

=  i.  (ir(V.)  4-  2J'C/.))      +  -i  (2^(V.)  _  K/.))  (r  •  I„)^a.  (B.4) 

(T  •         =  -  ie,p.  -^x  =  -  4  t^/"  ^-^-^^ 
j'^.  =  i  (K/.)  +  2i'C/.))  (5,0.  +  I  [T,,  T«]  I  (i'^<V.)  _  K/.))  (B.7) 

j(+)  =  i  (K/«)  +  2K/«)) 
3 


Now  using 
we  obtain 

Hence 

so  that 


(B.8) 
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b)  Pion-Pion- Scattering 


We  again  write 


2 


\^.sp=ZA(i>{P(%,,,^  (B.9) 


i  =  0 


with  the  projection  operators 


P''^  =  I  (/i  •  /2  +  2)  (1  -  /i  •  /,)  (B.IO) 

Again  using  (7^)^,  =  -  is^^^  we  get 
and 

—  ^xYQ  ^Iga  £x6a  ^lafi 

so  that 

Aya,ip  =  J  dap  Sys  M<0)  -  ^(2))  +  i.  ^^(1)  ^  ^(2))  _ 


(B.ll) 


2 

--^^«^^^y(^<^>-^<2)).  (B.13) 
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